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タイトルテキスト自己紹介

多階層的な生命系（複雑系）における 
種や分子の詳細に依存しない普遍性と 
個別性を切り分けて理解したい



タイトルテキスト研究テーマ

進化･適応の“近似”としての 
最適化(という仮定)が  
代謝挙動に課す制約 

対象：代謝系, 微生物生態系  
理論：ミクロ経済学, 非平衡物理, 最適化 

 成長則: Yamagishi, Hatakeyama. PNAS 2025 

 線形応答関係式: 
         Yamagishi, Hatakeyama. Phys Rev Lett 2023 
 ワールブルク効果･オーバーフロー代謝:  
         Yamagishi, Hatakeyama. Bull Math Biol 2021 

 貨幣分子: Yamagishi, Hatakeyama. arXiv 2026

トップダウン  
“代謝経済学” 

細胞の生化学反応をモデル化した  
大自由度非線形力学系における 

諸現象/性質の“創発” 

対象：微生物生態系, 代謝系, 免疫系 
理論：力学系理論, 非平衡統計物理学 

 休眠: Yamagishi, Kaneko. Phys Rev Lett 2024 

 代謝漏出: Yamagishi, Saito, Kaneko. Phys Rev Lett 2020 

 多種共生: Yamagishi, Saito, Kaneko. PLoS Comp Biol 2021 
 細胞分化･分業: Yamagishi, Saito, Kaneko. PLoS Comp Biol 2016 
 

 大自由度カオス: Yamagishi, Kaneko. Phys Rev Res 2020 
 情報幾何学: Hoshino, et al. Phys Rev Res 2023 

 ボトムアップ  
 細胞と細胞集団の”統計物理学” 



タイトルテキスト代謝 (Metabolism) とは
✓ 栄養をエネルギーやタンパク質に変換する生化学反応過程の総体 
✓ 生命現象の物理化学的基盤 
（遺伝子をソフトウェアとするなら代謝はハードウェア） 

➡ 質量保存則 などの強い物理化学的制約/拘束条件

Introduction Modelling Results Initial application Inference and statistics Applications Software Conclusion

Metabolism

Vincent Lacroix Motif Identification in Metabolic Networks

“Essential Cell Biology”より

栄養分子 
（糖など）

バイオマス 
（タンパク質・膜分子など）

異化 同化

アミノ酸など（”building blocks”）



タイトルテキスト代謝ネットワークの概略

https://en.wikipedia.org/wiki/Metabolic_network



タイトルテキスト微生物の代謝反応ネットワーク（の一部）
Introduction Modelling Results Initial application Inference and statistics Applications Software Conclusion

Metabolism

Vincent Lacroix Motif Identification in Metabolic Networks

“Essential Cell Biology”より

Roche 
Biochemical 
Pathways



タイトルテキスト微生物の代謝反応ネットワーク（の一部）
Introduction Modelling Results Initial application Inference and statistics Applications Software Conclusion

Metabolism

Vincent Lacroix Motif Identification in Metabolic Networks

“Essential Cell Biology”より

・数千以上の代謝物＆代謝反応 
・細胞種ごとに復元し、代謝挙動を予測するのはタイヘン

Roche 
Biochemical 
Pathways



タイトルテキストConstraint-based modeling (CBM) in metabolic engineeringConstraint-Based Modeling (CBM)ր㲊䅻兢♭ց؅嵹تؠشٚن׌ג狜ꝴסך╈ס䡗Ꝏ曍 僃㛻⴫ס!
max ! ≡ vBM s.t.

N∑
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vj : (⴫㰢)⹚䑴 j = 1 ∼ Nتؠشٚنס
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" = 1 ∼ Mסꄈ)
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• ׾׌䎎抅յ縒䜡׊דג Constraintsֽצ׻泘氳꞊丗מ磵冽ע䍚ׂ❣㰆"ad hoc"
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Orth, Thiele, Palsson. Nat Biotech 2010

• 実験結果とよく合うとされる（Palsson “Systems Biology” など） 
• ただし、数値的な予測結果は 系の詳細（代謝反応ネットワーク、
目的関数）に強く依存



タイトルテキスト代謝のマクロ現象論へ向けて

中山 2014

✓ 経験的な普遍性：e.g., 「ガンの原因遺伝子は個人や臓器により様々で
ある一方、ガンの代謝挙動はほぼ共通」 

➡ 遺伝子ではなく 代謝に注目することで”普遍的理論” の可能性 
✓ 代謝系は 有限の資源をやりくりする経済系 ➡︎ 経済学の理論が有用



タイトルテキストミクロ経済学（消費者行動の理論）
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　　等高線（無差別曲線）     
　　予算制約線

I=p1x1+p2x2

財1の需要 
(消費量)

✓  「有限の資源の分配」についての理論 

✓ 「消費者は”最適”な行動をとる」と仮定 

➡ 最適化問題としての体系的な枠組： 

効用  を 予算制約  のもと最大化u(x1, x2, ⋯, xn) ∑i pixi ≤ I



タイトルテキストミクロ経済学（消費者行動の理論）
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価格pi↑ 所得I↑ 例

通常財 需要xi↓ xi↑ コーヒー
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Veblen財 xi↑ xi↑ ブランド品

Giffen財 xi↑ xi↓ ?

✓  「有限の資源の分配」についての理論 

✓ 「消費者は”最適”な行動をとる」と仮定 

✓ 最適化問題としての体系的な枠組：効用を 予算制約 のもと最大化 

✓ “摂動応答理論”：消費行動の 価格や所得の変動への応答を説明/予測 

✓ e.g., 需要xi の 所得I,価格piへの応答で財iを分類

 p1の増加



タイトルテキストミクロ経済学（消費者行動の理論）
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 p1の増加

✓  「有限の資源の分配」についての理論 

✓ 「消費者は”最適”な行動をとる」と仮定 

✓ 最適化問題としての体系的な枠組：効用を 予算制約 のもと最大化 

✓ “摂動応答理論” 

✓ 現実の 不合理なヒトの消費行動とは食い違いも（→ 行動経済学）



タイトルテキスト代謝経済学 Microeconomics of Metabolism

✓ 栄養環境変動や薬剤投与に対する応答の 
普遍的理論・定量的予言

ミクロ経済学 代謝系
効用（利得） 増殖速度
収入 栄養取り込み

財（商品） 代謝経路
需要（消費量） 栄養割り当て

価格 薬剤の投与量
補完性 質量保存の法則

ギッフェン財 呼吸経路

ミクロ経済学 代謝系
効用（利得） 増殖速度
所得（収入） 栄養取り込み
財（商品） 代謝経路
需要（購入量） 代謝フラックス

価格 薬剤の投与量
補完性 質量保存則



タイトルテキスト

ミクロ経済学 代謝系
効用（利得） 増殖速度
収入 栄養取り込み

財（商品） 代謝経路
需要（消費量） 栄養割り当て

価格 薬剤の投与量
補完性 質量保存の法則

ギッフェン財 呼吸経路

ミクロ経済学 代謝系
効用（利得） 増殖速度
所得（収入） 栄養取り込み
財（商品） 代謝経路
需要（購入量） 代謝フラックス

価格 薬剤の投与量
補完性 質量保存則

代謝経済学 ＝ 栄養環境変動や薬剤投与に対する応答理論

経済学における価格 = 貨幣から商品への変換の非効率性 
代謝系における価格 = 栄養から最終代謝物への変換の非効率性 
 ⇒「薬剤投与による代謝経路の非効率性 (e.g.,中間代謝物の漏出)  ⇔ 価格>1」



1. 代謝経済学の具体例: Warburg効果とGiffen財 

2. 代謝における「線形応答関係式」 

3. 細胞成長における収穫逓減則 

4. まとめと展望

Yamagishi & Hatakeyama. Bull Math Biol 2021

Yamagishi & Hatakeyama. PNAS 2025

Yamagishi & Hatakeyama. arXiv 2026

Yamagishi & Hatakeyama. Phys Rev Lett 2023



タイトルテキスト代謝現象の具体例：Warburg効果

栄養(炭素源) ⤴︎  ⇒  発酵 ⤴︎  & 呼吸 ⤵︎ 

• 呼吸の方がエネルギー生成効率が高い：一見不合理 
• 様々な細胞種で普遍的に見られる： 
   ガン細胞, 幹細胞, 免疫細胞; 酵母(Crabtree効果), 大腸菌(オーバーフロー代謝)

Basan et al. 2015

呼吸経路発酵経路



タイトルテキスト代謝現象の具体例：Warburg効果

栄養(炭素源) ⤴︎  ⇒  発酵 ⤴︎  & 呼吸 ⤵︎ 

• 呼吸の方がエネルギー生成効率が高い：一見不合理 
• 様々な細胞種で普遍的に見られる： 
   ガン細胞, 幹細胞, 免疫細胞; 酵母(Crabtree効果), 大腸菌(オーバーフロー代謝)

Basan et al. 2015: E.coli
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ARTICLE
doi:10.1038/nature15765

Overflow metabolism in Escherichia coli  
results from efficient proteome allocation
Markus Basan1,2*, Sheng Hui1*, Hiroyuki Okano1,3, Zhongge Zhang3, Yang Shen3, James R. Williamson4 & Terence Hwa1,3,5

Under anaerobic conditions, organisms ranging from bacteria to mam-
malian cells excrete large quantities of fermentation products such as 
acetate or lactate. Notably, the excretion of these fermentation products 
occurs widely even in the presence of oxygen in fast-growing bacteria 
and fungi1–4, as well as mammalian cells including stem cells, immune 
cells and cancerous cells5–7. This seemingly wasteful phenomenon, in 
which fermentation is used instead of the higher ATP-yielding respira-
tion process for energy generation, is generally referred to as overflow 
metabolism (or the Warburg effect in the case of cancer5–7). Various 
rationalizations of overflow metabolism as well as regulatory schemes 
have been proposed over the years2,5,8–20. However, quantitative tests 
of the proposed hypotheses as well as systematic characterization of 
overflow metabolism are generally lacking.

In this study, we provide a quantitative, physiological study of over-
flow metabolism for the bacterium E. coli. We report an intriguing set 
of linear relations between the rates of acetate excretion and steady-
state growth rates for E. coli in different nutrient environments and 
different degrees of induced stresses. These relations, together with the 
recently established concept of proteome partition21, led us to a simple 
theory of resource allocation, which can quantitatively account for all 
of the observed behaviours, as well as accurately predict responses to 
new perturbations. Key parameters of the theory regarding the pro-
teome costs of energy biogenesis by respiration and by fermentation 

were determined by quantitative mass spectrometry following a 
coarse-graining approach. These results suggest that overflow metab-
olism is a programmed global response used by cells to balance the 
conflicting proteomic demands of energy biogenesis and biomass syn-
thesis for rapid growth.

Threshold-linear response of acetate overflow
Previous studies have established a strong positive correlation between 
the rate of acetate excretion and the dilution rate for various strains of  
E. coli grown in glucose-limited continuous culture16,22–24 (Extended 
Data Fig. 1a–e). Here, we measured acetate excretion and growth rates of 
a wild-type E. coli K-12 strain grown in minimal medium batch culture 
with a variety of glycolytic substrates as the sole carbon sources (black 
symbols in Fig. 1). Notably, the rate of acetate excretion per biomass,  
Jac, exhibits a simple threshold-linear dependence on growth rate λ,

λ λ λ λ
λ λ

=
⎧
⎨
⎪⎪
⎩⎪⎪

⋅ ( − ) ≥
<

J s for
0 forac

ac ac ac

ac
 

(1)

with a linear dependence above a characteristic growth rate 
(λac ≈ 0.76 h−1, or 55 min per doubling), below which acetate excre-
tion disappears. We refer to this linear relation as the acetate line (red 
line in Fig. 1).

Overflow metabolism refers to the seemingly wasteful strategy in which cells use fermentation instead of the more efficient 
respiration to generate energy, despite the availability of oxygen. Known as the Warburg effect in the context of cancer 
growth, this phenomenon occurs ubiquitously for fast-growing cells, including bacteria, fungi and mammalian cells, but 
its origin has remained unclear despite decades of research. Here we study metabolic overflow in Escherichia coli, and 
show that it is a global physiological response used to cope with changing proteomic demands of energy biogenesis and 
biomass synthesis under different growth conditions. A simple model of proteomic resource allocation can quantitatively 
account for all of the observed behaviours, and accurately predict responses to new perturbations. The key hypothesis 
of the model, that the proteome cost of energy biogenesis by respiration exceeds that by fermentation, is quantitatively 
confirmed by direct measurement of protein abundances via quantitative mass spectrometry.

1Department of Physics, University of California at San Diego, La Jolla, California 92093-0374, USA. 2Institute of Molecular Systems Biology, ETH Zürich, 8093 Zürich, Switzerland. 3Section of 
Molecular Biology, Division of Biological Sciences, University of California at San Diego, La Jolla, California 92093, USA. 4Department of Integrative Structural and Computational Biology, Department 
of Chemistry, The Skaggs Institute for Chemical Biology, The Scripps Research Institute, La Jolla, California 92037, USA. 5Institute for Theoretical Studies, ETH Zürich, 8092 Zürich, Switzerland.
*These authors contributed equally to this work.
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Figure 1 | Acetate excretion under carbon 
limitation. Acetate excretion rate (Jac) is linearly 
correlated with the growth rate (λ) for wild-type 
(WT) cells grown in minimal medium with various 
glycolytic carbon sources (black symbols), and for 
cells with titratable or mutant uptake systems (purple 
symbols) (Extended Data Table 1). Black diamonds 
indicate various carbon sources supplemented with 
seven non-degradable amino acids (AA). The red line 
shows the best-fit of all the data to equation (1).

© 2015 Macmillan Publishers Limited. All rights reserved

発酵の流量

成長率 [/h] https://www.nlm.nih.gov/exhibition/fromdnatobeer



タイトルテキストWarburg効果の原理：トレードオフ
呼吸経路の方が発酵経路よりもATP生成効率が高い。しかし… 

• Solvent capacity hypothesis 
   呼吸経路の酵素の方が大きい（細胞内の体積をより多く要する） 

• Proteome allocation hypothesis 
   呼吸経路の酵素の方が大きい（アミノ酸をより多く要する） 

• Membrane real estate hypothesis 
   呼吸経路の酵素は 膜の表面積を要する 

• Redox-Energy balance hypothesis 
   呼吸経路はNAD+を消費（→ redox状態を変える） 

• Trade-off in production of different metabolites hypothesis 
   発酵経路の方がNADPHの生産効率は高い



タイトルテキストWarburg効果の原理：トレードオフ
呼吸経路の方が発酵経路よりもATP生成効率が高い。しかし… 

• Solvent capacity hypothesis 
   呼吸経路の酵素の方が大きい（細胞内の体積をより多く要する） 

• Proteome allocation hypothesis 
   呼吸経路の酵素の方が大きい（アミノ酸をより多く要する） 

• Membrane real estate hypothesis 
   呼吸経路の酵素は 膜の表面積を要する 

• Redox-Energy balance hypothesis 
   呼吸経路はNAD+を消費する（それによりredox状態を変える） 

• Trade-off in production of different metabolites hypothesis 
   発酵経路の方がNADPHの生産効率は高い Vazquez et al. 2010 

Basan et al. 2015



タイトルテキストWarburg効果の原理：トレードオフ
呼吸経路の方が発酵経路よりもATP生成効率が高い。しかし… 

• Solvent capacity hypothesis 
   呼吸経路の酵素の方が大きい（細胞内の体積をより多く要する） 

• Proteome allocation hypothesis 
   呼吸経路の酵素の方が大きい（アミノ酸をより多く要する） 

• Membrane real estate hypothesis 
   呼吸経路の酵素は 膜の表面積を要する 

• Redox-Energy balance hypothesis 
   呼吸経路はNAD+を消費（→ redox状態を変える） 

• Trade-off in production of different metabolites hypothesis 
   発酵経路の方がNADPHの生産効率は高い

Dill et al. 2017



タイトルテキスト「2財2目的」のトイモデル

• 成長率  を 炭素源の配分についての制約  のもと最大化 

• トレードオフ & 質量保存則
Λ( fr, ff) ∑i pi fi ≤ IC
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財

収入 炭素源流入 IC

呼吸経路  fr発酵経路  ff

「2財2目的」のトイモデル
炭素源の配分についての 
“予算制約” ∑i pi fi ≤ IC



エネルギー JA

財
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呼吸経路  fr発酵経路  ff

「2財2目的」のトイモデル

ATP 生成速度：  

呼吸経路は発酵経路よりもATP生

成効率が高い：係数 

JA = ar fr + af ff

ar > af

炭素源の配分についての 
“予算制約” ∑i pi fi ≤ IC



エネルギー JA バイオマス前駆体 JB

財

収入 炭素源流入 IC

呼吸経路  fr発酵経路  ff

「2財2目的」のトイモデル

バイオマス前駆体生成速度： 

 
呼吸は発酵よりも「炭素源以
外の資源」を多く要する： 

係数 

JB = JB,tot − brar fr − bfaf ff

br > bf

ATP 生成速度：  

係数 

JA = ar fr + af ff
ar > af

e.g., biomembrane, NADH, intracellular space, protein

炭素源の配分についての 
“予算制約” ∑i pi fi ≤ IC



エネルギー JA バイオマス前駆体 JB

min

成長率 Λ

質量保存則

財

収入

補完性

炭素源流入 IC

呼吸経路  fr発酵経路  ff

代謝系における質量保存則  

⇒ バイオマス生成反応の速度は最も少ない
反応物のフラックスによって律速

「2財2目的」のトイモデル

バイオマス前駆体生成速度： 

 
係数 
JB = JB,tot − brar fr − bfaf ff

br > bf

ATP 生成速度：  

係数 

JA = ar fr + af ff
ar > af

炭素源の配分についての 
“予算制約” ∑i pi fi ≤ IC



タイトルテキスト炭素源流入の変化に対する応答

IC = fr + ff
Contours 
Budget Constraint Line

☑︎ 最適化の帰結としてWarburg効果を説明 

☑︎ 普遍的な現象の背後に普遍的な原理 
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タイトルテキスト炭素源流入の変化に対する応答
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☑︎ 最適化の帰結としてWarburg効果を説明 

☑︎ 普遍的な現象の背後に普遍的な原理 



タイトルテキスト炭素源流入の変化に対する応答
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☑︎ 最適化の帰結としてWarburg効果を説明 

☑︎ 普遍的な現象の背後に普遍的な原理 



タイトルテキスト

ミクロ経済学 代謝系
効用（利得） 増殖速度
収入 栄養取り込み

財（商品） 代謝経路
需要（消費量） 栄養割り当て

価格 薬剤の投与量
補完性 質量保存の法則

ギッフェン財 呼吸経路

ミクロ経済学 代謝系
効用（利得） 増殖速度
所得（収入） 栄養取り込み
財（商品） 代謝経路
需要（購入量） 代謝フラックス

価格 薬剤の投与量
補完性 質量保存則

代謝経済学 ＝ 栄養環境変動や薬剤投与に対する応答理論

経済学における価格 = 貨幣から商品への変換の非効率性 
代謝系における価格 = 栄養から最終代謝物への変換の非効率性 
 ⇒「薬剤投与による代謝経路の非効率性 (e.g.,中間代謝物の漏出)  ⇔ 価格>1」

pr fr + pf ff ≤ IC



タイトルテキスト価格 pr の変動への代謝応答

(  and  are fixed)IC pf = 1
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① 価格 pr ⤴︎ ⇒ 呼吸流量 fr ⤴︎ : 呼吸経路 は非効率的になるほど活性化 

② 反応速度 fr,fr は ある pr で不連続的に変化
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タイトルテキスト脱共役剤 = 呼吸の代謝価格 の上昇
脱共役剤 (uncouplers of Respiration) 

・ATPを生成するためのプロトン勾配の散逸 
・抗がん剤としても使われる

Childress, et al. 2018



タイトルテキストDrug-induced reverse Warburg effect

Verduyn et al. 1992: yeast

脱共役剤の投与量

理論 実験504 C .  VERDUYN ET AL. 

Figure 1. Schematic representation of uncoupling by benzoic 
acid at the level of the plasma membrane. 1: Plasma membrane 
ATPase; 2: ATP generation via substrate-level phosphorylation, 
and 3: ATP generation via respiration. 

membrane, due to influx of the undissociated acid. 
The resultant drop in cytosolic pH can be neutral- 
ized by the action of plasma membrane ATPase, 
which hydrolyzes ATP and pumps protons out of 
the cell. Thus, additional ATP has to be generated to 
compensate the influx of acid. This may be achieved 
via an increased respiration rate, as schematically 
shown in Figure 1 .  

Addition of benzoate to the medium reservoir of 
glucose-limited cultures of S. cerevisiue CBS 8066 
growing at a dilution rate ( D )  of 0.10 h-' resulted in 
a concentration-dependent decrease of the biomass 
yield from 0.51 g biomass g glucose-' without 
benzoate, to 0-15 g g-' at a residual concentration 
of 10 mM-benzoate (Figure 2). The specific oxygen 
consumption rate (q0,) increased from 2.5 f 0.2 in 
the absence of benzoate, to a value as high as 
19-5 f 1 mmol g-' h-' at a residual benzoate con- 
centration of 10mM (Figure 2). The highest 
measured value of the specific oxygen uptake rate in 
the presence of benzoate will be indicated as the 
'critical respiratory capacity' (Table 1). Up to the 
corresponding benzoate concentration (10 mM), 
biomass and CO, were the only main products. The 
respiratory quotient (RQ) was between 0.95 and 
1.10 for all steady states. When the benzoate con- 
centration was increased further to 10-5 mM, a large 
drop in cell yield occurred and ethanol formation 
became apparent. The yield declined to 0.09 g bio- 
mass g glucose-', with an ethanol production rate 
of 6-4 mmol g-' h-I. However, a normal steady 
state could be established. The q 0 ,  decreased to a 
constant value of 13 1 mmol g-' h-'  (Figure 2). 
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Figure 2. Biomass yield (m), specific oxygen consumption rate 
(0) and glucose flux ( A )  as a function of the residual benzoate 
concentration during glucose-limited growth of S. cerevisiue 
CBS 8066. Thedilutionratewas0.10 h-I. Thearrow indicates the 
benzoate concentration at which the culture washed out. 

Table 1 .  
rates 

Term Definition 

Definition of various specific oxygen uptake 

qo2 

q o 2 m a x  

Specific oxygen uptake rate, measured in situ 
via analysis of the exhaust gas of cultures 

q0, of washed cell samples (i.e. not 
containing benzoate) upon addition of 
excess substrate. q02max values were 
assessed by oxygen probe measurements 

Highest q0, measured in situ in the presence 
of benzoate. The value of q0;"'was 
assessed by analysis of the culture exhaust 
gas via gradual increase of the benzoate 
concentration in the medium reservoir 

qop 

A further increase in the benzoate concentration 
resulted in increased fermentation, and a further 
decrease in the biomass yield to 0.06 g biomass g 
glucose-', but the cells maintained the same 90,. 
Cultures were run for another 150 h but no changes 
in dry weight, q0,  or q ethanol were observed. 

The above phenomena were independent of the 
reservoir glucose concentration: the same fluxes 
were obtained when the glucose concentration in the 
medium-reservoir was doubled. 

The presence of benzoate resulted in an increase 
in the pyruvate concentration in the culture from 
0.07 m M ,  without benzoate, to 0.17 m M  at 10 mM 

呼吸
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脱共役財の投与 はエネルギー生産のためのプロトン勾配を散逸 

 ⇒ 呼吸 はかえって促進され その後不連続的に抑制



タイトルテキストGiffen財としての呼吸経路

価格pi↑ 収入I↑ 例（経済） 例（代謝）
通常財 需要xi↓ xi↑ コーヒー
下級財 xi↓ xi↓ 即席コーヒー

Veblen財 xi↑ xi↑ ブランド品

Giffen財 xi↑ xi↓ ?
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価格pi↑ 収入I↑ 例（経済） 例（代謝）
通常財 需要xi↓ xi↑ コーヒー
下級財 xi↓ xi↓ 即席コーヒー
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タイトルテキストGiffen財としての呼吸経路

価格pi↑ 収入I↑ 例（経済） 例（代謝）
通常財 需要xi↓ xi↑ コーヒー 発酵経路
下級財 xi↓ xi↓ 即席コーヒー ×

Veblen財 xi↑ xi↑ ブランド品 ×
Giffen財 xi↑ xi↓ ? 呼吸経路
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タイトルテキスト中まとめ：Warburg効果の”代謝経済学”

• Warburg効果 とその逆転 を統合する ミニマルモデル 
• トレードオフと質量保存則の帰結 

• 脱共役剤への応答の予言：Giffen財 & 不連続的な代謝応答

予算制約線
無差別曲線 (等高線)

炭素源取り込み流量 IC
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トレードオフ(比較優位) & 質量保存則
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1. 代謝経済学の具体例: Warburg効果とGiffen財 

2. 代謝における「線形応答関係式」 

3. 細胞成長における収穫逓減則 

4. まとめと展望

Yamagishi & Hatakeyama. Phys Rev Lett 2023



タイトルテキスト一般論へ向けて：CBMとミクロ経済学の等価性

Approach: Microeconomic formalism
Constraint based model

in the reaction flux space
Microeconomic formalism
in the pathway flux space

Pathway : Linked series of reactions

Equivalent

∂ ̂fi′ 

∂pν
j′ 

= − ̂fj′ 

∂ ̂fi′ 

∂Iν

Response to 
Nutrient condition

Response to  
Metabolic inhibition

vi

vj

vk

fi′ 

fj′ 

Λ
̂v

Constraint-Based Modeling  
formulation in reaction flux space

Microeconomic formulation  
in pathway flux space

fj′ 

fi′ fi′ 

fj′ 

ΛΛ

̂f

(a)

Equivalent
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Nutrient condition
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Constraint-Based Modeling  
formulation in reaction flux space

Microeconomic formulation  
in pathway flux space

fj′ 

fi′ fi′ 

fj′ 

ΛΛ

̂f

(a)

代謝反応のフラックス  を変数とした線形計画問題 

⇔ 代謝経路 (代謝反応の連なり) のフラックス  を変数とした線形計画問題

v

f



タイトルテキスト代謝工学･システム生物学におけるCBM

Equivalent

∂ ̂fi′ 

∂pν
j′ 

= − ̂fj′ 

∂ ̂fi′ 

∂Iν

Response to 
Nutrient condition

Response to  
Metabolic inhibition

vi

vj

vk

fi′ 

fj′ 

Λ
̂v

Constraint-Based Modeling  
formulation in reaction flux space

Microeconomic formulation  
in pathway flux space

fj′ 

fi′ fi′ 

fj′ 

ΛΛ

̂f

(a)

Approach: Microeconomic formalism
Constraint based model in the reaction flux space

(     : Stoichiometry matrix for reactions)

Production and consumption
should be balanced

Consumption should not 
exceed the influx

Maximization of objective reaction

 : 反応  の流量 (非負変数) 

 : 最適解における  の値 

 : 反応  の化学量論係数 

　　(>0 →  生産; <0 →  消費)

vi i

̂vi vi

Sαj j
α α

“目的反応”（バイオマス生成、ATP生成 など） 
の流量最大化

“内部代謝物”の生産と消費の釣り合い

“栄養となる代謝物”  の [消費—生産]  

は取り込み流量  以下

α
Iα



タイトルテキスト「代謝経路」の定義

代謝経路 := Elementary flux modes (i.e., flux cone

のエッジ) の流量  を変数とする最適化問題と等価:  f

S1. Equivalence between constraint-based modeling (CBM) and microeconomic formulations11

CBM formulation: optimization problems with reaction fluxes v as variables. In the framework of CBM in systems biology,12

intracellular metabolic regulation is formulated as linear programming (LP) problems in which the variables are the fluxes v of13

reactions. As discussed below, LP problems in CBM are generally equivalent to optimization problems in the microeconomic14

theory of consumer choice.15

By breaking down each reversible reaction into two irreversible reactions (i.e., its forward and backward components), a16

non-negative |R|-dimensional vector v := {vi}iœR represents the fluxes of all reactions. Then, by assuming the stationarity of17

the intracellular concentrations of non-exchangeable species µ (œ M\E), a general formulation of CBM (1, 2) is given as follows:18

maxvØ0 vo s.t.19

ÿ

jœR

Sµjvj = 0 (µ œ M\E) [S1]20

ÿ

jœR

S–jvj + I– Ø 0 (– œ E fi C) [S2]21

Because
q

jœR Sµjvj is equal to the excess production of species µ, Eq. [S1] represents that the production and degradation of22

internal metabolites must be balanced. With respect to Eq. [S2], if – is a species (– œ E µ M), the corresponding inequality,23 q
jœR S–jvj + I– Ø 0, represents that exchangeable species – with intake I– > 0 are taken in and species – with e�ux I– < 024

are (forcibly) leaked or degraded; in contrast, if – is a constraint (– œ C), it represents a non-stoichiometric constraint, e.g.,25

allocation of some limited resource such as proteins (3, 4), intracellular space (5, 6), membrane surface (7), and Gibbs energy26

dissipation (8). Stoichiometric coe�cient S–i for some constraint – (œ C) is typically negative or zero but can also be positive.27

Note that C can also include other constraints like the upper and lower bounds of the flux of reaction i.28

Optimization problems with pathway fluxes f as variables. The usual CBM formulation [S1-S2] with reaction fluxes v as29

variables is equivalent to another LP problem with pathway fluxes f as variables (see also Fig. 1in the main text).30

Here, a metabolic pathway is a linked sequence of reactions. Pathway fluxes f are related to reaction fluxes as v = P f , with31

a pathway matrix P := {Pi Ø 0 | i œ R, œ P} which represents that pathway iprime comprises Pi units of reaction i. The32

stoichiometry matrix K for pathways expresses the metabolic pathways in “species space” and is related to the stoichiometry33

matrix S for reactions with K = SP .34

When P is taken as (linear combinations of) elementary flux modes (EFMs; i.e., extreme rays of the flux cone), Eq. [S1] is35

autonomously satisfied (and matrix K := SP is then related to so-called elementary conversion modes (9)). Then, the LP36

problem [S1-S2] for CBM can be rewritten into another LP problem with pathway fluxes f as variables:37

max
�,fØ0

� s.t. I– +
ÿ

jÕœP

K–jÕ fjÕ Ø ≠S–o� (– œ E fi C) [S3]38

where the components required for objective reaction o (œ R) are termed as objective components O := {– œ M fi C | S–o < 0}.39

Derivation of the microeconomic formulation. The min function for the objective function, � := min(A, B), can be replaced by40

constraints of � Æ A and � Æ B, and vice versa. Therefore, the optimization problem [S3] is equivalent to the optimization of41

the Leontief utility function (Eq. (1) in the main text)—the minimum of multiple “complementary” objectives—under the42

constraints of Eq. (2) in the main text. In contrast, the microeconomic formulation of optimization problems (Eqs. (1-2) in the43

main text) can be converted to LP problems in the form of Eq. [S3], and thus, they are equivalent.44

S2. A simple example of microeconomic formulation of metabolic regulation45

As a concrete example, we here introduce a simple, analytically-solvable metabolic model (see also Fig. S1). It can be the46

simplest model of a metabolic system in which multiple pathways can produce a common metabolite from a single resource,47

e.g., the co-utilization of respiration and fermentation or that of Embden–Meyerho�–Parnass (EMP) and Entner–Doudoro�48

(ED) glycolytic pathways (10).49

This model consists of 2 metabolites, M = {m1, m2}, and 1 constraint C = {fl}, as well as 3 reactions, R = {A, B, objective}.50

Note that fl can be any kind of limited resource, e.g., such as the intracellular volume or solvent capacity (5, 6), the total51

amount of proteins (4), and the total area of membrane surfaces (7). We assume that m1 is, out of M, the only exchangeable52

species, i.e., E = {m1}, reactions A, B both produce m2 by consuming m1 and fl, and the objective reaction o requires m2 and53

fl. The stoichiometry matrix, S œ R(MfiC)◊R, is then given as54

S =

A
≠pm1

A ≠pm1
B 0

Sm2A Sm2B ≠1
≠pfl

A ≠pfl
B ≠1

B
,55

with positive parameters (i.e., “price” of metabolic pathways) p–
i (– = m1, fl; i = A, B). For simplicity, the stoichiometric56

coe�cients are normalized as |Sm2o| = |Sflo| = 1, whereas it does not lose its generality. With this matrix, the LP problem for57
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 : (“栄養分子”から目的反応の前駆体までの) 代謝経路  の流量 
 : 代謝経路についての化学量論行列 (代謝経路  は  単位の反応  からなる)

fi′￼ i′￼

K := SP i′￼ Pii′￼ i



タイトルテキストミクロ経済学的定式化：成長率 の最大化Λ

 : (“栄養分子”から目的反応の前駆体までの) 代謝経路  の流量 
 : 代謝経路についての化学量論行列 (代謝経路  は  単位の反応  からなる)

fi′￼ i′￼

K := SP i′￼ Pii′￼ i

maximize
f≥O

Λ(f) s . t. − ∑i′￼
Kνi′￼fi′￼ ≤ Iν

Λ(f) := min
α∈𝒪 [ 1

|Sαo | (∑i′￼
Kαi′￼fi′￼+ Iν)]

fi′￼

fj′￼

Λ
̂f

Iν fi min
Growth 

Λ
Nutrient Pathways Precursors

Jα
pν

i Kαi |Sαo |



タイトルテキストミクロ経済学的定式化：質量保存則

前駆体  の生産流量α
目的反応の流量  は 前駆体群  の生産流量の 
Min値により律速：質量保存則の帰結

Λ 𝒪

 : (“栄養分子”から目的反応の前駆体までの) 代謝経路  の流量 
 : 代謝経路についての化学量論行列 (代謝経路  は  単位の反応  からなる)

fi′￼ i′￼

K := SP i′￼ Pii′￼ i

Iν fi min
Growth 
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Jα
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i Kαi |Sαo |

maximize
f≥O

Λ(f) s . t. − ∑i′￼
Kνi′￼fi′￼ ≤ Iν

Λ(f) := min
α∈𝒪 [ 1

|Sαo | (∑i′￼
Kαi′￼fi′￼+ Iν)]

fi′￼

fj′￼

Λ
̂f



タイトルテキストミクロ経済学的定式化：栄養流入についての”予算制約”

 : (“栄養分子”から目的反応の前駆体までの) 代謝経路  の流量 
 : 代謝経路についての化学量論行列 (代謝経路  は  単位の反応  からなる)

fi′￼ i′￼

K := SP i′￼ Pii′￼ i

maximize
f≥O

Λ(f) s . t. − ∑i′￼
Kνi′￼fi′￼ ≤ Iν

Λ(f) := min
α∈𝒪 [ 1

|Sαo | (∑i′￼
Kαi′￼fi′￼+ Iν)]

fi′￼

fj′￼

Λ
̂f

栄養代謝物  (例: グルコース) についての“予算制約”  

⇒ 代謝経路  の”価格”   

    (i.e., 経路  に要する栄養  の実効的な量)

ν
i′￼ pν

i′￼
:= − Kνi′￼

i′￼ ν



タイトルテキストミクロ経済学における Slutsky方程式

∂ ̂xi(p, I)
∂pj

=
∂hi(p, ̂u(p, I))

∂pj
− ̂xj(p, I)

∂ ̂xi(p, I)
∂I

代替効果 所得効果

代替効果： 

財 の価格上昇 → 相対的に安くなった財 で代替 

所得効果： 
ある財の価格上昇 → 所得の実効的減少 

: 価格p,所得Iのもとでの最大効用値 

: 価格pのもとで効用値 を実現する最小所得

j i

̂u(p, I)

hi(p, u) u

財 の需要の 財 の価格への依存性 と 所得への依存性 の関係i j
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タイトルテキスト代謝系における Slutsky方程式

所得効果

代替効果： 

財 の価格上昇 → 相対的に安くなった財 で代替 

所得効果： 
ある財の価格上昇 → 所得の実効的減少 

: 価格p,所得Iのもとでの最大効用値 

: 価格pのもとで効用値 を実現する最小所得

j i

̂u(p, I)

hi(p, u) u

代替効果

財 の需要の 財 の価格への依存性 と 所得への依存性 の関係i j

代謝系では質量保存則より 
完全補完性 ⇒ 代替効果=0
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タイトルテキスト一般論：代謝系における「線形応答関係式」の導出
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栄養環境変動 
への代謝応答

薬剤投与 

(代謝阻害) 
への代謝応答

 : 代謝経路  の流量 

 : 代謝経路の”価格”（=非効率性） 

 : 栄養  の取り込み流量

̂fi i
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タイトルテキスト代謝系における「線形応答関係式」：数値実験

∂ ̂fi

∂pν
i

= − ̂fi
∂ ̂fi

∂Iν

栄養条件への 

反応 の応答i

大規模代謝ネットワークを用いた数値実験

阻害剤投与への 

反応 の応答i
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•任意の代謝系の応答における普遍的なマクロ関係式 
• 質量保存則の帰結 ➡︎ 代謝系のミクロな分子生物学的詳細（反応ネット
ワークや目的関数）に依存せず成立 

•任意の細胞の代謝状態（表現型）を予測・制御するための指針に 
• この関係式からの逸脱は 実験系における非最適性を示唆
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タイトルテキスト普遍的な代謝現象の具体例：Warburg効果

栄養(炭素源) ⤴︎  ⇒  発酵 ⤴︎  & 呼吸 ⤵︎ 

• 呼吸の方がエネルギー生成効率が高い：一見不合理 
• 様々な細胞種で見られる： 
   ガン細胞, 幹細胞, 免疫細胞; 酵母(Crabtree効果), 大腸菌(オーバーフロー代謝)

炭素源取り込み流量 I0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.0
0.1
0.2
0.3
0.4
0.5
0.6

0

呼吸 発酵

ox0 g0

Warburg効果

https://www.nlm.nih.gov/exhibition/fromdnatobeer



タイトルテキストDrug-induced reverse Warburg effect

  ⇄    阻害剤投与がフラックスを促進
∂ ̂fOxPhos

∂ICarbon
< 0

∂ ̂fOxPhos

∂pCarbon
OxPhos

> 0

脱共役財の投与 はエネルギー生産のためのプロトン勾配を散逸 

 ⇒ 呼吸 はかえって促進され その後不連続的に抑制

Verduyn et al. 1992: yeast

脱共役剤の投与量

理論 実験504 C .  VERDUYN ET AL. 

Figure 1. Schematic representation of uncoupling by benzoic 
acid at the level of the plasma membrane. 1: Plasma membrane 
ATPase; 2: ATP generation via substrate-level phosphorylation, 
and 3: ATP generation via respiration. 

membrane, due to influx of the undissociated acid. 
The resultant drop in cytosolic pH can be neutral- 
ized by the action of plasma membrane ATPase, 
which hydrolyzes ATP and pumps protons out of 
the cell. Thus, additional ATP has to be generated to 
compensate the influx of acid. This may be achieved 
via an increased respiration rate, as schematically 
shown in Figure 1 .  

Addition of benzoate to the medium reservoir of 
glucose-limited cultures of S. cerevisiue CBS 8066 
growing at a dilution rate ( D )  of 0.10 h-' resulted in 
a concentration-dependent decrease of the biomass 
yield from 0.51 g biomass g glucose-' without 
benzoate, to 0-15 g g-' at a residual concentration 
of 10 mM-benzoate (Figure 2). The specific oxygen 
consumption rate (q0,) increased from 2.5 f 0.2 in 
the absence of benzoate, to a value as high as 
19-5 f 1 mmol g-' h-' at a residual benzoate con- 
centration of 10mM (Figure 2). The highest 
measured value of the specific oxygen uptake rate in 
the presence of benzoate will be indicated as the 
'critical respiratory capacity' (Table 1). Up to the 
corresponding benzoate concentration (10 mM), 
biomass and CO, were the only main products. The 
respiratory quotient (RQ) was between 0.95 and 
1.10 for all steady states. When the benzoate con- 
centration was increased further to 10-5 mM, a large 
drop in cell yield occurred and ethanol formation 
became apparent. The yield declined to 0.09 g bio- 
mass g glucose-', with an ethanol production rate 
of 6-4 mmol g-' h-I. However, a normal steady 
state could be established. The q 0 ,  decreased to a 
constant value of 13 1 mmol g-' h-'  (Figure 2). 
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Figure 2. Biomass yield (m), specific oxygen consumption rate 
(0) and glucose flux ( A )  as a function of the residual benzoate 
concentration during glucose-limited growth of S. cerevisiue 
CBS 8066. Thedilutionratewas0.10 h-I. Thearrow indicates the 
benzoate concentration at which the culture washed out. 

Table 1 .  
rates 

Term Definition 

Definition of various specific oxygen uptake 

qo2 

q o 2 m a x  

Specific oxygen uptake rate, measured in situ 
via analysis of the exhaust gas of cultures 

q0, of washed cell samples (i.e. not 
containing benzoate) upon addition of 
excess substrate. q02max values were 
assessed by oxygen probe measurements 

Highest q0, measured in situ in the presence 
of benzoate. The value of q0;"'was 
assessed by analysis of the culture exhaust 
gas via gradual increase of the benzoate 
concentration in the medium reservoir 

qop 

A further increase in the benzoate concentration 
resulted in increased fermentation, and a further 
decrease in the biomass yield to 0.06 g biomass g 
glucose-', but the cells maintained the same 90,. 
Cultures were run for another 150 h but no changes 
in dry weight, q0,  or q ethanol were observed. 

The above phenomena were independent of the 
reservoir glucose concentration: the same fluxes 
were obtained when the glucose concentration in the 
medium-reservoir was doubled. 

The presence of benzoate resulted in an increase 
in the pyruvate concentration in the culture from 
0.07 m M ,  without benzoate, to 0.17 m M  at 10 mM 
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タイトルテキスト「阻害剤投与による促進」の予言

♏链硌׾ֽׄמGiffen靸ס俊鷤䓪
♏链硌עיַֽמյ注遨䓪׽׻յ舅䄕♏僀Ⲗ冽ע䅻מ 0♏链磬岷㰢ס攐䐶
♳䙫ס♏链חג׽םיַחמؠ٭٠عشؾ"♏链磬岷㰢氳㲊杼"
ր㓹韬ס⹦׽鱮ײ㘃ⱶך⹚䑴 iتؠشٚنס Jiֿ峎㵼ց靷ס䢥䐂Ⲗ冽
⇔ր⹚䑴 iסꡢ㲹Ⰺס䤷┙تؠشٚنך Jiֿ㘃ⱶցiֿGiffen靸
靷ס䢥䐂Ⲗ冽ס⪮⛮❆
• ⽛⻸磬饟
• Anaplerosis⹚䑴 (ꀒꁁٞئ؞؛٤ꁁ̜لٜم)
• ꪜꁁ⴫氳壿꣪ס٤ꁁ磬饟ٛت٭ع٤ً

靷ס䢥䐂Ⲗ冽םֹ׻סלע㕙⺬מ榟־׾׋
ր2靸 2泘氳硌ցס┉芗䎬

u(x1, x2) ≡ min(A, B)
{

A(x1, x2) = a1x1 + a2x2 + A0,
B(x1, x2) = b1x1 + b2x2 + B0.

յכ׾縒ֻיַֽמ
• 靷ס䢥䐂Ⲗ冽⇔ن؛غ٭ٝعրa1 > a2 > b2 > b1, B0 > A0ց

❆⛮⪮סن؛غ٭ٝع
• ⽛⻸磬饟כ氦ꀹ磬饟
• 鉮矴硌׾ֽׄמ EMP磬饟כ ED磬饟
• 岜⺬ꁁ (mixed acid)ꂄꀹ磬饟כ■ꁁ (lactic acid)氦ꀹ磬饟
• 链♏٤ِذٜءכ链♏ت٭ؤٜء

•任意の代謝系の応答における普遍的なマクロ関係式 

•任意の細胞の代謝状態（表現型）を予測・制御するための指針に 

⇒ 富栄養環境でフラックスが減る代謝経路は 常に Giffen財 



1. 代謝経済学の具体例: Warburg効果とGiffen財 

2. 代謝における「線形応答関係式」 

3. 細胞成長における収穫逓減則 

4. まとめと展望
Yamagishi & Hatakeyama. PNAS 2025



タイトルテキスト「局所的な応答」から「大域的な栄養応答」へ

We proved that evolved cell always satisfy 
the fundamental features of cellular growth
1. Monotonicity

Growth rate is a monotonically increasing with a nutrient
2. Concavity

Diminishing returns to getting more and more of a nutrient 2

Consts. 1&2
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FIG. 1. Microbial growth kinetics. (a) Monod’s microbial growth
model. (b) Global constraint model for the microbial growth kinet-
ics curve. (c) Terraced Liebig’s barrel (top) and its sectional view
for the case with a focal substrate S and the other resources A and
B (bottom). As S is poured into the barrel, the surface height cor-
responds to the growth rate µ, while the height of each stave rep-
resents the availability of each nutrient or resource other than S.
Each stave spreads out in a stepwise manner, reflecting the metabolic
shifts to pathways with lower growth yield from S due to additional
global constraints. (left) The shortest stave corresponds to resource
A, which has the lowest availability, and thus it determines the max-
imum growth rate. (right) Due to a decrease in the availability of
resource B, the maximum growth rate is limited by B. At the same
time, the reallocation of B to metabolic processes and the resulting
decrease in the shadow price ŷS (i.e., the slope of the growth kinetics
curve) occur at lower availability of S.

metabolism [16, 24, 25]:

max
vØ0

vgr s.t.
ÿ

iœR
Smivi = 0 (m œ M\E), (2)

ÿ

iœR
Smivi + Im Ø 0 (m œ E), (3)

ÿ

iœR
Caivi Æ Ia (a œ C), (4)

where gr (œ R) denotes the growth or biomass synthesis re-
action. Smi is the stoichiometric coefficient representing
that metabolic reaction i (œ R) produces (consumes) |Smi|
molecules of metabolite m (œ M) if Smi > 0 (if Smi < 0).q

i Smivi is then the excess production of metabolite m.
Thus, equalities (2) represent that the production and degra-
dation of internal metabolites must be balanced, and in-
equalities (3) represent that exchangeable metabolites m with

maximum influx Im > 0 (efflux Im < 0) are taken up (de-
graded). Finally, the other constraints on the allocation of
the non-nutrient resources C such as the total amount of en-
zymes [26, 27], membrane surface [28], and Gibbs energy
dissipation [29] can be incorporated as inequalities (4). Sup-
plemental Material (SM), Table S1 collects all the notation in
one place.

The solution to the LP problem (2-4) is denoted as v̂(I);
since the optimal objective function v̂gr(I) is the predicted
value of the growth rate µ(I), we will hereafter refer to v̂gr(I)
as µ(I). Numerical calculations of the CBM method success-
fully explain and predict experimental data, at least for model
organisms such as E. coli strains [16, 21, 22, 30].

Monotonicity and concavity of growth kinetics curve.— The
calculated growth rate satisfies fundamental characteristics (i-
ii) of the microbial growth kinetics curve. Here we show that
the dependence of the growth rate µ on the maximum influx
IS of a given nutrient S (œ E) is generally a monotonically
increasing and concave function. While such properties have
sometimes been recognized empirically for specific metabolic
models and parameters [31, 32], its generality can be proven
mathematically as follows.

First, the monotonic increase in the growth kinetics curve
µ(IS ; Ĩ), where Ĩ := {Ia}aœEfiC\{S} denotes the availability
of the resources other than the nutrient S, is evident because
increasing the maximum nutrient influx from IS to IS + �IS

expands the feasible solution space of the LP problem (2-4).

To prove the concavity of the growth kinetics curve
µ(IS ; Ĩ), it suffices to show that its slope, ˆµ/ˆIS , monoton-
ically decreases as IS increases. Remarkably, the slope coin-
cides with the so-called shadow price ŷS of nutrient S [33–
35], where ŷ denotes the solution to the dual problem defined
below and its element ŷa quantifies the growth return to the
additional consumption of resource a (œ E fi C). In the follow-
ing, we show that shadow price ŷS(IS ; Ĩ) diminishes mono-
tonically with IS .

The dual problem to the primal LP problem (2-4) is given
as [24, 33, 36] (see also SM, Appendix A for the derivation):

min
yœRMfiC

ÿ

aœEfiC
Iaya s.t.

!
≠S€ C€"

y Ø 1gr, (5)

ya Ø 0 (a œ E fi C).

Here 1gr denotes a |R|-dimensional vector, where the gr-th el-
ement is one and all other elements are zero. From the duality
theorem [36], the maximized objective function of the primal
problem (2-4) is equal to the minimized objective function of
the dual problem (5): i.e., µ(I) =

q
a Iaŷa(I). The optimal

solution ŷ to the dual problem thus satisfies ŷa = ˆµ/ˆIa for
arbitrary a (œ E fi C). To prove the monotonicity of ŷS(IS ; Ĩ),
let us define a vector IÕ which differs from the vector I only
in the S-th element: i.e., I Õ

S = IS + �IS and I Õ
m = Im for

m (”= S). From the definition, the solutions of the minimiza-
tion problem (5) with the parameters I and IÕ, ŷ(I) and ŷ(IÕ),
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Equivalent

∂ ̂fi′ 

∂pν
j′ 

= − ̂fj′ 

∂ ̂fi′ 

∂Iν

Response to 
Nutrient condition

Response to  
Metabolic inhibition

vi

vj

vk

fi′ 

fj′ 

Λ
̂v

Constraint-Based Modeling  
formulation in reaction flux space

Microeconomic formulation  
in pathway flux space

fj′ 

fi′ fi′ 

fj′ 

ΛΛ

̂f

(a)

Equivalent

∂ ̂fi′ 

∂pν
j′ 

= − ̂fj′ 

∂ ̂fi′ 

∂Iν

Response to 
Nutrient condition

Response to  
Metabolic inhibition

vi

vj

vk

fi′ 

fj′ 

Λ
̂v

Constraint-Based Modeling  
formulation in reaction flux space

Microeconomic formulation  
in pathway flux space

fj′ 

fi′ fi′ 

fj′ 

ΛΛ

̂f

(a)

∂ ̂fi

∂pν
i

= − ̂fi
∂ ̂fi

∂Iν

栄養応答阻害剤応答

Yamagishi & Hatakeyama, PNAS 2025

Yamagishi & Hatakeyama, Phys Rev Lett 2023



タイトルテキスト細胞増殖における経験則：Monodの式

Monod, 1949

Nutrient availability
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KS + [S]

Monod equation for bacterial growth (1940s)

Jacques Monod (1910-1976)



タイトルテキスト細胞増殖における”収穫逓減則”の原理：single blackbox

• Michaelis—Menten kinetics と同じ関数形から、 

ある1つの(粗視的)反応過程が律速段階となっているとして 暗に説明/理解される

Nutrient availability
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00

μ = μmax
[S]

KS + [S]

Monod equation for bacterial growth (1940s)

Jacques Monod (1910-1976)

Reich & Selkov, 1981



タイトルテキスト細胞増殖における”収穫逓減則”の原理：single blackbox

Michaelis—Menten kinetics と同じ関数形から、 

ある1つの反応過程が律速段階となっているとして 暗に説明/理解されるが、 

• 成長率  Nutrient uptake rate ではない ため 

• 酵素反応による取り込みが 栄養濃度 に対してプラトーに達する 

という描像だけではMonodの式を説明できない

∝

[S]

S. cerevisiae: Canelas et al., 2011 E. coli: Niebel et al., 2019

Glucose Uptake Rate [mmol/gCDW/h]



タイトルテキスト細胞増殖における経験則：Monodの式のVariants
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 Fig. 4. Fits of the normalized Monod model to the relative reproductive rates of phytoplankton and the concentrations
 of dissolved nutrient in the epilimnion of PluBsee.

 exception being the contrasting behaviour of the

 two dinoflagellates, Ceratium hirundinella (b =

 1.45) and Peridinium sp. (b = 0.64). A similarly

 contrasting couple are the Si-limited diatoms

 Stephanodiscus (b = 1 22 for qp and b = 1-30 for

 qN) and Asterionellaformosa (b=0 50 for qp and b
 = 0A46 for qN).

 Discussion

 One of the central tenets in Harris' (1986) recent

 book is the alleged incompatibility between

 physiological models derived from phytoplankton

 cultures and the performance of natural popu-

 tions. Among others, Harris criticizes the tradi-

 tional concepts of nutrient limitation and their

 extension to modern competition theory (Tilman,

 1982). Both work well in chemostat cultures but

 are said to fail in the field when the conditions of

 steady state are not fulfilled.

 The traditional assumption of nutrient-limited

 phytoplankton growth during periods of nutrient

 depletion has been criticized during the last

 decade (Goldman et al., 1979; Maestrini & Bonin,

 1981; Harris, 1986). These and other authors have

 argued that low ambient concentrations of

 nutrients are insufficient evidence for nutrient

 limitation of reproductive rates. The main reason
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Fig. 5. Specific growth rate versus dissolved [NH I] for T. 

weissflogii, T. pseudonana, N. atomus, and A. lagunensis at 200C. 
[NH I-] was measured in unfiltered samples. [NH -] in the input 
growth medium was 12 ymol L-1. Error bars give +SE. 
Maximum growth rates measured in nutrient-sufficient batch 
cultures are indicated by horizontal lines. 

18 nmol L-1, while T. pseudonana needed a much higher 
concentration (-60 nmol L-1) to achieve 71% of its 
maximum rate (Fig. 5). Thus, the diatoms need much 
higher ammonium concentrations to grow at or near their 
maximal rates than do the two HAB species. 

Generally, higher ammonium concentrations were re- 
quired at 20'C than at 25CC to achieve the same N-limited 
specific growth rate, although the differences were not 
always statistically significant (Table 2). For example, for 
A. lagunensis the ammonium concentration required to 
yield a specific growth rate of 0.32 d-' at 200C (18.1 

_ 2.7 nmol L-1) was 27% higher than that (14.3 + 
2.4 nmol L-1) required to support the same specific growth 
rate at 25'C, although the difference was of marginal 
significance (p = 0.060, t-test of mean daily values). 
Likewise, the ammonium level needed to support a specific 
growth rate of 0.248 d-' in A. lagunensis at 200C (14.6 + 
2.8 nmol L-1) was 46% higher than that (10.0 ?+ 
0.5 nmol L-1) needed to support a similar specific growth 
rate (0.234 d-1) at 250C (p = 0.033, t-test of mean daily 
values). 

The high ammonium concentrations needed to support 
the maximum growth rate of T. pseudonana and T. 
weissflogii are consistent with the putative r-selected status 
of diatoms (Kilham and Kilham 1980). Diatoms dominate 
algal communities in environments with high concentra- 
tions of available macronutrients, such as coastal upwelling 

systems, an observation that is entirely consistent with the 
present data. The ability of E. huxleyi to grow at 61% of its 
maximum rate at an [NH '-] of 18-24 nmol L-1 (Figs. 3, 4) 
clearly identifies it as a K-selected species. This is expected 
for E. huxleyi, because this clone was isolated from the 
Sargasso Sea, where surface ammonium concentrations 
have been measured to be only 3-15 nmol L-1 (Brzezinski 
1988), well within the range for ammonium limitation in 
the present experiments. 

The low-ammonium adaptation of A. lagunensis and N. 
atomus is surprising, however, as both are bloom-forming 
species isolated from eutrophic coastal environments. A. 
lagunensis has formed dense "brown tide" blooms of up to 
60 yg L-1 Chl a in nutrient-enriched coastal lagoons in 
Texas (Buskey et al. 2001; Sunda et al. 2006), and N. 
atomus has formed similar dense "green tide" blooms in 
eutrophic bays in Long Island, New York (Ryther 1989). 
Mechanisms that can allow such low-nutrient-adapted 
species to proliferate in eutrophic coastal waters are 
discussed in a recent article (Sunda et al. 2006). Both 
species possess robust grazing-deterrent mechanisms (Go- 
bler and Sunda 2006; Sunda et al. 2006), a common 
attribute of K-selected phytoplankton (Sommer 1989); 
these mechanisms allow them to proliferate at the expense 
of more easily grazed competing species. The lower grazing 
rates also decrease grazing-mediated recycling of nutrients 
and thus lower available nutrient concentrations. This 
further benefits the brown and green tide bloom species, 
which are well adapted to low-nutrient conditions. This 
inherent positive feedback has been proposed to contribute 
substantially to the bloom development of these HAB 
species (Sunda et al. 2006). 

Cell size effects on growth and ammonium uptake-Under 
ammonium limitation at 20'C, the large diatom, T. 
weissflogii, grew more slowly than did the three other 
smaller species at equivalent [NH -] (Fig. 5). This differ- 
ence was not caused by variations in cellular nitrogen, 
because all four species had similar cell nitrogen concen- 
trations for a given growth rate (Fig. 6). Rather, the 
difference was related to variations in uptake rates. Uptake 
rates (normalized to cell volume) were four times higher for 
T. pseudonana (4.3-4.7-pm diameter) and N. atomus (3.1- 
ym diameter) than they were for T. weissflogii (10-11-ym 
diameter) at equivalent NH - levels (Fig. 7). 

The size-related differences in uptake rates appear to be 
linked to physical limits imposed by ammonium diffusion 
and intracellular transport. Cellular uptake of ammonium 
and other nutrients is a two-step process involving diffusion 
of nutrient molecules from the bulk medium to the cell 
surface (through the cell's aqueous surface boundary layer) 
and subsequent transport into the cell by transport proteins 
associated with the outer cell membrane. Either process can 
limit uptake depending on the relative magnitude of rates, 
but ultimately the cell cannot transport nutrients faster 
than their maximum rate of diffusion to the cell surface (the 
hypothetical limiting rate for which all of the nutrient 
diffusing to the cell surface is taken up, and the surface 
concentration is reduced to zero). Diffusion rate per cell 
varies in direct proportion to the cell diameter (see Eq. 1), 
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Fig. 2. Relationship between specific growth rate of T. 
weissflogii and dissolved ammonium concentration measured in 
unfiltered culture samples and in samples filtered through 0.4-ym- 
pore Teflon filters. Depending on the experiment, [NH j] in the 
input medium was 6, 12, or 24 Mmol L-'. Error bars provide 
value + standard error (SE). The diagonal lines were fitted by eye 
to the data. The maximum growth rate (0.85 d-1) in nutrient- 
sufficient batch cultures is indicated by the horizontal line. 

during filtration. As a result of our experimental tests and 
existing literature data, ammonium concentrations were 
usually measured only in unfiltered culture samples. 

Diel variations-The cyclostat cultures were grown 
under a light: dark cycle to simulate the natural diel cycle 
and to yield maximum growth rates similar to those in the 
natural environment at the same temperatures and 
photoperiod. However, because the light: dark cycle 
imposes a diel cycle on photosynthesis and growth, and 
often on cell division, our cultures, like the environment, 

cannot attain a true steady state on an hour-to-hour basis 
(Sunda and Huntsman 2004). However, they do attain 
a steady state in terms of average daily values (e.g., average 
daily specific growth rate). They also should attain steady- 
state values for ammonium concentrations because of the 
short residence times (4-6 min) relative to the length of the 
day-night cycle (1,440 min). 

We investigated diel variations in ammonium concen- 
tration, total biovolume, and average volume per cell in 
cyclostat cultures of A. lagunensis, E. huxleyi, and N. 
atomus. The A. lagunensis culture exhibited the largest diel 
differences, a result that was expected since its specific 
growth rate (0.66 d-1) was almost twice that (0.34 d-1) for 
cultures of the other two species. The A. lagunensis culture 
had a 36% higher total cell volume per liter of culture and 
a 29% lower ammonium concentration at the end of the 
light period than at the beginning (Fig. 3). The lower 
ammonium concentration apparently reflects an increase in 
uptake rate resulting from the higher total volume of algal 
cells, which occurs because cells often grow at higher rates 
during the day, as a direct consequence of photosynthetic 
C-fixation (Sunda and Huntsman 2004). The roughly 
inverse relationship between steady-state ammonium con- 
centrations and cell biovolume indicates that specific 
ammonium uptake rates (normalized to cell volume and 
dissolved ammonium) are similar during the day and night, 
and, thus, there appears to be no direct light requirement 
for ammonium uptake. This conclusion also applies to the 
slower growing E. huxleyi and N. atomus cultures, in which 
ammonium concentration and total cell volume were 
similar throughout the diel cycle (Fig. 3A,B). 

For A. lagunensis and E. huxleyi, the average volume per 
cell decreased by 36% and 24%, respectively, during the 
dark period (Fig. 3C), indicating that these species 
primarily divide at night, as occurs for many algal species. 
For N. atomus, however, average volume per cell and total 
cell volume were the same regardless of time of day, which 
indicates that this species grows and divides at similar 
specific rates during the day and night. 

Based on the results of the present and previous diel 
studies (Sunda and Hunstman 2004), we chose to sample 
our cultures in the middle of the light period for the 
majority of samples in which only a single daily sample was 
collected. 

Table 3. Dissolved NH I concentrations measured in unfiltered and filtered cyclostat culture samples. 

Temp. Growth rate Unfiltered [NH -] Filtered [NH -] t-Test 
Species (0C) (d-1) (nmol L-l)* n (nmol L-l)* n p value 

Thalassiosira 
weissflogii 20 0.58?+0.03 48.4+ ?8.7 15 55.4+7.7 9 0.15 

Nannochloris 
atomus 20 0.64?10.04 25.5 ? 5.4 11 44.54 7.1 11 <0.001 

N. atomus 25 0.33? 0.01 13.7?2.9 12 25.9?6.3 12 <0.001 
Aureoumbra 

lagunensis 25 0.32?+0.00 14.3?2.2 9 18.4-2.3 7 <0.001 
Emiliania 

huxleyi 25 0.33-+0.00 24.6+3.5 14 26.7+ 10.0 15 0.34 
* Error bars provide value +? standard deviation (SD) for n individual ammonium measurements. Usually there were three replicate measurements per day. 
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• Monodの式の例外も（当然だが）多く、 

その説明のためのvariantsも複数提案 

• それでも (i)単調増加性 (ii)上凸性 は普遍的な傾向に見える



タイトルテキスト細胞増殖における”収穫逓減則”の原理

• なぜ、どこまで普遍的な関係式が成り立つ（と期待される）かを再検討 

→ 単調増加性と上凸性（収穫逓減） 

• そもそも 細胞増殖は代謝全体で決まるはず 

→ “Global constraint principle”（”Single blackbox model“との対比） 
• 複数の栄養源で成長が律速されるケースにも示唆を与える考え方・枠組み
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従来の 
「モノーの式」

我々の提案する 
「大域的制約原理」
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タイトルテキスト代謝工学におけるConstraint-Based Modeling
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(a)

Fig. 1. Microbial growth kinetics. (A) Monod’s microbial growth model. (B) Global constraint principle for the microbial growth kinetics curve. Cell growth is
globally limited by constraints on intracellular resource allocation. When the availability of the focal nutrient is scarce, no other constraints limit growth (“No
Constr.”). As nutrient availability increases, some global constraint (“Constr. 1”) becomes e�ective and reduces the growth return from the focal nutrient. With
further increases, another global constraint (“Constr. 2”) also becomes growth-limiting. In this way, the sequential activation of global constraints results in
diminishing returns in cellular growth. (C) Terraced Liebig’s barrel (Top) and its sectional view for the case with a focal substrate S and the other resources A
and B (Bottom). As S is poured into the barrel, the surface height corresponds to the growth rate �, where the height of each stave represents the availability of
each resource other than S. The water surface area in the barrel is therefore @IS/@�, which coincides with the inverse of the shadow price ŷS = @�/@IS (i.e., the
slope of the growth kinetics curve). Each stave spreads out in a stepwise manner, reflecting the metabolic shifts to pathways with lower growth yield from S
due to additional global constraints.

universal (6, 18, 19): i) growth rate is a monotonically increasing
function of nutrient availability and ii) growth rate exhibits
concavity with respect to nutrient availability, in other words,
there are diminishing returns to getting more and more of a
nutrient.

Therefore, a novel macroscopic framework is essential to
elucidate the general mechanism underlying these fundamental
characteristics (i–ii) of microbial growth. We here propose the
global constraint principle for the law of diminishing returns
in cellular growth: as the availability of a specific nutrient
increases, some other resources are gradually depleted and act
as additional growth-limiting factors (Fig. 1B). Assuming the
optimality of evolved metabolic systems, we analytically prove
that global constraints on intracellular resource allocation cause
the cellular growth rate to plateau with increasing nutrient
availability. This framework can be seen as a generalization of
Liebig’s law of theminimum, a classical phenomenological theory
of plant growth, which states that the availability of multiple
resources collectively limits the growth of organisms (3, 16, 20)
(Fig. 1C ). It also provides insights into the dependence of mi-
crobial growth rate on the environmental availability of multiple
nutrient sources, which cannot be captured by Monod’s classical
phenomenology.

Global Constraint Principle of Cell Growth

Cell growth requires the production of biomass through
metabolism. We therefore focus on how the intracellular al-
location of diverse resources to metabolic processes is globally
constrained by stoichiometry and the law of matter conservation.
This concept can be naturally formulatedwithin the optimization
frameworks in systems biology.

Let us denote all the intracellular metabolites and metabolic
reactions asM andR, respectively. Here, by decomposing each

reversible reaction into two irreversible reactions (i.e., its forward
and backward components), a nonnegative vector v := {vi}i2R
represents the fluxes of all |R| reactions. Among |M|metabolites,
the set of exchangeable metabolites is denoted by E (⇢M).

In the context of systems biology, the metabolic systems of
cells are assumed to maximize their growth rate, or the biomass
synthesis rate, as a natural consequence of evolution (17, 21–
23). Since we are considering continuously growing microbes,
stationarity of intracellular concentrations of nonexchangeable
metabolites m (2M\E) is also assumed. Then, the metabolic
regulation of reaction fluxes v can generally be formulated as a
linear programming (LP) problem, known as constraint-based
modeling (CBM) of metabolism (17, 24, 25):

maximize
v�0

vgr s.t.
X

i2R
Smivi = 0 (m 2 M\E), [2]

X

i2R
Smivi + Im � 0 (m 2 E), [3]

X

i2R
Caivi  Ia (a 2 C), [4]

where gr (2R) denotes the growth or biomass synthesis re-
action. Smi is the stoichiometric coefficient representing that
metabolic reaction i (2R) produces (consumes) |Smi| molecules
of metabolite m (2M) if Smi > 0 (if Smi < 0).

P
i Smivi is then

the excess production of metabolite m. Thus, Eq. 2 represents
that the production and degradation of internal metabolites
must be balanced, and Eq. 3 represents that exchangeable
metabolites m with maximal influx Im > 0 (efflux Im < 0) are
taken up (degraded). The other constraints on the allocation
of the nonnutrient resources C are incorporated as Eq. 4: Ia
represents the total capacity of nonnutrient resource a (2 C),
such as the total amount of enzymes (26, 27) or membrane
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5.

成長率の最大化

内部代謝物の消費と生産 
の釣り合い

栄養流入の分配

栄養以外の”資源”の分配

 : Flux of reaction   (non-negative variable) 

 : Optimized flux of reaction  

 : Maximal influx of metabolite  (from environment) 

 : Stoichiometric coefficient for reaction  

※ >0 →  is produced; <0 →  is consumed

vi i
̂vi i

Iα α
Sαj j

α α

✓ Finite resourcesの分配を定式化 

✓ 増殖速度 μ := ̂vgr



タイトルテキスト線形計画問題における双対性
双対問題：

✓  代謝物に対応する変数 

✓  が目的関数の係数に →  の変化がplausible spaceを変えない 

✓ 双対定理より  → 

ya

I I

̂vgr = ∑a Ia ̂ya ̂ya = ∂μ/∂Ia

Table 1. Notations in the main text
Symbol Description

� Growth rate (= v̂gr)
[S] Environmental concentration of (growth-limiting) nutrient S
M, E Set of metabolites / exchangeable metabolites (E ⇢ M)
C Set of nonnutrient resources
R Set of reactions
gr Growth or biomass synthesis reaction (gr 2 R)
S,C Stoichiometry matrix (S := {Smi}m2M,i2R) and resource allocation matrix (C := {Cai}a2C,i2R)
Ia Maximal intake of exchangeable metabolite a (2 E) or total capacity for nonnutrient resource a (2 C)
I Availability of the resources (I := {Ia}a2E[C )
Ĩ Availability of the resources other than nutrient S (Ĩ := {Ia}a2E[C\{S})
vi Nonnegative flux of reaction i (2 R)
v, v̂ Reaction fluxes (v := {vi}i2R) and its optimized solution (v̂ := {v̂i}i2R)
ŷa Shadow price of metabolite a (2M) or nonnutrient resource a (2 C)
y, ŷ Variables of dual problem (5) (y := {ya}a2M[C ) and its optimized solution (i.e., shadow prices ŷ := {ya}a2M[C )

surface area (28) or the upper bound on the Gibbs energy
dissipation (29). Therefore, the LP problem (Eqs. 2–4) includes
standard flux balance analysis (17, 23) and its variants (27, 29–32)
as well as resource balance analysis (33) as special cases. Table 1
collects all the notation in one place.

The solution to the LP problem is denoted as v̂(I); since
the optimal objective function v̂gr(I) is the predicted value of
the growth rate �(I), we will hereafter refer to v̂gr(I) as �(I).
Numerical calculations of the CBM method successfully explain
and predict experimental data, at least for model organisms such
as Escherichia coli strains (17, 21, 22, 34).

Results

Monotonicity and Concavity of Growth Kinetics Curve. The
calculated growth rate satisfies fundamental characteristics (i–
ii) of the microbial growth kinetics curve. Here, we show that
the dependence of the growth rate � on the maximal influx IS of
a given nutrient S (2 E) is generally a monotonically increasing
and concave function. While such properties have sometimes
been recognized empirically for specific metabolic models and
parameters (35, 36), its generality can be proven mathematically
as follows.

First, the monotonic increase in the growth kinetics curve
�(IS ; Ĩ), where Ĩ := {Ia}a2E[C\{S} denotes the availability of
the resources other than the nutrient S, is evident. When the
maximal nutrient influx increases from IS to IS +�IS (�IS > 0),
any v satisfying Eq. 3 also satisfies

P
i SSivi + IS +�IS � 0.

That is, any originally feasible solution v that satisfies Eqs. 2–
4 remains a feasible solution even after increasing nutrient
availability, and thus increasing IS monotonically expands the
feasible solution space. The growth rate �(IS ; Ĩ) := v̂gr(I) is
therefore a monotonically increasing function of IS .

To prove the concavity of the growth kinetics curve �(IS ; Ĩ), it
suffices to show that its slope, @�/@IS , monotonically decreases as
IS increases. The slope coincides with the so-called shadow price
ŷS of nutrient S (37–39), where ŷ denotes the solution to the dual
problem defined below and its element ŷa quantifies the growth
return from the additional consumption of resource a (2 E [ C).
In the following, we show that shadow price ŷS(IS ; Ĩ) diminishes
monotonically with IS .

The dual problem to the primal LP problem (Eqs. 2–4) is given
as (24, 37, 40) (see also SI Appendix, Text S1 for the derivation
and a simple example):

minimize
y2RM[C

X

a2E[C
Iaya s.t.

�
�S> C>

�
y � 1gr, [5]

ya � 0 (a 2 E [ C).

Here, 1gr denotes a |R|-dimensional vector, where the gr-th
element is one and all other elements are zero. From the duality
theorem (40), the maximized objective function of the primal
problem is equal to the minimized objective function of the dual
problem (Eq. 5): i.e., �(I) =

P
a Iaŷa(I). The optimal solution

ŷ to the dual problem thus satisfies ŷa = @�/@Ia for arbitrary
a (2 E [ C). To prove the monotonicity of ŷS(IS ; Ĩ), let us define
a vector I0 which differs from the vector I only in the S-th
element: i.e., I 0

S = IS +�IS and I 0
m = Im for m (6= S). From the

definition, the solutions of the minimization problem (Eq. 5)
with the parameters I and I0, ŷ(I) and ŷ(I0), satisfy I · ŷ(I0) �

I · ŷ(I) and I0 · ŷ(I) � I0 · ŷ(I0). It follows

I · ŷ(I0) + I0 · ŷ(I) � I · ŷ(I) + I0 · ŷ(I0)
,

�
I0 � I

�
·
⇥
ŷ(I0) � ŷ(I)

⇤
 0

, �IS
⇥
ŷS(I0) � ŷS(I)

⇤
 0

,
ŷS(IS + �IS ; Ĩ) � ŷS(IS ; Ĩ)

�IS
 0.

The duality also allows us to prove the concavity of �(I) as a
multivariable function of I (SI Appendix, Text S2).

Using the shadow price, the growth kinetics curve can be
formally written as

�(IS ; Ĩ) =
Z IS

IS,min

ŷS(IS ; Ĩ)dIS ,

which emphasizes that the curve is shaped by the cumulative
marginal growth return from nutrient uptake. Notably, there
exists aminimal nutrient influx IS,min � 0 belowwhich no feasible
solutions with nonnegative growth rate (i.e., viable states) exist.
If non-growth-associated maintenance energy requirements are
explicitly taken into account (41), IS,min > 0 becomes a finite
threshold. This does not contradict the mathematical proof
above, which only applies to conditions with feasible solutions,
and is consistent with experimentally observed minimum sub-
strate concentrations [S]min required for growth (5, 14, 42).
Above IS,min, �(IS) generally represents a multiphasic, piecewise
linear function (see also SI Appendix, Text S1 for examples).
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タイトルテキスト線形計画問題における双対性を用いた収穫逓減性の証明
双対問題：

✓  代謝物に対応する変数 

✓  が目的関数の係数に →  の変化がplausible spaceを変えない 

✓ 双対定理より  → 

ya

I I

̂vgr = ∑a Ia ̂ya ̂ya = ∂μ/∂Ia

Table 1. Notations in the main text
Symbol Description

� Growth rate (= v̂gr)
[S] Environmental concentration of (growth-limiting) nutrient S
M, E Set of metabolites / exchangeable metabolites (E ⇢ M)
C Set of nonnutrient resources
R Set of reactions
gr Growth or biomass synthesis reaction (gr 2 R)
S,C Stoichiometry matrix (S := {Smi}m2M,i2R) and resource allocation matrix (C := {Cai}a2C,i2R)
Ia Maximal intake of exchangeable metabolite a (2 E) or total capacity for nonnutrient resource a (2 C)
I Availability of the resources (I := {Ia}a2E[C )
Ĩ Availability of the resources other than nutrient S (Ĩ := {Ia}a2E[C\{S})
vi Nonnegative flux of reaction i (2 R)
v, v̂ Reaction fluxes (v := {vi}i2R) and its optimized solution (v̂ := {v̂i}i2R)
ŷa Shadow price of metabolite a (2M) or nonnutrient resource a (2 C)
y, ŷ Variables of dual problem (5) (y := {ya}a2M[C ) and its optimized solution (i.e., shadow prices ŷ := {ya}a2M[C )

surface area (28) or the upper bound on the Gibbs energy
dissipation (29). Therefore, the LP problem (Eqs. 2–4) includes
standard flux balance analysis (17, 23) and its variants (27, 29–32)
as well as resource balance analysis (33) as special cases. Table 1
collects all the notation in one place.

The solution to the LP problem is denoted as v̂(I); since
the optimal objective function v̂gr(I) is the predicted value of
the growth rate �(I), we will hereafter refer to v̂gr(I) as �(I).
Numerical calculations of the CBM method successfully explain
and predict experimental data, at least for model organisms such
as Escherichia coli strains (17, 21, 22, 34).

Results

Monotonicity and Concavity of Growth Kinetics Curve. The
calculated growth rate satisfies fundamental characteristics (i–
ii) of the microbial growth kinetics curve. Here, we show that
the dependence of the growth rate � on the maximal influx IS of
a given nutrient S (2 E) is generally a monotonically increasing
and concave function. While such properties have sometimes
been recognized empirically for specific metabolic models and
parameters (35, 36), its generality can be proven mathematically
as follows.

First, the monotonic increase in the growth kinetics curve
�(IS ; Ĩ), where Ĩ := {Ia}a2E[C\{S} denotes the availability of
the resources other than the nutrient S, is evident. When the
maximal nutrient influx increases from IS to IS +�IS (�IS > 0),
any v satisfying Eq. 3 also satisfies

P
i SSivi + IS +�IS � 0.

That is, any originally feasible solution v that satisfies Eqs. 2–
4 remains a feasible solution even after increasing nutrient
availability, and thus increasing IS monotonically expands the
feasible solution space. The growth rate �(IS ; Ĩ) := v̂gr(I) is
therefore a monotonically increasing function of IS .

To prove the concavity of the growth kinetics curve �(IS ; Ĩ), it
suffices to show that its slope, @�/@IS , monotonically decreases as
IS increases. The slope coincides with the so-called shadow price
ŷS of nutrient S (37–39), where ŷ denotes the solution to the dual
problem defined below and its element ŷa quantifies the growth
return from the additional consumption of resource a (2 E [ C).
In the following, we show that shadow price ŷS(IS ; Ĩ) diminishes
monotonically with IS .

The dual problem to the primal LP problem (Eqs. 2–4) is given
as (24, 37, 40) (see also SI Appendix, Text S1 for the derivation
and a simple example):

minimize
y2RM[C

X

a2E[C
Iaya s.t.

�
�S> C>

�
y � 1gr, [5]

ya � 0 (a 2 E [ C).

Here, 1gr denotes a |R|-dimensional vector, where the gr-th
element is one and all other elements are zero. From the duality
theorem (40), the maximized objective function of the primal
problem is equal to the minimized objective function of the dual
problem (Eq. 5): i.e., �(I) =

P
a Iaŷa(I). The optimal solution

ŷ to the dual problem thus satisfies ŷa = @�/@Ia for arbitrary
a (2 E [ C). To prove the monotonicity of ŷS(IS ; Ĩ), let us define
a vector I0 which differs from the vector I only in the S-th
element: i.e., I 0

S = IS +�IS and I 0
m = Im for m (6= S). From the

definition, the solutions of the minimization problem (Eq. 5)
with the parameters I and I0, ŷ(I) and ŷ(I0), satisfy I · ŷ(I0) �

I · ŷ(I) and I0 · ŷ(I) � I0 · ŷ(I0). It follows

I · ŷ(I0) + I0 · ŷ(I) � I · ŷ(I) + I0 · ŷ(I0)
,

�
I0 � I

�
·
⇥
ŷ(I0) � ŷ(I)

⇤
 0

, �IS
⇥
ŷS(I0) � ŷS(I)

⇤
 0

,
ŷS(IS + �IS ; Ĩ) � ŷS(IS ; Ĩ)

�IS
 0.

The duality also allows us to prove the concavity of �(I) as a
multivariable function of I (SI Appendix, Text S2).

Using the shadow price, the growth kinetics curve can be
formally written as

�(IS ; Ĩ) =
Z IS

IS,min

ŷS(IS ; Ĩ)dIS ,

which emphasizes that the curve is shaped by the cumulative
marginal growth return from nutrient uptake. Notably, there
exists aminimal nutrient influx IS,min � 0 belowwhich no feasible
solutions with nonnegative growth rate (i.e., viable states) exist.
If non-growth-associated maintenance energy requirements are
explicitly taken into account (41), IS,min > 0 becomes a finite
threshold. This does not contradict the mathematical proof
above, which only applies to conditions with feasible solutions,
and is consistent with experimentally observed minimum sub-
strate concentrations [S]min required for growth (5, 14, 42).
Above IS,min, �(IS) generally represents a multiphasic, piecewise
linear function (see also SI Appendix, Text S1 for examples).
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双対問題の定義より ,   

 
 

 

✓ 双対性を用いて  の上凸性も示せる

I ⋅ ŷ(I′￼) ≥ I ⋅ ŷ(I) I′￼⋅ ŷ(I) ≥ I′￼⋅ ŷ(I′￼)

⇒ (I′￼− I) ⋅ (ŷ(I′￼) − ŷ(I)) ≤ 0
⇒ ΔIS( ̂yS(I′￼) − ̂yS(I)) ≤ 0

⇒
( ̂yS(I′￼) − ̂yS(I))

ΔIS
≤ 0

ŷ(I)



タイトルテキスト凸最適化問題における双対性を用いた収穫逓減性の証明

✓ 凸制約 （e.g., Flux  と 濃度  の間の関係）が追加されても 

同様に(Lagrange)双対を考え、上凸性の証明が可能
g(v, x, I) ≤ 0 v, I x

where IS,0 := IS,min. Notably, IS,i (i = 1, · · ·, N) depends on the details of CBM problems (see also Eq. S2 for a simple example).49

S2. Proof of the concavity of optimal objective function50

The concavity of optimal objective function v̂gr(I) as a multivariable function of I can be analytically proven as follows.51

From the LP duality theorem (6) and the dual problem (Eq. 5) in the main text,

v̂gr(I) = min
yœRMfiC

{I · yEfiC |
!
≠S€ C€"

y Ø 1gr, yEfiC Ø 0},

where yEfiC is defined as yEfiC := {ya}aœEfiC and 1gr œ {0, 1}R denotes a vector where the gr-th element is unity and all other52

elements are zero. In contrast to the primal problem (2-4) in the main text, it is useful that the feasible solution space of the53

dual problem (Eq. 5) in the main text does not change when I is varied.54

Thus, for arbitrary 0 < t < 1 and I1, I2,

v̂gr(tI1 + (1 ≠ t)I2)
= min

y
{(tI1 + (1 ≠ t)I2) · yEfiC |

!
≠S€ C€"

y Ø 1gr, yEfiC Ø 0}

Ø min
y

{tI1 · yEfiC |
!
≠S€ C€"

y Ø 1gr, yEfiC Ø 0}

+ min
y

{(1 ≠ t)I2 · yEfiC |
!
≠S€ C€"

y Ø 1gr, yEfiC Ø 0}

= tv̂gr(I1) + (1 ≠ t)v̂gr(I2).

This is the definition of the concavity.55

A. Proof of the concavity in nonlinear CBM. The above proof of the convexity in linear programs using the duality theorem56

can be extended to nonlinear convex programs.57

In general, by adding M convex constraints to the LP program (2-4) in CBM, convex optimization problems in CBM can be58

formulated as:59

maximize
v,xØ0

vgr s.t. Nintv = 0,60

Nexv Æ I, [S5]61

g–(v, x) Æ 0 (– = 1, · · · , M),62

Here, the variables x typically represent metabolite concentrations, but can include other variables; g–(v, x) is assumed to be a63

convex function and represents, for example, constraints in the relationship between concentrations x and fluxes v.64

An example of a nonlinear convex optimization problem in CBM is Conic FBA (14), which incorporates the relationship be-65

tween reaction fluxes and metabolite concentrations as constraints and models cellular metabolism and growth as a second-order66

cone program. In this method, the Michaelis–Menten kinetics is represented as a convex function g–(v–, x) (see refs. (14, 15)67

for more details).68

69

To prove the convexity of v̂gr(I), it is convenient to consider the Lagrange dual problem of the convex program (Eq. S5):

minimize
y

ÿ

aœEfiC

Iaya + max
v,xØ0

ÿ

–

g–(v, x)y– [S6]

s.t.
3

Nint€ Nex€

0 I

4
y Ø 1gr, y– Ø 0 (– = 1, · · · , M). [S7]

As with the LP dual problem, note that the parameter I appears only as a coe�cient in the objective function and does not
a�ect the feasible solution. From the strong duality theorem (16), for arbitrary 0 < t < 1 and I1, I2,

v̂gr(tI1 + (1 ≠ t)I2)

= min
y

{(tI1 + (1 ≠ t)I2) · yEfiC +
ÿ

–

g–(v̂, x̂)y–|Eq. (S7)}

Ø min
y

{tI1 · yEfiC + t
ÿ

–

g–(v̂, x̂)y–|Eq. (S7)}

+ min
y

{(1 ≠ t)I2 · yEfiC + (1 ≠ t)
ÿ

–

g–(v̂, x̂)y–|Eq. (S7)}

= tv̂gr(I1) + (1 ≠ t)v̂gr(I2).

This is the definition of the concavity.70

The monotonic increase in the growth kinetics curve µ(IS ; Ĩ) is also evident.71
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Here, the variables x typically represent metabolite concentrations, but can include other variables; g–(v, x) is assumed to be a63
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cone program. In this method, the Michaelis–Menten kinetics is represented as a convex function g–(v–, x) (see refs. (14, 15)67

for more details).68
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主問題：

双対問題：

gα(v, x, I) ≤ 0

gα(v, x, I)
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✓ CAFABA (Constrained Allocation Flux 
Balance Analysis): 「栄養以外の資源」とし
てproteome fractionを考慮 

✓ 細胞増殖における収穫逓減則: の単調減少̂yS

of the minimum, from the perspective of resource allocation
in cellular metabolism. We have thereby refined them into a
comprehensive theory of the law of diminishing returns in cellular
growth. As Liebig’s law was originally formulated to describe the
growth of plants, we expect our theory to provide a theoretical
basis for the growth of higher organisms as well as microbes in
the future.

Materials and Methods

In this paper, three CBM methods were used to numerically demonstrate our
general proof (Figs. 2 and 3). While all of these methods can be formally
represented as Eqs. 2–4, we here explain the details of each method. The mass
balance due to intracellular reactions (Eqs. 2 and 3) is essentially the same in
all CBM methods, while the nonnutrient resources C and the corresponding
constraints (Eq. 4) differ across methods.

Constrained Allocation Flux Balance Analysis (CAFBA). In the method of
CAFBA(27), theallocationof theproteinsassociatedwithribosomes,biosynthetic
enzymes, carbon transport, and housekeeping reaction processes is introduced
as �R, �E , �C , and �Q, respectively. The sum of these proteome fractions is
normalized such that�R + �E + �C + �Q = 1.

The proteome fractions, except for the housekeeping process fraction �Q,
vary with environmental conditions and physiological states as follows: The
ribosome sector �R increases proportionally to biomass synthesis rate vgr as
��R = C�,grvgr; the biosynthetic enzyme sector�E changes proportionally to
the reaction flux vi such that��E =

P
i C�,ivi; the carbon transport sector�C

changes proportionally to the carbon intake flux as��C = C�,C vC .
Accordingly, the constraint for partitioning the flexible proteome fractions in

CAFBA is represented as

��R + ��E + ��C =
P

i2R C�,ivi  I�.

I� is set to 0.4 and the parameter values of C�,i are calibrated according to the
protocol in ref. 57.

Flux Balance Analysis with Molecular Crowding (FBAwMC). The method
of FBAwMC (30, 31) incorporates the limited solvent capacity for the allocation
of metabolic enzymes. Since the enzyme molecules have a finite molar volume

Vi, only a finite number of them can fit in a given cell volume V . That is, if ni is
the number of moles of enzyme i, then

P
i Vini  V .

Additionally, it is also assumed that an enzyme concentration Ei := ni/M
(moles per unit mass;M is cell mass) results in a flux vi = biEi for each reaction
i, where the parameter bi is determined by the reaction mechanism, kinetic
parameters, and metabolite concentrations. Then, the enzyme concentration
constraint due tomolecular crowding is reflected as the followingmetabolic flux
constraint:

P
i2R CV,ivi  1 =: IV , CV,i :=

MVi
Vbi

.

According to ref. 30, CV,i ’s are given as random values from the gamma
distribution P(a) with the average hai ' 0.0031 [h·g/mmol] and the shape
parameter � = 3; note that for � � 1, the resultant distribution is almost
concentrated around a= hai. In the numerical simulation of Fig. 2, the
stoichiometrymatrix S is based on the genome-scale E. coli iJO1366model (46).

Specific Membrane Surface Area-constrained Flux Balance Analysis
(sMSAc-FBA). ThemethodofsMSAc-FBA(32) incorporates thelimitedcapacityof
specific membrane surface area (sMSA) to host proteins. Given the finite surface
area-to-volume ratio (28, 32), denoted as IMRE, the corresponding constraint is
represented as

P
i2R CMRE,ivi  IMRE,

where “membrane real estate” coefficient CMRE,i [h · nm2/mmol] denotes the
membraneareausedby theactiveenzymes for reaction i. According to ref.32, the
parameter values of CMRE,i were chosen based on the intracellular stoichiometry
derived from the E. coli core model, and IMRE is specified as 2.8 [nm2/gDW].

Data, Materials, and Software Availability. There are no data underlying
this work.
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タイトルテキストConstraint-based modelingによる数値実験
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CAFBA: 
Proteome Allocation

FBAwMC: 
Solvent Capacity Allocation

sMSAc-FBA: 
Membrane Allocation

✓ 細胞増殖における収穫逓減則: の単調減少̂yS



タイトルテキスト細胞増殖における経験則②：Liebigの最小律
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増殖速度の伸びにくさ

増
殖
速
度資
源

 A

資
源

 B 増殖速度の伸びにくさ

増
殖
速
度

増殖速度の伸びにくさ

増
殖
速
度

栄養源 S

栄養源 S 栄養源 S

従来の「リービッヒの樽」 「大域的制約原理」を説明する「リービッヒの“段々”樽」
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• 生き物の成長速度の限界が、さまざまな栄養源・
資源のうち最も量が少ないもののみで決定される 

とする経験則 
• 1840年のドイツの化学者von Liebigの著作により
広く知られるように



タイトルテキスト“Terraced Liebieg’s Barrel”

✓ 細胞増殖における収穫逓減則（Monodの式、Liebigの最小律） 
を統一的に捉える普遍的な原理を提案
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タイトルテキスト複数栄養源への成長率の依存性

✓ 複数栄養源の変化に対する増殖速度応答についての現象論 
✓ 注目している栄養源 （炭素源）以外の栄養源のavailabilityが減少 

→ 増殖速度  はそのままor 減少（shadow price  がより小さな で減少）

S

μ ̂yS IS

増
殖
速
度

 [/
h]

酸素源が枯渇する環境 窒素源が枯渇する環境
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タイトルテキスト複数栄養源への成長率の依存性
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✓ 複数栄養源への成長応答を 
扱える現象論の新規構築 

✓ Nitrogen-limited chemostat 
を用いた実験データと 
（定性的には）整合



タイトルテキスト複数栄養源への成長率の依存性
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✓ 複数栄養源への成長応答を 
扱える現象論の新規構築 

✓ Nitrogen-limited chemostat 
を用いた実験データと 
（定性的には）整合

Experiment

Wikipedia



タイトルテキスト中まとめ：細胞増殖における「収穫逓減の法則」
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✓ 細胞増殖における収穫逓減則（Monod則）の普遍的な原理を提案 
✓ 凸最適化問題における双対性を用いた証明 

✓ 複数種の栄養源に対する成長率の依存性を（定性的に）理解・予測 
→ どちらかと言えば 実験主導で深掘りできたら楽しそう



1. 代謝経済学の具体例: Warburg効果とGiffen財 

2. 代謝における「線形応答関係式」 

3. 細胞成長における収穫逓減則 

4. まとめと展望
Yamagishi & Hatakeyama. arXiv 2026



タイトルテキストまとめ：代謝経済学

ミクロ経済学 代謝系
効用（利得） 増殖速度
収入 栄養取り込み

財（商品） 代謝経路
需要（消費量） 栄養割り当て

価格 薬剤の投与量
補完性 質量保存の法則

ギッフェン財 呼吸経路

代謝系･現象を特徴付ける制約（=質量保存則） 

操作（環境変動や薬剤投与）に対する応答　　に着目 

➡︎ 代謝応答の普遍的な理解、予測そして制御へ
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タイトルテキストOpen-access textbook 中の解説記事

https://principlescellphysiology.org/index.html

Microeconomics of cell metabolism

Jumpei F. Yamagishi1,2 and Tetsuhiro S. Hatakeyama3

1 Center for Biosystems Dynamics Research, RIKEN, Kobe 650-0047, Japan
2 Universal Biology Institute, The University of Tokyo, Tokyo 113-0033, Japan
3 Earth-Life Science Institute, Institute of Future Science, Institute of Science Tokyo, Tokyo 152-8550, Japan

Abstract

Cellular metabolic systems can be viewed as economic agents that rationally allocate limited intracellular resources,
such as nutrients and enzymes, in order to achieve growth and other cellular functions. This chapter reviews and
systematizes recent theoretical work that applies microeconomic concepts, such as budgets, prices, shadow prices, and
substitution versus complementarity, to resource allocation in cells, and presents them as a unified “microeconomics
of metabolism”. By casting intracellular resource allocation in economic terms, the general framework o�ers intuitive
interpretations and quantitative predictions for cellular metabolism and growth: in particular, how metabolic reac-
tions and growth change in response to changes in nutrient availability or to pharmacological interventions involving
metabolic inhibitors. Remarkably, we use a microeconomic view and the physicochemical constraint known as the law
of mass conservation to abstract from molecular-biological specifics to a universal, phenomenological understanding
of cell metabolism: because multiple distinct precursors must be available together to produce biomass and other
essential metabolites, having an excess of one compound is useless without the others. We demonstrate that this
property generally yields a linear response relation under small perturbations, and gives rise to diminishing returns
under larger changes in nutrient supply.

Keywords: constraint-based modeling - overflow metabolism - Warburg e�ect - consumer theory - Gi�en goods -
trade-o� - growth law - Monod equation - Liebig’s law of the minimum

Contributions: The chapter was written by Jumpei F. Yamagishi with the help of Tetsuhiro S. Hatakeyama, initially
discussed with Wolfram Liebermeister and reviewed by Orkun Soyer. Figure 12.5 was redrawn by Elad Noor. The
“terraced Liebig’s barrels” in Figs. 12.6-12.7 were originally drawn by Takuma Ōnishi and modified by Michela Pauletti.
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タイトルテキスト代謝経済学の展望

・細胞内代謝系の摂動応答理論：普遍的な線形応答関係式 JFY, Hatakeyama 2023 
　・細胞成長における収穫逓減則の普遍的原理 JFY, Hatakeyama 2025 
　・貨幣分子の制御可能性とエントロピー生成率のトレードオフ JFY, Hatakeyama 2026 

・代謝の少数自由度モデルへのシステマチックな簡約化 JFY, Hatakeyama 2021; In prep.  
  ➡︎ 企業行動の理論にもとづく非最適な代謝挙動のマクロ現象論 JFY, Hatakeyama In prep. 

・微生物生態系における代謝と集団動力学の多階層モデル 
　・“ボトムアップ(統計物理学的)アプローチ”との統合 JFY, Kaneko In prep.

❶ 理論の発展

・“線形応答関係式”の 実験による定量的検証 
・「脱共役剤による発熱」の原理の実験的検証 
　 ➡︎ 新たな創薬ターゲット・治療法の提案?

❷ 実験的検証・応用 経済学への還元 
・Giffen財の原理と条件 
・von Neumannの多部門成長理論 
・仮想通貨のダイナミクス?   など

多階層的な複雑系（微生物生態系, 免疫系, ..）の普遍的理論へ



タイトルテキスト貨幣分子カップリングの理論
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・ATP,GTP,NAD(P)Hといったエネルギー貨幣間のカップリングの理論モデル 
・制御可能性とエントロピー生成のトレードオフ関係式の導出

 JFY, Hatakeyama arXiv 2026

σcpl ∝ e2


