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Time dependent driven open quantum systems
n Realized with

l Cold atoms
l Trapped ions
l Superconducting qubits
l Diamond NV center……

n Possibility of exotic asymptotic states
l Discrete dissipative time crystals
l High-frequency expansions

Z. Gong, R. Hamazaki, M. Ueda, PRL (2018)
T. N. Ikeda and M. Sato, Sci. Adv. (2020) 

M. Fitzpatrick, et al., PRX (2017).
J. Zhang et al., Nature 543, 217 (2017).
S. Choi, et al., Nature 543, 221 (2017).
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Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation

n GKSL equation describes Markovian dynamics of open quantum systems

<latexit sha1_base64="F5itnJawQ9tkMx2AmStDCLzfs+A="></latexit>

L: jump operators :Liouvillian<latexit sha1_base64="IVmXE418mZ+laTDQM5SHJT+jWPI="></latexit>ω <latexit sha1_base64="LmJRrTmLF52hhcuGghDruHDwCgs="></latexit>

H : Hamiltonian : density matrix 

<latexit sha1_base64="AVa5YakQW+yUNxQ55XjO2g0UlcU="></latexit>

dωt
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= Lt[ωt] = →i[Ht, ωt] +

∑

m

(
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<latexit sha1_base64="l+onqrRCyYCiRxerjaJ/sqte5+Q="></latexit>

L

・time-independent case

・time-periodic case

・time-quasiperiodic case 
(e.g. multi-frequency drive)

<latexit sha1_base64="Vrmjb/iUKm/o76oWC8rYbIP9BRk="></latexit>

Ht = Ht+T , Lm,t = Lm,t+T

<latexit sha1_base64="Szt15LXmeFsdFxXdmEBltf07aDg="></latexit>

Ht = H, Lm,t = Lm

<latexit sha1_base64="hXY+9hENFvY5LklIMO+1357a0mQ="></latexit>

Ht → Ht+T , Lm,t → Lm,t+T
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Steady states of GKSL equations
n Steady states: asymptotic states realized with some initial condition.

In this talk, we define that the steady states can depend on time,
i.e., a time-dependent state      is a steady state if

for some initial condition.

n Time-dependent steady states are interesting!
l Synchronization
l Dissipative time crystal

<latexit sha1_base64="7c5nX3J3F7cyOAQB5Itwc0RU++c="></latexit>

lim
t→↑

(ωt → ω↓t ) = 0

<latexit sha1_base64="Zv2KoSWXhoMDakOiNM0w27Nl0j8="></latexit>

ω→t
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Q1: What are possible steady states for a given GKSL?
n Unique steady states

l Every initial state relaxes to it
l System forgets the information of the initial state

n Multiple steady states
l Asymptotic state depends on initial state
l System remembers some information

Symmetry seems relevant!

n Existence of time-dependent steady states?
l Related to some symmetries?

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t
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Time-independent GKSL equation

n Eigenvalues and eigenmodes of the Liouvillian

<latexit sha1_base64="UFtGM6zAoCntUMFTXTBd8rDaU4s="></latexit>

ωtε = L(ε) = →i[H, ε] +
∑

m

(
LmεL

†
m → 1

2

{
L
†
mLm, ε

})

<latexit sha1_base64="gas9Yiq9Chmtosa7K3UZ9d8Trc8="></latexit>

L(⇢k) = �k⇢k
<latexit sha1_base64="hQdeQAJ4bsUxIsgLqxdL1FrevCA="></latexit>

⇢(t) =
P

k cke
�kt⇢k

(Time-independent) steady states

Oscillating coherence
: gives time-dependent steady states
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Symmetry is the key to understand the steady states 
n Symmetry of time-independent GKSL equations

l Strong symmetry (↔ weak symmetry: not relevant in this talk)

l c.f.) when all       are Hermitian,

<latexit sha1_base64="Tb/6RHQfv2m5bp0cIzU+ker9DMo="></latexit>

[H,O] = [Lm, O] = [L†
m, O] = 0

<latexit sha1_base64="2d0qmrMmYRa6wVZWUnMCZa+jIt4="></latexit>

ωtεt = L[εt] = →i[H, εt] +
∑

m

(
LmεtL

†
m → 1

2

{
L
†
mLm, εt

})

<latexit sha1_base64="4c6mvjAfXMgDNB/prH7BlqK8LNQ="></latexit>

L[O] = 0

There are multiple steady states      s.t.                 . 
<latexit sha1_base64="YwIUrq3c16+V1t2KgCxkT1SjE88="></latexit>

Lm
<latexit sha1_base64="89eK2z9DLapNuAT9otBkxQPxIBQ="></latexit>

[H,O] = [Lm, O] = 0

<latexit sha1_base64="LF6BL4w0BXJQ8pMtre81/06cgFY="></latexit>

L[ω→] = 0
<latexit sha1_base64="SR4mgxbEQ9SVWN2mEdqgRrbxw30="></latexit>

ω→

<latexit sha1_base64="a+tpU05JcRhzLtENpAF/bwqY5+U="></latexit>

ω→ → I is always a steady state 

B. Buča and T. Prosen, New J. Phys. (2012).
V. V. Albert and L. Jiang, PRA (2014).
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Example 1: two-level system with strong symmetry
n Model

n Eigenmodes

► Linear combinations of steady states are also steady states 
► So, the general form of steady states are

Steady state: doubly degenerate

<latexit sha1_base64="/+h528qjDO1gfHMNsQgGDZ9lxIE="></latexit>
a 0
0 1� a

�
(0  a  1) ︓depend on the initial state

The interference term disappears

<latexit sha1_base64="Ihf2e1GpbruKGlahaYN+qpsuE7M="></latexit>

H =
ω

2
ε
z

<latexit sha1_base64="hCRRFf3t8t1od3UzWRb+2a3//iM="></latexit>

L =
→
ωεz : dephasing

<latexit sha1_base64="GpUsmb61ay7ks590c2Bt7uXpvto="></latexit>

L[ω±] = →iε ↑ 2ϑω±

<latexit sha1_base64="wPy32v0nAHHqOBRsf129SrZVsKE="></latexit>

L[ω] = → iε

2
[ϑz, ω] + ϖ (ϑzωϑz → ω)

<latexit sha1_base64="ibdzdkFphEHxg/jccQLnsXXu848="></latexit>

L[I] = L[ωz] = 0

<latexit sha1_base64="QQJpHYaYY/FwCYhGANFZQ+FiuOc="></latexit>

I,ωzStrong symmetry: 
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Example 2: two-level system without strong symmetry
n Model

n Eigenmodes

Steady state: unique

<latexit sha1_base64="P90q+vUEGkDWUlxgeqoUGoKzW8k="></latexit>

H =
ω

2
ε
x

<latexit sha1_base64="hCRRFf3t8t1od3UzWRb+2a3//iM="></latexit>

L =
→
ωεz : dephasing

<latexit sha1_base64="BfWD3BEW4bXLVwzP1RpSAwTNLRs="></latexit>

L[ω] = → iε

2
[ϑx, ω] + ϖ (ϑzωϑz → ω)

Strong symmetry: <latexit sha1_base64="P9RYTpQbaZMWBeZUHhAecVkO+gQ="></latexit>

I

<latexit sha1_base64="8xIMrcsd1UjniL4YvRReF+sKZoM="></latexit>

L[ωx] = →2εωx

<latexit sha1_base64="UxJ39zy1s9LEwl9X4l5DKqDYAhc="></latexit>

L[I] = 0

<latexit sha1_base64="aAQJU9PPlGwlWFnQNXPO7CKq6Bo="></latexit>

L[ωz + εωy] = ϑε(ωz + εωy)

<latexit sha1_base64="TI8uE/FFBuG+12Z7osVOiB2+rho="></latexit>

ω =
→ε ±

√
ε2 → 8ϑε

2ε
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Q2: Efficient way to prove the uniqueness of steady states?
l Time-independent GKSL equations→ Long history of study

l Time-dependent GKSL equations→ general results remain scarce
                                                                   P. Menczel and K. Brandner, J. Phys. A: Math. Theor. 52, 43LT01 (2019).
G. Di Meglio, D. Chruściński, K. Audenaert, M. B. Plenio, S. F. Huelga, arXiv:2410.14313

H. Spohn, Lett. Math. Phys. 2, 33 (1977), Rev. Mod. Phys. 52, 569 (1980).
A. Frigerio, Lett. Math. Phys. 2, 79 (1977), Commun. Math. Phys. 63, 269 (1978)
F. Fagnola and R. Rebolledo, J. Math. Phys. 43, 1074 (2002).
B. Baumgartner, H. Narnhofer, and W. Thirring, J. Phys. A: Math. Theor. 41, 065201 (2008).
D. Burgarth, G. Chiribella, V. Giovannetti, P. Perinotti, and K. Yuasa, New J. Phys. 15, 073045 (2013).
D. Nigro, J. Stat. Mech. 2019, 043202 (2019).
H. Yoshida, Phys. Rev. A 109, 022218 (2024).
Y. Zhang and T. Barthel, J. Phys. A: Math. Theor. 57, 115301 (2024)
D. Amato and P. Facchi, Sci Rep 14, 14366 (2024)
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Criterion for uniqueness of steady states
n For Hermitian jump operators

n Example: 

The set of operators               generates all the operators!

<latexit sha1_base64="sUXWxK7YIk1ljy29C08P6J+PRF8=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6M2AlxwjmAdsljA7mU2GzM4sM7NCWPIZHsxBEa/+gL/hzb9xNslBEwsaiqpuurrDhDNtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctLVNFaJNILlUnxJpyJmjTMMNpJ1EUxyGn7XB0l/vtR6o0k+LBjBMaxHggWMQINlbyuzE2Q4J5Vp/0SmW34s6AVom3IOXbz+cc00av9NXtS5LGVBjCsda+5yYmyLAyjHA6KXZTTRNMRnhAfUsFjqkOslnkCTq3Sh9FUtkSBs3U3xMZjrUex6HtzCPqZS8X//P81EQ3QcZEkhoqyHxRlHJkJMrvR32mKDF8bAkmitmsiAyxwsTYLxXtE7zlk1dJ67LiVSvVe7dcu4I5CnAKZ3ABHlxDDerQgCYQkPAEL/DqGGfqvDnv89Y1ZzFzAn/gfPwAmuiV5g==</latexit>

H : Hilbert space <latexit sha1_base64="MNJsrhlGqIcmro+7c8C8uURqVjY="></latexit>

dimH = d

<latexit sha1_base64="P90q+vUEGkDWUlxgeqoUGoKzW8k="></latexit>

H =
ω

2
ε
x <latexit sha1_base64="hCRRFf3t8t1od3UzWRb+2a3//iM="></latexit>

L =
→
ωεz

<latexit sha1_base64="1u9RzZsoGVjSSH1VCrVMRskV7s0="></latexit>

HL → ω
y

<latexit sha1_base64="tULWLDJcAFPkHEhOhFzAxYvS4CQ="></latexit>

H → ω
x

<latexit sha1_base64="7Co7aQ0uZdJE+IDTJezImLgwPog="></latexit>

L → ωz → The steady state is unique. 

<latexit sha1_base64="mCnq0sdlyjhL2jYDCDgQeYWqvek="></latexit>

{I, H, L}

<latexit sha1_base64="199QyU9yjvNMYjeMFJDKJ0lOOBE="></latexit>

The steady state is unique if and only if the set of operators {I, H, L1, . . . , LM}
generates all the operators on the Hilbert space under multiplication, addition,

and scalar multiplication.
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Similar results for non-Hermitian jump operators

F. Fagnola and R. Rebolledo, J. Math. Phys. 43, 1074 (2002)
M. M. Wolf, Quantum Channels and Operations - Guided Tour(2012)
Hironobu Yoshida, Phys. Rev. A 109, 022218 (2024) 
Y. Zhang and T. Barthel, J. Phys. A: Math. Theor. 57, 115301 (2024).

Gain

Loss

Gain

Loss

Example:

<latexit sha1_base64="a4UetKA+qi8/K1Peug3uXZff3Oc="></latexit>

The steady state is unique and full-rank if and only if the set of operators{
I, H → i

2

∑M
m=1 L

†
mLm, L1, . . . , LM

}
generates all the operators under multi-

plication, addition, and scalar multiplication
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Motivations 
n For time-independent GKSL equation, the relation between symmetry and 

steady states are extensively studied
n Generalization to time-dependent GKSL equations?

l Q1: What are possible steady states for a given GKSL?
l Q2: Efficient way to prove the uniqueness of steady states?

n We focus on time-dependent GKSL equation with Hermitian jump 
operators.

n           : finite-dimensional Hilbert space with
          : the set of all the operators on 
          : the set of density operators on 

<latexit sha1_base64="sUXWxK7YIk1ljy29C08P6J+PRF8=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6M2AlxwjmAdsljA7mU2GzM4sM7NCWPIZHsxBEa/+gL/hzb9xNslBEwsaiqpuurrDhDNtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctLVNFaJNILlUnxJpyJmjTMMNpJ1EUxyGn7XB0l/vtR6o0k+LBjBMaxHggWMQINlbyuzE2Q4J5Vp/0SmW34s6AVom3IOXbz+cc00av9NXtS5LGVBjCsda+5yYmyLAyjHA6KXZTTRNMRnhAfUsFjqkOslnkCTq3Sh9FUtkSBs3U3xMZjrUex6HtzCPqZS8X//P81EQ3QcZEkhoqyHxRlHJkJMrvR32mKDF8bAkmitmsiAyxwsTYLxXtE7zlk1dJ67LiVSvVe7dcu4I5CnAKZ3ABHlxDDerQgCYQkPAEL/DqGGfqvDnv89Y1ZzFzAn/gfPwAmuiV5g==</latexit>

H
<latexit sha1_base64="MNJsrhlGqIcmro+7c8C8uURqVjY="></latexit>

dimH = d
<latexit sha1_base64="8U8Sn3jwOWxlSj7aJz6dRtP8QRg="></latexit>

B(H)
<latexit sha1_base64="sUXWxK7YIk1ljy29C08P6J+PRF8=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6M2AlxwjmAdsljA7mU2GzM4sM7NCWPIZHsxBEa/+gL/hzb9xNslBEwsaiqpuurrDhDNtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctLVNFaJNILlUnxJpyJmjTMMNpJ1EUxyGn7XB0l/vtR6o0k+LBjBMaxHggWMQINlbyuzE2Q4J5Vp/0SmW34s6AVom3IOXbz+cc00av9NXtS5LGVBjCsda+5yYmyLAyjHA6KXZTTRNMRnhAfUsFjqkOslnkCTq3Sh9FUtkSBs3U3xMZjrUex6HtzCPqZS8X//P81EQ3QcZEkhoqyHxRlHJkJMrvR32mKDF8bAkmitmsiAyxwsTYLxXtE7zlk1dJ67LiVSvVe7dcu4I5CnAKZ3ABHlxDDerQgCYQkPAEL/DqGGfqvDnv89Y1ZzFzAn/gfPwAmuiV5g==</latexit>

H
<latexit sha1_base64="0pFI8rTsX13B8qyR/gP3gAF4HnU="></latexit>

S(H)
<latexit sha1_base64="sUXWxK7YIk1ljy29C08P6J+PRF8=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hV2R6M2AlxwjmAdsljA7mU2GzM4sM7NCWPIZHsxBEa/+gL/hzb9xNslBEwsaiqpuurrDhDNtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctLVNFaJNILlUnxJpyJmjTMMNpJ1EUxyGn7XB0l/vtR6o0k+LBjBMaxHggWMQINlbyuzE2Q4J5Vp/0SmW34s6AVom3IOXbz+cc00av9NXtS5LGVBjCsda+5yYmyLAyjHA6KXZTTRNMRnhAfUsFjqkOslnkCTq3Sh9FUtkSBs3U3xMZjrUex6HtzCPqZS8X//P81EQ3QcZEkhoqyHxRlHJkJMrvR32mKDF8bAkmitmsiAyxwsTYLxXtE7zlk1dJ67LiVSvVe7dcu4I5CnAKZ3ABHlxDDerQgCYQkPAEL/DqGGfqvDnv89Y1ZzFzAn/gfPwAmuiV5g==</latexit>

H
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Main results (1/3)
n For time-dependent GKSL equations, we define two distinct symmetries

n Using this symmetry, we classified 
the steady-state structure.
l Assumption: The Liouvillian is 

► continuous 
► bounded
► quasi-periodic
Jump operators are Hermitian

<latexit sha1_base64="F+Jfwb8AlsMAIfyCEanb3LbfqRw="></latexit>

t0
<latexit sha1_base64="a9ylKFNsN+XL94ExxjYNiPevI3c="></latexit>

t1
<latexit sha1_base64="qJ0E6BofKVT+HFc0okF1mRlVveo="></latexit>

t2

<latexit sha1_base64="2HlX1qdSOVdk35IbJ1+cTO8tHm4="></latexit>

M

<latexit sha1_base64="dvY73NtrhXHXoTiLYt5veFlYdg0="></latexit>

ω
<latexit sha1_base64="dvY73NtrhXHXoTiLYt5veFlYdg0="></latexit>

ω
<latexit sha1_base64="dvY73NtrhXHXoTiLYt5veFlYdg0="></latexit>

ω

<latexit sha1_base64="mDLlD9bC7xr/dkxfPolhRE8x7w4="></latexit>

Lt0+t
<latexit sha1_base64="upfWiVIKzipTnDy5vKjlGsKHXYU="></latexit>

Lt1+t
<latexit sha1_base64="OenWV0S1BXP3JumejI3Fum7PN7w="></latexit>

Lt2+t

<latexit sha1_base64="AXFOiuWmrUP8aN5ji7b6cjHy/f8="></latexit>

0
<latexit sha1_base64="dvY73NtrhXHXoTiLYt5veFlYdg0="></latexit>

ω
<latexit sha1_base64="AXFOiuWmrUP8aN5ji7b6cjHy/f8="></latexit>

0
<latexit sha1_base64="dvY73NtrhXHXoTiLYt5veFlYdg0="></latexit>

ω

<latexit sha1_base64="C0tjD1UR3MY2tsvmGkAIOTtHaAo="></latexit>

Lt1+t→Lt0+t
<latexit sha1_base64="1JVyMx3xHO48K2HYffGLNR5YZ8w="></latexit>

Lt2+t→Lt0+t

<latexit sha1_base64="kXE5nQnDEDviVjG8dUWZ18cvkAc="></latexit>ω
error

<latexit sha1_base64="uPVofbFgUN9+B3AHpUzYGFZFlYA="></latexit>

Lt

<latexit sha1_base64="9+s5520mqTbI8tg8VaMsD5rsT+Y="></latexit>

C
Sch = {O → B(H) | [Ht, O] = [Lm,t, O] = 0 ↑m, t},

<latexit sha1_base64="B6DSXdrdhaiStkqTS3Be8uW7BS0="></latexit>

C
Int = {O → B(H) | [L̃m,t, O] = 0 ↑m, t}

<latexit sha1_base64="wfycTHkpfqIkk86vGSRPJXeMnbE="></latexit>

Ut = T e→i
∫ t
0 Ht→dt

→
, L̃m,t = U†

t
Lm,tUt.

<latexit sha1_base64="tPJ4ndFHqO8a8qQk47uFkHrwrXM="></latexit>

CSch → CInt
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Time-quasiperiodic driving
n Time-quasiperiodic driving includes:

l Time-independent driving (no driving)
l Time-periodic driving

l Multi-frequency driving

I. Martin, G. Refael, and B. Halperin PRX 7, 041008 (2017)
S. P.-Cameo, C. B. Dag, W. W. Ho, and S. Choi, PRL 131, 250401 (2023)

l Fibonacci drive
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Main results (2/3)
n Relation between two types of strong symmetries and steady states

(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

(ii) Multiple time-independent steady states
without time-dependent ones

(iii) Multiple time-independent 
and time-dependent steady states

Unique steady state

Theorem 6

<latexit sha1_base64="j78pqTy2j/EZ63K2oLvXKuu6FCU="></latexit>

→t0 A
ad
t0 = B(H)

<latexit sha1_base64="+V6lwv0r7RfcZRFthzFf52FpvF4="></latexit>

= {cI}

<latexit sha1_base64="Ze60632lyNljuCE2amoTb6Lphao="></latexit>

→= {cI}

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

(a) 

(b) 
<latexit sha1_base64="9NQlTB0cyunyT7ctceyfMQpNQiw="></latexit>

= →
<latexit sha1_base64="YNu+JCRraKZ5Cn+gfr2xsUkYEPU="></latexit>

→= ↑

<latexit sha1_base64="m/6M5eaJIc9oyWJCDwnu779lGYk="></latexit>

CInt = {cI}
<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="bYbliTqBTmPWF8JYFJ3LBkQTf58="></latexit>

CInt \ CSch

<latexit sha1_base64="rMpPda+rz+DsGVj6tALsnPmNop8="></latexit>

CSch
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Main results (3/3)
n Practical criterion for the uniqueness of steady states

(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

(ii) Multiple time-independent steady states
without time-dependent ones

(iii) Multiple time-independent 
and time-dependent steady states

Unique steady state

Theorem 6

<latexit sha1_base64="j78pqTy2j/EZ63K2oLvXKuu6FCU="></latexit>

→t0 A
ad
t0 = B(H)

<latexit sha1_base64="+V6lwv0r7RfcZRFthzFf52FpvF4="></latexit>

= {cI}

<latexit sha1_base64="Ze60632lyNljuCE2amoTb6Lphao="></latexit>

→= {cI}

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

(a) 

(b) 
<latexit sha1_base64="9NQlTB0cyunyT7ctceyfMQpNQiw="></latexit>

= →
<latexit sha1_base64="YNu+JCRraKZ5Cn+gfr2xsUkYEPU="></latexit>

→= ↑

<latexit sha1_base64="m/6M5eaJIc9oyWJCDwnu779lGYk="></latexit>

CInt = {cI}
<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="bYbliTqBTmPWF8JYFJ3LBkQTf58="></latexit>

CInt \ CSch

<latexit sha1_base64="rMpPda+rz+DsGVj6tALsnPmNop8="></latexit>

CSch

<latexit sha1_base64="sW7E7/iKheulokcVGPaD1m0zvbs="></latexit>

adt[A] := i[Ht, A] + ωtA.

: subset of            generated by sum, multiplication, 
and scaler multiplication of 

<latexit sha1_base64="Lb8/00hz26SLFWaUHCOy9S2rkeQ="></latexit>

B(H)
<latexit sha1_base64="Hpee7xxR8hAcMH/sDJQOOyDIRJU="></latexit>

Aad
t

<latexit sha1_base64="oPWGzmNIwA+RxqrekyQS7clF4c8="></latexit>

→ I, {adnt [Lm,t]}m=1,...,M ;n=0,1,...↑.

<latexit sha1_base64="Lb8/00hz26SLFWaUHCOy9S2rkeQ="></latexit>

B(H) : set of operators on a Hilbert space  <latexit sha1_base64="bjYYCKMVkouDVoMxK3XjDALIO3A="></latexit>

H
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n Driven two-level system with dephasing
Examples

<latexit sha1_base64="Pdz0QkLRc04n5t6GRmqeMuNd5UI="></latexit>

Ht = ω
z +B cos(εt)ωx

, Lt =
→
ϑω

z

<latexit sha1_base64="X7JSeMmcl4Hl3Y3etNhfb+HvcXA="></latexit>

Lt|t=0 → ωz

<latexit sha1_base64="ZS4vpJyzR7SC4EgUCfabRbVnLdQ="></latexit>

adt(Lt)|t=0 = (i[Ht, Lt] + ωtLt)|t=0 → ε
y

<latexit sha1_base64="OaVJ9WdBQkYtN6gWKhv22WA31aM="></latexit>

ωz <latexit sha1_base64="U1Xl1x5fxV2AuyaZfu4UGwdE1f4="></latexit>

ωy,     and generate all the 2×2 matrices  
<latexit sha1_base64="H39KMvoe9g8pw+71zPp/0rip9sI="></latexit>

(ωx → ωyωz)

<latexit sha1_base64="g4eylqvAqvD+743vT5rfT0zAQVI="></latexit>

I

<latexit sha1_base64="XQvF/EVsLFVL1aH9XXrUlJ/YxTM="></latexit>

lim
t→↑

ωt = I/2 for any initial state <latexit sha1_base64="ba9UC3rGVmKokWZTeQdGwepPfNE="></latexit>ω0
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Outline
n Introduction
n Main results
n Time-dependent GKSL equations

l Strong symmetry in the Schrödinger picture
l Strong symmetry in the interaction picture
l Criterion for the uniqueness of steady states
l Time-dependent steady states in quasiperiodic systems

n Summary and outlook
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Strong symmetry in the Schrödinger picture

n For time-independent case, it holds that

n Straightforward generalization: strong symmetry in the Schrödinger picture

n Thus, elements of                     give a time-independent steady states.
n But is the reverse true?

<latexit sha1_base64="mwCs2Vg8ZcKRm2S3r9SimO0xDxo="></latexit>

Lt(ωt) = →i[Ht, ωt] +
M∑

m=1

(
Lm,tωtLm,t →

1

2

{
(Lm,t)

2
, ωt

})
.

<latexit sha1_base64="4c6mvjAfXMgDNB/prH7BlqK8LNQ="></latexit>

L[O] = 0
<latexit sha1_base64="89eK2z9DLapNuAT9otBkxQPxIBQ="></latexit>

[H,O] = [Lm, O] = 0

<latexit sha1_base64="9+s5520mqTbI8tg8VaMsD5rsT+Y="></latexit>

C
Sch = {O → B(H) | [Ht, O] = [Lm,t, O] = 0 ↑m, t},

<latexit sha1_base64="jXSHAY5xjiXmqFtcUtSHGFhqOJg="></latexit>

ω→ → CSch
<latexit sha1_base64="+dN5zPsSMCyEtd8Cl4XOQKBs0+Q="></latexit>

Lt[ω
→] = 0 →t

<latexit sha1_base64="mhBwP+Vw3J57bG+tRDrXIYZYI+A="></latexit>

C
Sch

→ S(H)
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Strong symmetry in the Schrödinger picture
n Under the assumption that the Liouvillian is continuous, bounded, and 

quasi-periodic, Hermitian jump, the reverse also holds!

n But how about the time-dependent steady states?

<latexit sha1_base64="mm/Dm78kAbjYPPwAF0B/E5mf56M="></latexit>

Theorem: Consider the time-dependent GKSL equation that satisfies the con-
ditions above. Let ω→ → S(H) be a time-independent density matrix. Then, the
following statements are equivalent:

1. lim
t↑↓

ωt = ω→ for some initial condition ω0.

2. ω→ → C
Sch

↑ S(H).
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Time dependent steady states?
n Even if                    , there can be time-dependent steady states!

n Counterexample: 
<latexit sha1_base64="gwrupmC3oFsPk1u3gTKgWMtxWz4="></latexit>

Ht =
ω

2
ε
z
, Lt =

→
ϑ[εx cos(ωt) + ε

y sin(ωt)],

<latexit sha1_base64="UtZWam7VUP/Kv6l44Tgjln16Pas="></latexit>

ω→t =
1

2

(
1 ae↑iωt

aeiωt 1

)
<latexit sha1_base64="/y9j3CDkG0sPHRl/9yt+Ik/VlpE="></latexit>

(→1 ↑ a ↑ 1)

<latexit sha1_base64="+JfXPMpWYoAgaTZmw8AnVbrIVH0="></latexit>

CSch = {cI} Time-independent steady state is unique

However, there exists a time-dependent steady states

: parameter that depends 
   on the initial condition

<latexit sha1_base64="+JfXPMpWYoAgaTZmw8AnVbrIVH0="></latexit>

CSch = {cI}
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Outline
n Introduction
n Main results
n Time-dependent GKSL equations

l Strong symmetry in the Schrödinger picture
l Strong symmetry in the interaction picture
l Criterion for the uniqueness of steady states
l Time-dependent steady states in quasiperiodic systems

n Summary and outlook
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Strong symmetry in the interaction picture
n We saw that         does not characterize time-dependent steady states.
n What characterizes such steady states?
n To this end, we consider the GKSL equation in the interaction picture

<latexit sha1_base64="Uog2dTrmBkktZy4XvslPHhWs+cs="></latexit>

CSch

<latexit sha1_base64="1xJNdLiyxDEl5rtM0pWXKRPeGQA="></latexit>

Ut = T e→i
∫ t
0 Ht→dt

→
, ω̃t = U †

t
ωtUt, L̃m,t = U†

t
Lm,tUt

<latexit sha1_base64="t1gd5PQLZxptzGxgPEey1bOOngE="></latexit>

dω̃t
dt

= L̃t(ω̃t) =
∑

m

(
L̃m,tω̃tL̃m,t →

1

2

{
(L̃m,t)

2, ω̃t
})
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Strong symmetry in the interaction picture
n Previous counterexample

n Strong symmetry in the interaction picture

n                   
n        is weaker than         :  

<latexit sha1_base64="gwrupmC3oFsPk1u3gTKgWMtxWz4="></latexit>

Ht =
ω

2
ε
z
, Lt =

→
ϑ[εx cos(ωt) + ε

y sin(ωt)],

<latexit sha1_base64="mqYN0wZC50It1ZDUCdmvAXpvyEM="></latexit>

L̃t =
→
ωεx

<latexit sha1_base64="kd1k1R1IdM1wGe6WHp4q/ix4Wso="></latexit>

[ωx, L̃t] = 0 for all t

<latexit sha1_base64="B6DSXdrdhaiStkqTS3Be8uW7BS0="></latexit>

C
Int = {O → B(H) | [L̃m,t, O] = 0 ↑m, t}

<latexit sha1_base64="tPJ4ndFHqO8a8qQk47uFkHrwrXM="></latexit>

CSch → CInt
<latexit sha1_base64="Uog2dTrmBkktZy4XvslPHhWs+cs="></latexit>

CSch
<latexit sha1_base64="5xBFSQ3S02avMpftZIo3H1CMvdI="></latexit>

CInt

<latexit sha1_base64="LscotBLK3q1Q9t7WXdwaRqDug4s="></latexit>

ω→t = Utω̃
→U †

t is a (generally time-dependent) steady state
<latexit sha1_base64="epYlgTIyEFnpWwZ9hDBlZEr90jI="></latexit>

ω̃→ → C
Int

↑ S(H)
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Strong symmetry in the interaction picture
n Surprisingly, the existence of non-trivial steady state is equivalent to the 

existence of non-trivial strong symmetry in the interaction picture
n Assumption: continuous, bounded, and quasi-periodic, Hermitian jump

<latexit sha1_base64="6M9zbb2MiVoABvi/qnbIgOHwuYk="></latexit>

Theorem: Consider the time-dependent GKSL equation that satisfies the con-
ditions above. Then, the following statements are equivalent:

1. CInt = {cI | c → C}.

2. For any initial state ω0, the solution ωt of the GKSL equation converges
to the maximally mixed state:

lim
t→↑

ωt = I/d.

as the unique steady state.
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Existence of time-dependent steady states
n What if                         ?
n There are time dependent steady states if and only if                         !

<latexit sha1_base64="3OYoosuqwBTjM7BGHYXI4Cp9G0Q="></latexit>

CInt \ CSch →= ↑
<latexit sha1_base64="3OYoosuqwBTjM7BGHYXI4Cp9G0Q="></latexit>

CInt \ CSch →= ↑

<latexit sha1_base64="5awLJ2GGiNGc5ONa8N+BYF3m4pE="></latexit>

Theorem: Consider the time-dependent GKSL equation that satisfies the con-
ditions above. Then, the following statements are equivalent:

1. CInt \ CSch →= ↑.

2. There exists a time-dependent steady state, i.e., there is a time-dependent
ω→t that does not converge to any time-independent density matrix as t ↓
↔ such that

lim
t↑↓

ωt = ω→t ,

for some initial condition ω0.
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(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

(ii) Multiple time-independent steady states
without time-dependent ones

(iii) Multiple time-independent 
and time-dependent steady states

Unique steady state

Theorem 6

<latexit sha1_base64="j78pqTy2j/EZ63K2oLvXKuu6FCU="></latexit>

→t0 A
ad
t0 = B(H)

<latexit sha1_base64="+V6lwv0r7RfcZRFthzFf52FpvF4="></latexit>

= {cI}

<latexit sha1_base64="Ze60632lyNljuCE2amoTb6Lphao="></latexit>

→= {cI}

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

(a) 

(b) 
<latexit sha1_base64="9NQlTB0cyunyT7ctceyfMQpNQiw="></latexit>

= →
<latexit sha1_base64="YNu+JCRraKZ5Cn+gfr2xsUkYEPU="></latexit>

→= ↑

<latexit sha1_base64="m/6M5eaJIc9oyWJCDwnu779lGYk="></latexit>

CInt = {cI}
<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="bYbliTqBTmPWF8JYFJ3LBkQTf58="></latexit>

CInt \ CSch

<latexit sha1_base64="rMpPda+rz+DsGVj6tALsnPmNop8="></latexit>

CSch
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Example: dynamical strong symmetry
n Even for time-independent GKSL equations,                           in general!
n Strong dynamical symmetry

n               but               !

<latexit sha1_base64="3OYoosuqwBTjM7BGHYXI4Cp9G0Q="></latexit>

CInt \ CSch →= ↑

<latexit sha1_base64="Fxoq4iuphN8fG5yZSeMD74NaofY="></latexit>

[H,A] = !A and [Lm, A] = 0 →m <latexit sha1_base64="EFYdQ41iZPwUXWuAf5131w3vdOk="></latexit>

! → R
<latexit sha1_base64="2IkCx5wLusvCFcjS59hNRMndiFI="></latexit>

L[A] = →i!
<latexit sha1_base64="lElZJSVniVa+cGVrEtbxpHMZPGw="></latexit>

L[A†] = i!

Oscillating coherence →time-dependent steady states
<latexit sha1_base64="5Y9SgxmHWVaQmPQ7zlK8i8UaYB8="></latexit>

A /→ CSch
<latexit sha1_base64="6BV9TlWSys33yxIXC6Ugrvlo6yU="></latexit>

A → CInt

<latexit sha1_base64="xV6xFjtZyg82a/eTJXzLEwI8h/Y="></latexit>

A†A → CSch

(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

(ii) Multiple time-independent steady states
without time-dependent ones

(iii) Multiple time-independent 
and time-dependent steady states

Unique steady state

Theorem 6

<latexit sha1_base64="j78pqTy2j/EZ63K2oLvXKuu6FCU="></latexit>

→t0 A
ad
t0 = B(H)

<latexit sha1_base64="+V6lwv0r7RfcZRFthzFf52FpvF4="></latexit>

= {cI}

<latexit sha1_base64="Ze60632lyNljuCE2amoTb6Lphao="></latexit>

→= {cI}

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

(a) 

(b) 
<latexit sha1_base64="9NQlTB0cyunyT7ctceyfMQpNQiw="></latexit>

= →
<latexit sha1_base64="YNu+JCRraKZ5Cn+gfr2xsUkYEPU="></latexit>

→= ↑

<latexit sha1_base64="m/6M5eaJIc9oyWJCDwnu779lGYk="></latexit>

CInt = {cI}
<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="bYbliTqBTmPWF8JYFJ3LBkQTf58="></latexit>

CInt \ CSch

<latexit sha1_base64="rMpPda+rz+DsGVj6tALsnPmNop8="></latexit>

CSch

B. Buča, J. Tindall, and D. Jaksch, Nat Commun 10, 1730 (2019).
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Outline
n Introduction
n Main results
n Time-dependent GKSL equations

l Strong symmetry in the Schrödinger picture
l Strong symmetry in the interaction picture
l Criterion for the uniqueness of steady states
l Time-dependent steady states in quasiperiodic systems

n Summary and outlook
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Criterion for the uniqueness of steady states
n We have proven that

n But how do we calculate        ?

n Idea: instead of directly calculating                              ,
we consider the time derivative of it.

<latexit sha1_base64="sxRP12suzpV/5fDCivu4kk0eOF8="></latexit>

CInt = {cI | c → C}

(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

(ii) Multiple time-independent steady states
without time-dependent ones

(iii) Multiple time-independent 
and time-dependent steady states

Unique steady state

Theorem 6

<latexit sha1_base64="j78pqTy2j/EZ63K2oLvXKuu6FCU="></latexit>

→t0 A
ad
t0 = B(H)

<latexit sha1_base64="+V6lwv0r7RfcZRFthzFf52FpvF4="></latexit>

= {cI}

<latexit sha1_base64="Ze60632lyNljuCE2amoTb6Lphao="></latexit>

→= {cI}

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

(a) 

(b) 
<latexit sha1_base64="9NQlTB0cyunyT7ctceyfMQpNQiw="></latexit>

= →
<latexit sha1_base64="YNu+JCRraKZ5Cn+gfr2xsUkYEPU="></latexit>

→= ↑

<latexit sha1_base64="m/6M5eaJIc9oyWJCDwnu779lGYk="></latexit>

CInt = {cI}
<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="bYbliTqBTmPWF8JYFJ3LBkQTf58="></latexit>

CInt \ CSch

<latexit sha1_base64="rMpPda+rz+DsGVj6tALsnPmNop8="></latexit>

CSch

(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

(ii) Multiple time-independent steady states
without time-dependent ones

(iii) Multiple time-independent 
and time-dependent steady states

Unique steady state

Theorem 6

<latexit sha1_base64="j78pqTy2j/EZ63K2oLvXKuu6FCU="></latexit>

→t0 A
ad
t0 = B(H)

<latexit sha1_base64="+V6lwv0r7RfcZRFthzFf52FpvF4="></latexit>

= {cI}

<latexit sha1_base64="Ze60632lyNljuCE2amoTb6Lphao="></latexit>

→= {cI}

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

(a) 

(b) 
<latexit sha1_base64="9NQlTB0cyunyT7ctceyfMQpNQiw="></latexit>

= →
<latexit sha1_base64="YNu+JCRraKZ5Cn+gfr2xsUkYEPU="></latexit>

→= ↑

<latexit sha1_base64="m/6M5eaJIc9oyWJCDwnu779lGYk="></latexit>

CInt = {cI}
<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑

<latexit sha1_base64="AGcRw95zZuGxiHs0M6xGriILqGs="></latexit>

t

<latexit sha1_base64="QKR4rVclKOcZA7TIcMvtZY0d6UI="></latexit>

→A↑
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Criterion for the uniqueness of steady states
n We focus on the time derivative of

n If we fix           ,       is just a common unitary transformation  
n We consider

n Note that we do not have to calculate all n. Typically n=0,1 are necessary.  
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Criterion for the uniqueness of steady states
n Instead of      , it is easier to calculate       in general.

n Again, we do not have to calculate all n. Typically n=0,1 are necessary. 
n If       and         are analytical at all t, the following equivalence relation 

holds.
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Unique steady state
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Outline
n Introduction
n Main results
n Time-dependent GKSL equations

l Strong symmetry in the Schrödinger picture
l Strong symmetry in the interaction picture
l Criterion for the uniqueness of steady states
l Time-dependent steady states in quasiperiodic systems

n Summary and outlook
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Time-dependent steady states in the quasi-periodic case
n As we have seen, there is time-dependent steady states if and only if

n Many-body example that can be realized experimentally?
→Hubbard model with multi-frequency drives
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∑
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[Unj,↓nj,↔ + µjnj ]

+
B1

2

[
e
↗iε1tS

+ + e
iε1tS
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Single frequency case: K. Chinzei and T. N. Ikeda, PRL125, 060601 (2020)

<latexit sha1_base64="VnhnqIrh4drsMXD0Vl/J7eBg8uE="></latexit>

S+, S→ → CInt but S+, S→ /→ CSch



39

Numerical result
n (a-c) single-frequency drive
n (d-f) two-frequency drive

n Time-dependent steady states in quasiperiodic systems!
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n Main results
n Time-dependent GKSL equations

l Strong symmetry in the Schrödinger picture
l Strong symmetry in the interaction picture
l Criterion for the uniqueness of steady states
l Time-dependent steady states in quasiperiodic systems

n Summary and outlook
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Summary
n We classified the asymptotic behavior of time-quasiperiodic GKSL under the 

assumption of Hermitian jump operators by introducing two symmetries

(i) Unique steady state (iv) Time-dependent steady states
without non-trivial time-independent ones

(ii) Multiple time-independent steady states
without time-dependent ones

(iii) Multiple time-independent 
and time-dependent steady states

Unique steady state

Theorem 6
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Outlook
n Generalizations to non-Hermitian jump operators?
n Extension to non-quasiperiodic Liouvillians?
n Weak symmetry in the Schrödinger and interaction pictures?
n SSB of strong/weak symmetry in these pictures?
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