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Symbols and notations for Tasaki’s lectures in September

General

A := B (or, equivalently, B =: A) means that we define A in terms of B.
I[-] denotes the indicator function defined by I[true] = 1, I[false] = 0.

The number of elements in a set S is denoted as |.S].

oo
Z f(j), for example, means that there is an extra condition j # 7 in the sum.
j=0
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Lattice

Most generally a lattice structure is specified as (A, B), where the set of sites A is
a finite set, and the set of bonds B is a subset of A x A such that (z,z) & B. We
always identify (z,y) with (y,z).

Alattice (A, B) is connected if for any x # y € A, there is a sequence xg, 1, . . ., T, €
A such that xg =z, x, =y, and (x;,z,41) € Bfori=0,1,...,n— 1.

A lattice (A, B) is bipartite if A is decomposed as A = AU B where AN B = ),
and (z,y) € Bimpliesx € A,y € Borxz € B, y € A.

d=1,2,... dimension
74 = {x = (z1,...,2q) ’ xj € Z} infinite d-dimensional hypercubic lattice

AL = {w = (21,...,2q) ‘xj €Z,—L/2<x; < L/2} C Z% finite d-dimensional

hypercubic lattice. L is even. For d = 1, I sometimes use A;, ={1,2,...,L}.

B = {(x, Y) ‘ r,y € Ap, |z —y| = 1} the set of bonds in the finite d-dimensional

hypercubic lattice. We use periodic boundary conditions, and include pairs of sites
at the opposite ends of Ay. We always identify (x,y) with (y, z).

Quantum spin systems

1.3
S = 2 1, 5 2,... the “magnitude” of spin, which is a fixed constant
H, = C?>5*1  the Hilbert space at site z € A



~

e S, = (S&l), ) spin operator acting on H,, which satisfies [S(a) sS4 ]
iy, eams” and (S) =S5(S+1)

o §F:=5M 43P

e Y7 with 0 = =S5, =S + 1,...,5 denote the standard basis states of H,, which
satisfies S$7 = o7 and SE¢g = /S(S + 1) — (o + 1) g~

o H:=@,coH, the whole Hilbert space

o U7 := ), V7 with o = (04)zea are the basis states

o Sip = EIGAS’M Sﬂgt = erASi S't(gt) = ZmeASg({g’), and the eigenvalues
of (S’tot)2 are denoted as Siot(Sor + 1) with Sy = 0,1,2,..., NS or Siy =
1/2,3/2,...,NS

A

o H= Z(I,y) e, Sz S'y Hamiltonian for the Heisenberg antiferromagnet
e O = Y owen, (17 5 with a = 1,2,3  antiferromagnetic order parameter
O

£ = OW +i0® the corresponding raising and lowering operators

e w(-) state of an infinite (quantum) system

Bosons on a lattice

e G, al annihilation and creation operators of a bosonic particle at site x. They
satisfy canonical commutation relations [a,,a,] = [al,al] = 0, [a,,af] = 0, for
any x and y

e & .. the state with no particles on the lattice. We have a,®.,. = 0 for any =z.

e The Hilbert space with N bosons is spanned by the basis states af, af, ---al ®yac
with any xq, x2,...,ZN.

Electrons on a lattice

® (o, é;fw annihilation and creation operators of an electron at site x with spin o €
{1, 1}. They satisfy canonical anticommutation relations {¢,,, &, .} = {¢l. ,, ¢} .} =
0, {¢s.0, éLT} = 0,40, for any z, y, o, and 7.

o &, the state with no particles on the lattice. We have ¢, ,Pac = 0 for any z,
0.

e The Hilbert space with N electrons is spanned by the basis states

clhalc;zm C;N on Pvac With any z1,29,..., 25 and 01,...,0x.



