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平衡統計力学

ミクロ マクロ

熱力学平衡統計力学

平衡統計力学(の一面) 
ミクロな『粒子系やスピン系』と、マクロな現象論である『熱力学』の間を橋渡しする理論 
ミクロな相互作用からマクロな物理量を具体的に導く計算手法を提供する

低温

高温

仕事

熱

熱
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非平衡統計力学（の一面）

ミクロ マクロ

熱力学： 
平衡状態の性質

非平衡統計力学？

低温

高温

仕事

熱

熱平衡統計力学

マクロ

非平衡統計力学(の一面) 
ミクロな『粒子系やスピン系』と、マクロな現象論である『流体力学』の間を橋渡しする理
論

流体力学：平衡への緩和
非平衡統計力学分野で流体力学のミクロから基
礎づけというものは大きな一つのテーマ

川崎恭治「非平衡と相転移 -メソスケールの統計物理学-」
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流体力学の教科書的理解

そもそもナビエ・ストークス方程式はどこからきたのか？には答えない
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From wikipedia

∇ ⋅ v = 0

[ ∂v
∂t

+ (v ⋅ ∇)v] = −
1
ρ0

∇p + ν∇2v

非圧縮流体のナビエ・ストークス方程式

マクロな流体現象を
定量的に予言する

様々な境界条件のもとでナビエ・ストークス
方程式自身やその解の性質を議論する

Landau and Lifshitz, “Fluid Mechanics”
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ナビエ・ストークス方程式の不思議さ/曖昧さ

注目するスケールを小さくして
いくといずれ破綻する？

▶︎ 時間の矢 
ナビエ・ストークス方程式は時間的に不可
逆な方程式。

∇ ⋅ v = 0

[ ∂v
∂t

+ (v ⋅ ∇)v] = −
1
ρ0

∇p + ν∇2v

非圧縮流体のナビエ・ストークス方程式

散逸の起源（時間の矢）は何か？

▶︎ 連続体仮定 
流体が連続体として扱われる根拠は、点と
見なせる『流体素片』の中にアボガドロ数
個の粒子が含まれるから。
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非平衡統計力学の文脈での流体力学

ミクロからマクロへと流体力学を厳密に導出して基礎づけるということは、非平衡統計力学に
おいて長年挑まれてきた大きなテーマの一つ

◾ ボルツマン方程式 (1800年代後半~)：希薄ガスに対してナビエ・ストークス方程式を基礎付ける 

◾ 線形応答理論 (1950年ごろ~)：あらゆる系に対して、散逸をミクロな揺らぎと関係づける 

◾ 射影演算子法 (1960年ごろ~)：形式的・体系的に、ミクロからマクロな方程式を導く 

◾ 初期の分子動力学シミュレーション (1970年ごろ~)：ミクロな古典力学を解いて、流体力学を基礎づける 

◾ 揺らぎの定理 (1990年ごろ~)：線形領域を越えた非平衡状態における、エントロピー生成の普遍的な法則を解明 
Sasa: Phys. Rev. Lett. 112, 100602 (2014), Hayata et al.: Phys. Rev. D 92, 065008 (2015)

Alder and Wainwright: Phys. Rev. A 1, 18 (1970), Phys. Rev. A 4, 233 (1971)

Zwanzig: Phys. Rev. 124, 983 (1961), Mori: Prog. Theor, Phys. 33, 423 (1965),  
Zubarev: “Statistical Mechanics of Nonequilibrium Processes” (1996), K. Saito et al.: Phys. Rev. Lett. 127, 010601 (2021)

Green: J. Chem. Phys. 20 (1952) 1281, J. Chem. Phys. 22 (1954) 398.
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流体記述の普遍性1

グラフェン中の電子の流体力学的振る舞い J. A. Sulpizio et al. Nature (2019)

Nature | Vol 576 | 5 December 2019 | 77

One naively expects the current density profile, jx(y), to be flat for 
ballistic flow and parabolic for hydrodynamic Poiseuille flow. How-
ever, a full Boltzmann theoretical calculation of the profiles of jx and 
Ey including lMR (Fig. 2i, j and Methods) reveals that this is not the case. 
The jx profile, even deep in the ballistic regime (lMR/W ≫ 1), is not flat 
(see Methods and Extended Data Fig. 8). Figure 2i plots the jx profile  
calculated for lMR/W = 2 and lee/W = 4.3, consistent with our measure-
ments at T = 7.5 K, showing that jx has large curvature. In fact, the Boltz-
mann theory predicts a strongly curved jx profile even for much larger 
lMR/W, showing that the ballistic jx profile is not qualitatively differ-
ent from its hydrodynamic counterpart (an example calculated for 
lMR/W = 1.4 and lee/W = 0.16 is shown in Fig. 2j), and is therefore a weak 
marker for the emergence of electron hydrodynamics. In contrast, the 
Boltzmann theory shows that the Ey profile differs markedly between 
ballistic and hydrodynamic flows, making it a way of distinguishing 
these regimes. In the ballistic regime Ey is flat (Fig. 2i), and can even 

become negatively curved if lMR/W is increased further, while in the 
Poiseuille regime Ey is positively curved (Fig. 2j).

The Ey profile in Fig. 2j is calculated to best fit our measurements 
at T = 75 K (Fig. 2f) with a Knudsen number of Kn ≡ lee/W = 0.16. This is 
consistent with hydrodynamic electron flow in which lee is the small-
est length scale in the system, in agreement with previous transport 
measurements3,6,11. The jx and Ey profiles calculated for these parameters 
(Fig. 2j) are similarly curved (deviation scales as (lee/W)−2, consistent 
with equation (1)), showing that the imaged Ey profile (Fig. 2f) approxi-
mates the actual Poiseuille jx profile to within 5% (see the right y axis). 
The theoretical jx profile corresponding to the T = 75 K measurement 
does not reach zero at the walls. Extrapolating this profile to zero yields 
an estimated slip length19,32 of lslip ≈ 500 nm.

Having imaged the emergence of Poiseuille flow at increased tem-
peratures, we now explore its carrier density dependence. For a linearly 
dispersing spectrum, Fermi liquid theory predicts ∣ ∣l E T n T∝ / ∝ /ee F
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Fig. 2 | Imaging ballistic and Poiseuille electron flow profiles. a, Graphene 
channel with overlay indicating the region over which flow profiles are imaged. 
One-dimensional profiles are taken along the dashed line and two-dimensional 
profiles are imaged across the region enclosed by the black box (scale bar, 
2.5 µm). b, Potential of flowing electrons, φ, as a function of the y coordinate 
(dashed line in a) imaged at B = 0 (blue curve, T = 7.5 K). The dashed yellow curve 
is a boxcar function convolved with the point spread function of our SET  
measurement, determined primarily by the height of our SET detector above 
the graphene during the scan. Grey-shaded regions (0.3 < |y/W| < 0.5) indicate 
where the smearing of the steps at the edges due to the finite spatial resolution 
has a non-negligible contribution. c, Imaged Hall voltage, VHall, from 
antisymmetrizing measurements taken at field B = ±12.5 mT, n = −1.5 × 1011 cm−2 
and T = 7.5 K. Normalization ItrRH = 470 µV. d, lMR from Fig. 1d, but now 
normalized by W. Dots indicate the carrier densities of the profile imaging in all 
subsequent panels, where n = −1.5 × 1011 cm−2 at 7.5 K and n = −3.1 × 1011 cm−2 at 

75 K, chosen such that lMR is nearly equal for both temperatures. e, The Hall 
field, Ey, at T = 7.5 K, from measurements at  B = ±12.5 mT, obtained by numerical 
differentiation of VHall with respect to y, normalized by the classical value 
Ecl = (B/ne)I/W = 91 V m−1. f, Ey at T = 75 K, from measurments at B = ±18.0 mT, with 
Ecl = 162 V m−1. The right y axis converts the field to units of current density by 
scaling with ne/B. g, Two-dimensional map of Ey taken over the boxed region in a 
at T = 7.5 K. h, Two-dimensional map of Ey at T = 75 K. i, j, Calculation of the 
current density jx (normalized by ju = I/W =2 A m−1 in i and 5.4 A m−1 in j), and the 
Hall field Ey/Ecl based on the Boltzmann theory with values of lMR and lee 
corresponding to the experimental data in e and f. In i, the values used are 
lMR/W = 2 and lee/W = 4.3, whereas for j, lMR/W = 1.4 and lee/W = 0.16. The 
calculated profiles are convolved with the point spread function of the SET for 
direct comparison with the experiment. The current density appears parabolic 
in both the hydrodynamic and ballistic regimes, whereas the Ey profile is 
relatively flat in the ballistic regime and parabolic in the hydrodynamic regime.

電子が原子核や不純物によって
散乱されず、流体的に振る舞うウルトラピュアグラフェン

電子集団が一つの流体として振
る舞う

近年、固体物性や冷却原子の分野から、流体力学の『想像以上の普遍性』を示す思いがけ
ない実験的進展が報告されている

従来想定していなかった領域でも、流体力学は普遍的な創発

ポワズイユ流を実現
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流体記述の普遍性2

Nature Physics | Volume 21 | January 2025 | 52–56 53

Article https://doi.org/10.1038/s41567-024-02705-8

The strength of the attractive interactions can be tuned using the 
magnetic Feshbach resonance21. It is quantified by the dimensionless 
interaction parameter ln(k0

F

a

2D

), which relates the initial interparticle 
spacing (proportional to the inverse of the Fermi wavevector k0

F

) to the 
2D scattering length a2D (ref. 22; Methods).

After preparing the system, we removed the horizontal confine-
ment while keeping the vertical 2D confinement. We let the atoms 
expand for an interacting expansion time tint. At tint, we instantaneously 
switched off the interactions with a two-photon Raman transition23. 
Subsequently, we applied matter-wave magnification techniques, to 
image either the momenta23 or the positions24 of the atoms at tint. For 
the longest interacting expansion time (tint = 9 ms), the system had 
expanded enough for the atoms to be resolvable without matter-wave 
magnification.

We used a fluorescence imaging scheme to obtain single-atom 
and spin-resolved images25. Each image represents a projection of 
the wavefunction on N + N positions or momenta. We obtained the 
2D density from approximately 1,000 images for each setting (Meth-
ods). To quantify the widths of the 2D densities, we calculated the root 
mean square (r.m.s.) δ of the momenta k and positions r over all atoms  
and images.

Observing the elliptic flow
We investigated the evolution of the 2D density profiles in real and 
momentum space for a system of 5 + 5 atoms and initial interaction 
parameter ln(k0

F

a

2D

) = 1.15 . The obtained density profiles, superim-

Experimental system and observables
We worked with a mesoscopic system of ultracold fermionic 6Li atoms 
in the ground state of a potential created by two optical traps. The first 
one strongly confined the atoms in the vertical direction, creating an 
effectively two-dimensional (2D) system. The second trap (optical 
tweezer, OT) confined the atoms in the horizontal plane, in an ani-
sotropic, effectively harmonic confinement with trap frequencies  
(ωx, ωy)/(2π) = (1,280(3), 3,384(7)) Hz (Methods). We prepared a discrete 
many-body quantum state composed of N spin up and N spin down 
atoms (denoted N + N) in the ground state using a technique developed 
in previous works19,20.

Our measurements were performed in a regime in which a  
separation of scales, traditionally underlying a hydrodynamic  
description, is not given. The typical length scales of our system are of the 
order of the harmonic oscillator length, which is given by 
l

x,y

HO

=

√

ℏ/mω

x,y

≈ (1.1,0.7)μm, where ℏ is the reduced Planck constant 

and m is the mass of a 6Li atom. We estimated the typical interparticle 
spacing from the peak density n

0

= (k

0

F

)

2

/(4π)  of the non-interacting 
system, with the Fermi wavevector defined as k0

F

=

√

2mE

F

/ℏ. Here EF is 
the Fermi energy of the non-interacting system, determined by the highest 
filled energy level of the OT (Methods). The mean interparticle spacing is 
1/

√

n

0

≈ 1.3μm. These length scales were estimated for the non-interacting 
system but were of the same order of magnitude in the interacting case. 
Assuming a kinetic description, the unitary limit would constrain the 
minimum mean free path to be of the order of the interparticle spacing.
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Fig. 1 | Elliptic flow of ten fermions. a–h, We prepared 5 + 5 strongly interacting 
spin up and down atoms (black and white dots, respectively) in the ground state 
of an elliptically shaped trap. We measured their positions at tint = 0 µs (a), 
tint = 160 µs (b) and tint = 9,000 µs (c). We measured their momenta at tint = 0 µs (e), 
tint = 100 µs (f) and tint = 350 µs (g). The 2D histograms show the density 
distribution obtained from averaging over many experimental realizations of the 
same quantum state. The initial system had an elliptic density distribution in real 
space and a round Fermi surface in momentum space (a,e). We studied the 
expansion after switching the trap off (b,c,f,g) and observed the inversion of the 
initial aspect ratio in real space and the build-up of momentum anisotropy. The 
dashed black circles in e–g show the Fermi momentum calculated from the 
real-space peak density. d, r.m.s. values of the atom positions δrx and δry as a 

function of tint. The expectation assuming an ideal hydrodynamic evolution of the 
corresponding many-body system with the same initial density is shown as a 
reference (red lines). Inset: anisotropy δrx/δry of the expanding density. The red 
line corresponds to the ideal hydrodynamic expansion. h, r.m.s. values of δkx and 
δky of the momenta of the atoms as a function of tint. The triangles show the Fermi 
momentum ̃k

F

, rescaled to the geometric mean of δkx and δky at initial time 
tint = 0 µs. The connecting lines serve as guides to the eye. Inset: difference 
between δk2

x

 and δk2
y

 showing the build-up of momentum anisotropy during the 
interacting expansion. The ideal hydrodynamic expansion (red line) and the 
asymptotic long-time limit derived from the real-space data (red dashed line) 
provide a reference. All error bars show the 95% confidence interval of the mean, 
determined using a bootstrapping technique. hydro., hydrodynamics.

ごく少数のフェルミオンが示す流体的振る舞い

冷却原子を用いた実験

数個～十数個程度の強く相互作用す
るフェルミオンを楕円形のトラップ
から解放するという実験を行い流体
現象の創発を観測

S. Brandstetter et al. Nature Physics (2025)

流体力学は想像以上に普遍的に発生する

最近、思いがけない進展が固体物性や冷却原子の実験の文脈で報告されている

ミクロな見地から流体の基礎を調べ直す非平衡統計力学の試みは大きな意義を持つ

流体力学が破綻する真の限界はどこにあるのか？
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本発表の主題：2次元流体

注目する対象： 
2次元流体

2次元流体では、従来の流体力学よりも揺らぐ流体力学が基礎的である

従来の流体力学が成り立たない例になっている

本発表のテーマ： 
非平衡統計力学分野で行われた流体力学を基礎づけるという研究の一端を紹介する

実は従来の流体力学の妥当性は空間次元に依存する

我々の最近のシミュレーション結果と絡めながら紹介する

D. Forster, D. R. Nelson, and M. I. Stephen, Phys. Rev. A 16, 732 (1977)

HN, Y. Minami, and K. Saito, arXiv:2502.15241 (2025)  / 529



▷ ハミルトンの運動方程式（古典力学）

dpi

dt
= −

∂V
∂ri

dri

dt
=

pi

m

運動の方向を２次元に制限することで、2次元空間
を動き回る多粒子系を実現できる

本発表のゴール

本発表のゴール

1. 従来の流体力学が破綻するとはどういうことか？ 
2. 揺らぐ流体力学とは何なのか？ 
3. 我々の最近の研究成果：壁の存在が2次元流体を考える上で欠かせない
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本発表の目次

1. イントロダクション 
◾ 非平衡統計力学の文脈での流体力学 

2. 揺らぐ流体力学の紹介 
◾ 従来の流体力学を拡張する、より基礎的な理論枠組み 

3. 2次元クエット流の解析（本発表のメイン） 
◾ 揺らぐ流体を用いた基礎的な流れの計算と、速度プロファイルの変貌 

4. 議論 
◾ 流体力学の基礎づけの観点から見た、2次元流体の粘性係数
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揺らぐ流体力学とは？
ここでは、2次元系に限らず3次元系も含めて揺らぐ流体力学を紹介する
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揺らぐ流体力学とは？

揺らぐナビエ・ス
トークス方程式

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

ランダムノイズ項
∇ ⋅ v = 0（非圧縮）

⟨Πran
ab (r, t)Πran

cd (r′￼, t′￼)⟩ = 2kBTη0δ(r − r′￼)δ(t − t′￼)[δacδbd + δadδbc −
2
d

δabδcd]

連続体のマクロな方程式 確率的なノイズ項+
揺らぐ流体力学 = 確率偏微分方程式を扱う枠組み

▶︎ 揺らぐナビエ・ストークス方程式は場のランジュバン方程式である 
▶︎ 流体揺らぎまで連続体理論の範疇で扱えるように、従来の流体力学を拡張したもの

どうして、ランダムノイズ項を考えるのか？
 / 5213



ブラウン運動
静かな流体中に一つの球を置く

従来の流体力学の枠組みでは、球の大きさによら
ずに、球は定常状態で流体中に静止することが
予言される

実際には、球のサイズを小さくしていく
と、球はランダムな運動を示すようになる

From wikipedia

V = 0

Landau and Lifshitz, “Fluid Mechanics”
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ブラウン運動の起源

ブラウン運動の起源は流体を構成する無数のミクロな粒子が、注目している球に絶えず衝
突することにある

From 
wikipedia

dV
dt

= − γV + ηran(t)

⟨ηran
a (t)ηran

b (t′￼)⟩ = 2γkBTδabδ(t − t′￼)

ランジュバン方程式

ランダムノイズ項がミクロな粒子のランダムな衝
突をモデル化する
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揺らぐ流体力学とは

ランジュバン方程式のアイデアを流体そのものに応用したものが揺らぐ流体力学

流体を構成する原子・分
子の運動を完全に平均化

ブラウン運動
を記述できず

流体を構成する原子・分
子の運動をノイズとして
あえて残す

ブラウン運動
を記述可能と
する

揺らぐ流体力学

従来の流体力学
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揺らぐ流体方程式

揺らぐ流体力学は従来の流体力学を拡張し、ブラウン運動を記述できるようにしたもの

揺らぐ流体力学

従来の流体力学
ρ0[ ∂v

∂t
+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v

∇ ⋅ v = 0

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

ランダムノイズ項
∇ ⋅ v = 0

球に対するランジュバン方程式と同じように、原子・分子のミク
ロな運動をモデル化したランダムノイズ項を付け加える

（非圧縮）

（非圧縮）

 / 5217



ランダムノイズ項の性質

ランダムノイズ項の形は５つの物理的要請から定める

(1) 流体の平衡状態はカノニカル分布に従う。 
(2) 流体の運動量は保存量である。 
(3) ノイズは等方的である。

⟨Πran
ab (r, t)Πran

cd (r′￼, t′￼)⟩ = 2kBTη0δ(r − r′￼)δ(t − t′￼)[δacδbd + δadδbc −
2
d

δabδcd]
一意に決定

揺らぐ流体力学 ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

ランダムノイズ項
∇ ⋅ v = 0場のランジュバン方程式

(4) ノイズは一様である。 
(5) ノイズはガウシアン白色ノイズであると仮定する。
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揺らぐナビエ・ストークス方程式

⟨Πran
ab (r, t)Πran

cd (r′￼, t′￼)⟩ = 2kBTη0δ(r − r′￼)δ(t − t′￼)[δacδbd + δadδbc −
2
d

δabδcd]

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

ランダムノイズ項
∇ ⋅ v = 0

場のランジュバン方程式

揺らぐ流体方程式

剛体球

dV
dt

= − γV + ηran(t)

⟨ηran
a (t)ηran

b (t′￼)⟩ = 2γkBTδabδ(t − t′￼)

この枠組みがブラウン運動を引き起こすミクロな粒子の熱運動（熱揺らぎ）とコンシステント

R. Zwanzig, J. Res. Natl. Bur. Std. (US) B 68, 143-145 (1964)導出できる
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ここまでの整理：流体記述の階層性

メソミクロ マクロ

揺らぐ流体力学古典力学 
量子力学

従来の流体力学ボルツマン
方程式

揺らぐ流体力学は、広く受け入れた理論

（ブラウン運動）

古典力学を小さいスケール領域に突き詰めていくと量子力学があったように、 
従来の決定論的流体力学を小さいスケール領域に突き詰めていくと揺らぐ流体力学がある

（決定論的
流体力学）

川崎恭治「非平衡と相転移 -メソスケールの統計物理学-」
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揺らぐ流体力学の発展

1957年 1960年代~1970年代

1970年代

1980年代～

1990年代～

Landau and Lifshitz 
揺らぐナビエ・ストークス方
程式を現象論的考察から書き
下す

1960年代
Zwanzig and Mori 
射影演算子法の開発し、揺ら
ぐナビエ・ストークス方程式
をミクロから形式的導出

Alder and Wainwright 
マクロな流体を導出する上で、ミクロな
熱揺らぎの影響が絶対に無視できないと
いうlong-time tail problemの発見

Kadanoff, Kawasaki, … 
動的臨界現象の解析に揺らぐ流体力学
が応用される。 
場の量子論的手法が応用され、繰り込
み群やモード結合理論といった計算手
法が確立する

ガラス転移への応用 
KPZ方程式の発展

アクティブマターへの応用 
1次元熱伝導

▶︎ 1960～1970年代（黎明期） 
ミクロとマクロを繋ぐメソスケール記述である揺らぐ流体力学が流体導出には欠かせないとい
う描像が確立 
同時期に、揺らぐ流体力学の理論解析に場の量子論的な手法が応用され、計算手法が確立する
Landau and Lifshitz, “Fluid Mechanics” 1st edition (1957), Zwanzig: Phys. Rev. 124, 983 (1961), Mori: Prog. Theor, Phys. 33, 423 (1965), 
Alder and Wainwright: Phys. Rev. A 1, 18 (1970), Phys. Rev. A 4, 233 (1971), K. Kawasaki: Ann. Phys. 61, 1 (1970), Hohenberg and Halperin, Rev. Mod. Phys. 49, 436 (1977)
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2次元クエット流の解析

ここから本題：『2次元では従来の決定論的流体力学が破綻する』とはどういうこ
とか？

HN, Y. Minami, and K. Saito, arXiv:2502.15241 (2025)
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1970年代の2次元流体に関する知見

メソミクロ マクロ

揺らぐ流体力学古典力学 
量子力学

従来の流体力学ボルツマン
方程式

2次元では、従来の決定論的な流体力学は成り立たず、揺らぐ流体力学による記述こそが本質
である

（ブラウン運動）

(繰り込み群解析によって、2次元では粘性係数がシステムサイズに依存して発散してしまうことが数学的に示された)

繰り込み群解析

（決定論的
流体力学）

D. Forster, D. R. Nelson, and M. I. Stephen, Phys. Rev. A 16, 732 (1977)
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1957年 1960年代~1970年代

1970年代

1980年代～

1990年代～

Landau and Lifshitz 
揺らぐナビエ・ストークス方
程式を現象論的考察から書き
下す

1960年代
Zwanzig and Mori 
射影演算子法の開発し、揺ら
ぐナビエ・ストークス方程式
をミクロから形式的導出

Alder and Wainwright 
マクロな流体を導出する上で、ミクロな
熱揺らぎの影響が絶対に無視できないと
いうlong-time tail problemの発見

Kadanoff, Kawasaki, … 
動的臨界現象の解析に揺らぐ流体力学
が応用される。 
場の量子論的手法が応用され、繰り込
み群やモード結合理論といった計算手
法が確立する

ガラス転移への応用 
KPZ方程式の発展

アクティブマターへの応用 
1次元熱伝導

1970年代以降、2次元流体に関する研究にほとんど進展はなかった

2次元流体力学の理解の遅延

1. 繰り込み群やモード結合理論以外に簡単な理論解析手法がない 
2. 実験がない（数値実験もない）私の考え 研究するモチベーションがなかった？（私の想像）
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2010年代の数値計算技術の発展

2010年代に揺らぐ流体方程式の数値シミュレーション手法の知見が少しずつ蓄積

特に、Garcia, Bell, Donevらの研究グループが貢献。 
揺らぐ流体方程式を数値的に安定かつ高精度に解くための計算スキームそのものの研究を行う

AN INTRODUCTION TO COMPUTATIONAL FLUCTUATING
HYDRODYNAMICS⇤

ALEJANDRO L. GARCIA† , JOHN B. BELL‡ , ANDREW NONAKA‡ , ISHAN SRIVASTAVA‡

, DANIEL LADIGES‡ , AND CHANGHO KIM§

Abstract. This short article is an introduction to the theory of fluctuating hydrodynamics
(FHD) and the formulation of numerical schemes for the resulting stochastic partial di↵erential
equations. The stochastic heat equation (SHE) is derived, and simple finite-volume schemes for
its solution are outlined. Numerical results from a Python program (see Supplementary Materi-
als) are shown to be in good agreement with theoretical solutions of the SHE for equilibrium and
non-equilibrium systems. Finally, a menagerie of other FHD equations is outlined, and suggested
instructional exercises are listed.

Key words. fluctuating hydrodynamics, stochastic partial di↵erential equations

MSC codes. 76M01, 65C01, 76M35

1. Introduction. Partial di↵erential equations (PDEs) are used to model the
dynamics of gases, liquids, and solids. Applications are found in biology, chemistry,
physics, and every branch of engineering, and for all but the simplest PDEs we rely
on numerical methods to solve these equations. For example, numerical solution of
the Navier–Stokes equations of hydrodynamics is used for general circulation models
that simulate global weather, design of aircraft, and modeling combustion processes
in engines, to name a few. Due to the importance of numerical methods for solving
PDEs, it is a standard topic in the undergraduate and graduate curricula for applied
mathematics [1].

The di↵usion equation is a simple example of a parabolic PDE that can be solved
by a variety of analytic (e.g., separation of variables) and numerical (e.g., finite vol-
ume) methods. It models the transport of molecules by di↵usion or that of energy
by thermal conduction. For the latter, one assumes that the heat flux is negatively
proportional to the gradient of temperature. This relation is known as the Fourier
law, which is simply Newton’s law of cooling in the continuum limit. Although this
simple model is accurate at the macroscopic scale, heat flow is more complicated at
the microscopic scale. More specifically, due to consistent random motion of molecules
constituting the material, small variations of temperature are observed even when the
system is at equilibrium.

Fluctuating hydrodynamics (FHD) was originally introduced by Landau and Lif-
shitz [30] as a way to put the aforementioned thermal fluctuations into a continuum
framework by including a stochastic forcing to each dissipative transport process (e.g.,
the heat flux). Although FHD has proven to be useful in modeling transport and fluid
dynamics at the mesoscopic scale, theoretical calculations have been feasible only with
simplifying assumptions [35]. As such, there is great interest in numerical schemes for
computational fluctuating hydrodynamics (CFHD). There are a variety of algorithms
(e.g., finite element [32], lattice Boltzmann [18]) but in this introduction we focus on

⇤Submitted to the editors DATE.
Funding: This work was funded by U.S. Department of Energy, O�ce of Science, O�ce of

Advanced Scientific Computing Research, Applied Mathematics Program under contract No. DE-
AC02-05CH11231.

†San Jose State University, San Jose, CA (Alejandro.Garcia@sjsu.edu)
‡Lawrence Berkeley National Lab, Berkeley, CA
§University of California Merced, Merced, CA
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A. L. Garcia, et al. arXiv:2406.12157 (2025)

1970年代よりも複雑なゆらぐ流体現象を調べることが可能になった

確率偏微分方程式（揺動散逸関係を満たす）を数値的にどう解くか？
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実験も可能な時代に？
未だ2次元流体の揺らぎの効果まで含む実験は行われていない

固体物性分野での流体力学
J. A. Sulpizio et al. Nature (2019)

Nature | Vol 576 | 5 December 2019 | 77

One naively expects the current density profile, jx(y), to be flat for 
ballistic flow and parabolic for hydrodynamic Poiseuille flow. How-
ever, a full Boltzmann theoretical calculation of the profiles of jx and 
Ey including lMR (Fig. 2i, j and Methods) reveals that this is not the case. 
The jx profile, even deep in the ballistic regime (lMR/W ≫ 1), is not flat 
(see Methods and Extended Data Fig. 8). Figure 2i plots the jx profile  
calculated for lMR/W = 2 and lee/W = 4.3, consistent with our measure-
ments at T = 7.5 K, showing that jx has large curvature. In fact, the Boltz-
mann theory predicts a strongly curved jx profile even for much larger 
lMR/W, showing that the ballistic jx profile is not qualitatively differ-
ent from its hydrodynamic counterpart (an example calculated for 
lMR/W = 1.4 and lee/W = 0.16 is shown in Fig. 2j), and is therefore a weak 
marker for the emergence of electron hydrodynamics. In contrast, the 
Boltzmann theory shows that the Ey profile differs markedly between 
ballistic and hydrodynamic flows, making it a way of distinguishing 
these regimes. In the ballistic regime Ey is flat (Fig. 2i), and can even 

become negatively curved if lMR/W is increased further, while in the 
Poiseuille regime Ey is positively curved (Fig. 2j).

The Ey profile in Fig. 2j is calculated to best fit our measurements 
at T = 75 K (Fig. 2f) with a Knudsen number of Kn ≡ lee/W = 0.16. This is 
consistent with hydrodynamic electron flow in which lee is the small-
est length scale in the system, in agreement with previous transport 
measurements3,6,11. The jx and Ey profiles calculated for these parameters 
(Fig. 2j) are similarly curved (deviation scales as (lee/W)−2, consistent 
with equation (1)), showing that the imaged Ey profile (Fig. 2f) approxi-
mates the actual Poiseuille jx profile to within 5% (see the right y axis). 
The theoretical jx profile corresponding to the T = 75 K measurement 
does not reach zero at the walls. Extrapolating this profile to zero yields 
an estimated slip length19,32 of lslip ≈ 500 nm.

Having imaged the emergence of Poiseuille flow at increased tem-
peratures, we now explore its carrier density dependence. For a linearly 
dispersing spectrum, Fermi liquid theory predicts ∣ ∣l E T n T∝ / ∝ /ee F
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Fig. 2 | Imaging ballistic and Poiseuille electron flow profiles. a, Graphene 
channel with overlay indicating the region over which flow profiles are imaged. 
One-dimensional profiles are taken along the dashed line and two-dimensional 
profiles are imaged across the region enclosed by the black box (scale bar, 
2.5 µm). b, Potential of flowing electrons, φ, as a function of the y coordinate 
(dashed line in a) imaged at B = 0 (blue curve, T = 7.5 K). The dashed yellow curve 
is a boxcar function convolved with the point spread function of our SET  
measurement, determined primarily by the height of our SET detector above 
the graphene during the scan. Grey-shaded regions (0.3 < |y/W| < 0.5) indicate 
where the smearing of the steps at the edges due to the finite spatial resolution 
has a non-negligible contribution. c, Imaged Hall voltage, VHall, from 
antisymmetrizing measurements taken at field B = ±12.5 mT, n = −1.5 × 1011 cm−2 
and T = 7.5 K. Normalization ItrRH = 470 µV. d, lMR from Fig. 1d, but now 
normalized by W. Dots indicate the carrier densities of the profile imaging in all 
subsequent panels, where n = −1.5 × 1011 cm−2 at 7.5 K and n = −3.1 × 1011 cm−2 at 

75 K, chosen such that lMR is nearly equal for both temperatures. e, The Hall 
field, Ey, at T = 7.5 K, from measurements at  B = ±12.5 mT, obtained by numerical 
differentiation of VHall with respect to y, normalized by the classical value 
Ecl = (B/ne)I/W = 91 V m−1. f, Ey at T = 75 K, from measurments at B = ±18.0 mT, with 
Ecl = 162 V m−1. The right y axis converts the field to units of current density by 
scaling with ne/B. g, Two-dimensional map of Ey taken over the boxed region in a 
at T = 7.5 K. h, Two-dimensional map of Ey at T = 75 K. i, j, Calculation of the 
current density jx (normalized by ju = I/W =2 A m−1 in i and 5.4 A m−1 in j), and the 
Hall field Ey/Ecl based on the Boltzmann theory with values of lMR and lee 
corresponding to the experimental data in e and f. In i, the values used are 
lMR/W = 2 and lee/W = 4.3, whereas for j, lMR/W = 1.4 and lee/W = 0.16. The 
calculated profiles are convolved with the point spread function of the SET for 
direct comparison with the experiment. The current density appears parabolic 
in both the hydrodynamic and ballistic regimes, whereas the Ey profile is 
relatively flat in the ballistic regime and parabolic in the hydrodynamic regime.
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The strength of the attractive interactions can be tuned using the 
magnetic Feshbach resonance21. It is quantified by the dimensionless 
interaction parameter ln(k0

F

a

2D

), which relates the initial interparticle 
spacing (proportional to the inverse of the Fermi wavevector k0

F

) to the 
2D scattering length a2D (ref. 22; Methods).

After preparing the system, we removed the horizontal confine-
ment while keeping the vertical 2D confinement. We let the atoms 
expand for an interacting expansion time tint. At tint, we instantaneously 
switched off the interactions with a two-photon Raman transition23. 
Subsequently, we applied matter-wave magnification techniques, to 
image either the momenta23 or the positions24 of the atoms at tint. For 
the longest interacting expansion time (tint = 9 ms), the system had 
expanded enough for the atoms to be resolvable without matter-wave 
magnification.

We used a fluorescence imaging scheme to obtain single-atom 
and spin-resolved images25. Each image represents a projection of 
the wavefunction on N + N positions or momenta. We obtained the 
2D density from approximately 1,000 images for each setting (Meth-
ods). To quantify the widths of the 2D densities, we calculated the root 
mean square (r.m.s.) δ of the momenta k and positions r over all atoms  
and images.

Observing the elliptic flow
We investigated the evolution of the 2D density profiles in real and 
momentum space for a system of 5 + 5 atoms and initial interaction 
parameter ln(k0

F

a

2D

) = 1.15 . The obtained density profiles, superim-

Experimental system and observables
We worked with a mesoscopic system of ultracold fermionic 6Li atoms 
in the ground state of a potential created by two optical traps. The first 
one strongly confined the atoms in the vertical direction, creating an 
effectively two-dimensional (2D) system. The second trap (optical 
tweezer, OT) confined the atoms in the horizontal plane, in an ani-
sotropic, effectively harmonic confinement with trap frequencies  
(ωx, ωy)/(2π) = (1,280(3), 3,384(7)) Hz (Methods). We prepared a discrete 
many-body quantum state composed of N spin up and N spin down 
atoms (denoted N + N) in the ground state using a technique developed 
in previous works19,20.

Our measurements were performed in a regime in which a  
separation of scales, traditionally underlying a hydrodynamic  
description, is not given. The typical length scales of our system are of the 
order of the harmonic oscillator length, which is given by 
l

x,y

HO

=

√

ℏ/mω

x,y

≈ (1.1,0.7)μm, where ℏ is the reduced Planck constant 

and m is the mass of a 6Li atom. We estimated the typical interparticle 
spacing from the peak density n

0

= (k

0

F

)

2

/(4π)  of the non-interacting 
system, with the Fermi wavevector defined as k0

F

=

√

2mE

F

/ℏ. Here EF is 
the Fermi energy of the non-interacting system, determined by the highest 
filled energy level of the OT (Methods). The mean interparticle spacing is 
1/

√

n

0

≈ 1.3μm. These length scales were estimated for the non-interacting 
system but were of the same order of magnitude in the interacting case. 
Assuming a kinetic description, the unitary limit would constrain the 
minimum mean free path to be of the order of the interparticle spacing.
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Fig. 1 | Elliptic flow of ten fermions. a–h, We prepared 5 + 5 strongly interacting 
spin up and down atoms (black and white dots, respectively) in the ground state 
of an elliptically shaped trap. We measured their positions at tint = 0 µs (a), 
tint = 160 µs (b) and tint = 9,000 µs (c). We measured their momenta at tint = 0 µs (e), 
tint = 100 µs (f) and tint = 350 µs (g). The 2D histograms show the density 
distribution obtained from averaging over many experimental realizations of the 
same quantum state. The initial system had an elliptic density distribution in real 
space and a round Fermi surface in momentum space (a,e). We studied the 
expansion after switching the trap off (b,c,f,g) and observed the inversion of the 
initial aspect ratio in real space and the build-up of momentum anisotropy. The 
dashed black circles in e–g show the Fermi momentum calculated from the 
real-space peak density. d, r.m.s. values of the atom positions δrx and δry as a 

function of tint. The expectation assuming an ideal hydrodynamic evolution of the 
corresponding many-body system with the same initial density is shown as a 
reference (red lines). Inset: anisotropy δrx/δry of the expanding density. The red 
line corresponds to the ideal hydrodynamic expansion. h, r.m.s. values of δkx and 
δky of the momenta of the atoms as a function of tint. The triangles show the Fermi 
momentum ̃k

F

, rescaled to the geometric mean of δkx and δky at initial time 
tint = 0 µs. The connecting lines serve as guides to the eye. Inset: difference 
between δk2

x

 and δk2
y

 showing the build-up of momentum anisotropy during the 
interacting expansion. The ideal hydrodynamic expansion (red line) and the 
asymptotic long-time limit derived from the real-space data (red dashed line) 
provide a reference. All error bars show the 95% confidence interval of the mean, 
determined using a bootstrapping technique. hydro., hydrodynamics.

冷却原子系での流体力学
S. Brandstetter et al. Nature Physics (2025)

新しい流体力学の土壌では、低次元系がよく議論されている

今こそ2次元流体の実験的実現も可能な時代？
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我々の成果
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数値シミュレーションを駆使して、2枚の平行な壁に挟まれたより現実的な流れを解析した

従来の研究：壁から十分離れたバルク領域のみ扱う 
我々の結果：壁の存在は揺らぐ流体力学において本質的に重要であることを見つけた 
　　　　　　さらに、壁の存在によって、2次元流体の粘性係数とは何か？という問いに対 
                  する新しいアプローチが可能となる

Couette geometry Poiseuille geometry

HN, Y. Minami, and K. Saito, arXiv:2502.15241 (2025)
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メソミクロ マクロ

揺らぐ流体力学古典力学 
量子力学

従来の流体力学ボルツマン
方程式

（ブラウン運動）

揺らぐ流体力学の予言を紹介し、
熱揺らぎが流体現象に強い影響を
与えることを示す

流体現象に対する熱揺らぎの効果

（決定論的
流体力学）
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揺らぐ流体力学シミュレーションの設定
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FIG. 3. Measurement protocols for determining the bare viscosity ⌘0 and their validation. (a) Illustration of the method, focusing on near-
wall behavior in Couette geometry. (b) Protocol 1: Fitting the observed viscosity profile ⌘obs(x) (red line) with fluctuating hydrodynamics
simulations (black line), yielding ⌘0 = 0.325. (c) Protocol 2: Fitting ⌘obs(x) (red line) with the theoretical expression [Eq. (20)] (black
line), yielding ⌘0 = 0.304. (d) Validation using the velocity profile in Poiseuille flow. The black curve represents the prediction from
fluctuating hydrodynamics with the estimated ⌘0 = 0.325, the red line the results of the MD simulations, and the blue curve the prediction
from deterministic hydrodynamics given by Eq. (24), where the parameter ⌘ has been set to the observed viscosity ⌘obs in the bulk region. (e)
Further validation using the time correlation function of the momentum current in equilibrium. The black line is the prediction from fluctuating
hydrodynamics with the estimated ⌘0 = 0.325, and the red line the MD results. The parameters for the atomic system are V(�) = 10�2,
⇢0 = 0.765, T = 1.0, and L = 128.0. The conditions for (b) and (c) are U/L = 0.0014 in Couette geometry, and for (d) is an external force
g = 0.00002 in Poiseuille geometry.

temperature. The interactions between the wall and fluid par-
ticles are modeled by repulsive forces, mimicking a hydropho-
bic surface. Details of the specific interaction potentials and
simulation parameters are provided in Appendix E. We con-
firm in Appendix F that the results in this section are quanti-
tatively valid for other types of microscopic walls.

In the following, we set the atomic mass m, the atomic di-
ameter �, and the temperature T to 1. These serve as the
fundamental units of mass, length, and energy, respectively;
the corresponding unit of velocity is the thermal velocity of
atoms, vth :=

p
kBT/m. Note that these units are also used

when presenting the results of fluctuating hydrodynamics cal-
culations, facilitating a direct comparison between the micro-
scopic and continuum descriptions of the fluid.

B. Measurement protocol of bare viscosity

In atomic systems, we can directly observe the noise-
averaged velocity and shear stress fields, which are fundamen-
tal quantities in hydrodynamics. We can then calculate the
observed viscosity ⌘obs(x) using Eq. (10), the same formula
used in fluctuating hydrodynamics. The red line in Fig. 3(b)

shows ⌘obs(x) obtained in the MD simulations. As predicted
by fluctuating hydrodynamics, ⌘obs(x) decreases near the wall
and increases away from it.

From this behavior, we determine ⌘0 in the following
procedure.

Protocol 1

1. measure ⌘obs(x) in atomic systems

2. fit obtained ⌘obs(x) with the results of fluctuating hydro-
dynamics simulations.

To ensure dimensional consistency in the fitting, we match the
mean density ⇢0, temperature kBT , and system size L between
the two descriptions. Only ⌘0 is used as the fitting parameter.
In practice, we systematically adjust ⌘0 in increments of 0.005
and search for the ⌘0 value that best reproduces the data in the
entire region.

Figure 3(b) illustrates the result for a specific atomic sys-
tem. The best-fitted curve (black) is overlaid on the MD re-
sults (red), which demonstrate that fluctuating hydrodynamics
with the best-fit ⌘0 accurately reproduces ⌘obs(x) in the atomic

Couette geometry： 
2枚の平行な壁に挟まれた流体 
壁を反対方向に一定の速さで動かすことで
流れを引き起こす

▪ 固体壁と流体の間の境界条件として、no-slip境界条
件を採用する （流速は壁の動く速度と完全に一致）

揺らぐ流体方程式

⟨Πran
ab (r, t)Πran

cd (r′￼, t′￼)⟩ = 2kBTη0δ(r − r′￼)δ(t − t′￼) [δacδbd + δadδbc −
2
d

δabδcd]

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

∇ ⋅ v = 0

▪ 流体は揺らぐ流体方程式に従う

(vx, vy) = (U/2,0)

U/2

U/2

揺らぐ流体方程式のシミュレーション結果を紹介する  / 5229
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揺らぐ流体力学は、Couette geometryに対して、傾きが一定でない速度場を予言する
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FIG. 3. Measurement protocols for determining the bare viscosity ⌘0 and their validation. (a) Illustration of the method, focusing on near-
wall behavior in Couette geometry. (b) Protocol 1: Fitting the observed viscosity profile ⌘obs(x) (red line) with fluctuating hydrodynamics
simulations (black line), yielding ⌘0 = 0.325. (c) Protocol 2: Fitting ⌘obs(x) (red line) with the theoretical expression [Eq. (20)] (black
line), yielding ⌘0 = 0.304. (d) Validation using the velocity profile in Poiseuille flow. The black curve represents the prediction from
fluctuating hydrodynamics with the estimated ⌘0 = 0.325, the red line the results of the MD simulations, and the blue curve the prediction
from deterministic hydrodynamics given by Eq. (24), where the parameter ⌘ has been set to the observed viscosity ⌘obs in the bulk region. (e)
Further validation using the time correlation function of the momentum current in equilibrium. The black line is the prediction from fluctuating
hydrodynamics with the estimated ⌘0 = 0.325, and the red line the MD results. The parameters for the atomic system are V(�) = 10�2,
⇢0 = 0.765, T = 1.0, and L = 128.0. The conditions for (b) and (c) are U/L = 0.0014 in Couette geometry, and for (d) is an external force
g = 0.00002 in Poiseuille geometry.

temperature. The interactions between the wall and fluid par-
ticles are modeled by repulsive forces, mimicking a hydropho-
bic surface. Details of the specific interaction potentials and
simulation parameters are provided in Appendix E. We con-
firm in Appendix F that the results in this section are quanti-
tatively valid for other types of microscopic walls.

In the following, we set the atomic mass m, the atomic di-
ameter �, and the temperature T to 1. These serve as the
fundamental units of mass, length, and energy, respectively;
the corresponding unit of velocity is the thermal velocity of
atoms, vth :=

p
kBT/m. Note that these units are also used

when presenting the results of fluctuating hydrodynamics cal-
culations, facilitating a direct comparison between the micro-
scopic and continuum descriptions of the fluid.

B. Measurement protocol of bare viscosity

In atomic systems, we can directly observe the noise-
averaged velocity and shear stress fields, which are fundamen-
tal quantities in hydrodynamics. We can then calculate the
observed viscosity ⌘obs(x) using Eq. (10), the same formula
used in fluctuating hydrodynamics. The red line in Fig. 3(b)

shows ⌘obs(x) obtained in the MD simulations. As predicted
by fluctuating hydrodynamics, ⌘obs(x) decreases near the wall
and increases away from it.

From this behavior, we determine ⌘0 in the following
procedure.

Protocol 1

1. measure ⌘obs(x) in atomic systems

2. fit obtained ⌘obs(x) with the results of fluctuating hydro-
dynamics simulations.

To ensure dimensional consistency in the fitting, we match the
mean density ⇢0, temperature kBT , and system size L between
the two descriptions. Only ⌘0 is used as the fitting parameter.
In practice, we systematically adjust ⌘0 in increments of 0.005
and search for the ⌘0 value that best reproduces the data in the
entire region.

Figure 3(b) illustrates the result for a specific atomic sys-
tem. The best-fitted curve (black) is overlaid on the MD re-
sults (red), which demonstrate that fluctuating hydrodynamics
with the best-fit ⌘0 accurately reproduces ⌘obs(x) in the atomic

U/2

U/2

熱揺らぎなし

vy = ·γx − U/2

熱揺らぎあり

傾きが一定ではない

揺らぐ流体力学のシ
ミュレーション結果

熱揺らぎの存在（ランダムノイズ項）は流体現象を質的に変える

揺らぐ流体
方程式
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せん断応力

揺らぐナビエ・ストークス方程式を連続の式で書き直す

空間のある点での
せん断応力

壁でのせん断応力 = 壁に働く力 = 観測量

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

ランダムノイズ項

∇ ⋅ v = 0

∂
∂t

(ρ0v) + ∇ ⋅ Π = 0 Πab = ρ0vavb + pδab − η0(∂avb + ∂bva) + Πran
ab

運動量フラックステンソル

Couette geometryの場合 
運動量フラックステンソルの非対角成分のマイナス

流体力学において重要な観測量の一つがせん断応力

=

⟨σxy⟩ = − ⟨Πxy⟩ = − ρ0⟨vxvy⟩ + η0∂x⟨vy⟩
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FIG. 3. Measurement protocols for determining the bare viscosity ⌘0 and their validation. (a) Illustration of the method, focusing on near-
wall behavior in Couette geometry. (b) Protocol 1: Fitting the observed viscosity profile ⌘obs(x) (red line) with fluctuating hydrodynamics
simulations (black line), yielding ⌘0 = 0.325. (c) Protocol 2: Fitting ⌘obs(x) (red line) with the theoretical expression [Eq. (20)] (black
line), yielding ⌘0 = 0.304. (d) Validation using the velocity profile in Poiseuille flow. The black curve represents the prediction from
fluctuating hydrodynamics with the estimated ⌘0 = 0.325, the red line the results of the MD simulations, and the blue curve the prediction
from deterministic hydrodynamics given by Eq. (24), where the parameter ⌘ has been set to the observed viscosity ⌘obs in the bulk region. (e)
Further validation using the time correlation function of the momentum current in equilibrium. The black line is the prediction from fluctuating
hydrodynamics with the estimated ⌘0 = 0.325, and the red line the MD results. The parameters for the atomic system are V(�) = 10�2,
⇢0 = 0.765, T = 1.0, and L = 128.0. The conditions for (b) and (c) are U/L = 0.0014 in Couette geometry, and for (d) is an external force
g = 0.00002 in Poiseuille geometry.

temperature. The interactions between the wall and fluid par-
ticles are modeled by repulsive forces, mimicking a hydropho-
bic surface. Details of the specific interaction potentials and
simulation parameters are provided in Appendix E. We con-
firm in Appendix F that the results in this section are quanti-
tatively valid for other types of microscopic walls.

In the following, we set the atomic mass m, the atomic di-
ameter �, and the temperature T to 1. These serve as the
fundamental units of mass, length, and energy, respectively;
the corresponding unit of velocity is the thermal velocity of
atoms, vth :=

p
kBT/m. Note that these units are also used

when presenting the results of fluctuating hydrodynamics cal-
culations, facilitating a direct comparison between the micro-
scopic and continuum descriptions of the fluid.

B. Measurement protocol of bare viscosity

In atomic systems, we can directly observe the noise-
averaged velocity and shear stress fields, which are fundamen-
tal quantities in hydrodynamics. We can then calculate the
observed viscosity ⌘obs(x) using Eq. (10), the same formula
used in fluctuating hydrodynamics. The red line in Fig. 3(b)

shows ⌘obs(x) obtained in the MD simulations. As predicted
by fluctuating hydrodynamics, ⌘obs(x) decreases near the wall
and increases away from it.

From this behavior, we determine ⌘0 in the following
procedure.

Protocol 1

1. measure ⌘obs(x) in atomic systems

2. fit obtained ⌘obs(x) with the results of fluctuating hydro-
dynamics simulations.

To ensure dimensional consistency in the fitting, we match the
mean density ⇢0, temperature kBT , and system size L between
the two descriptions. Only ⌘0 is used as the fitting parameter.
In practice, we systematically adjust ⌘0 in increments of 0.005
and search for the ⌘0 value that best reproduces the data in the
entire region.

Figure 3(b) illustrates the result for a specific atomic sys-
tem. The best-fitted curve (black) is overlaid on the MD re-
sults (red), which demonstrate that fluctuating hydrodynamics
with the best-fit ⌘0 accurately reproduces ⌘obs(x) in the atomic

U/2

U/2
熱揺らぎなし

熱揺らぎあり

64 96 128x
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揺らぐ流体力学での応力

流体揺らぎの非線形結合が応力の
底上げる

⟨σxy⟩ = − ⟨Πxy⟩ = − ρ0⟨vxvy⟩ + η0∂x⟨vy⟩

熱揺らぎなしの時には、
この項も0

揺らぐ流体
方程式

対応する速度プロファイル
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粘性係数

粘性係数はせん断応力と速度勾配の比として定義される ⟨σxy⟩ = η∂x⟨vy⟩

0 64 128x
0.1

0.2

0.3

¥揺らぐ流体力学における粘性係数
には揺らぎから来る補正項が存在
する

η =
⟨σxy⟩
∂x⟨vy⟩

= η0 − ρ0
⟨vxvy⟩
∂x⟨vy⟩

⟨σxy⟩ = − ⟨Πxy⟩ = − ρ0⟨vxvy⟩ + η0∂x⟨vy⟩

η0
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注意：実験で観測されている粘性係数は何か？

メソミクロ マクロ

揺らぐ流体力学古典力学 
量子力学

従来の流体力学ボルツマン
方程式

（ブラウン運動）

従来の決定論的
流体力学

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η∇2v

∇ ⋅ v = 0（非圧縮）

（決定論的
流体力学）
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注意：実験で観測されている粘性係数は何か？

メソミクロ マクロ

揺らぐ流体力学古典力学 
量子力学

従来の流体力学ボルツマン
方程式

（ブラウン運動）

揺らぐ流体力学

（非圧縮）

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

∇ ⋅ v = 0

η = η0 − ρ0
⟨vxvy⟩
∂x⟨vy⟩

3次元の流体実験で
も、これまで観測され
てきた粘性係数はこの
である。η

（決定論的
流体力学）
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2次元流体における繰り込まれた粘性係数の性質

η =
⟨σxy⟩
∂x⟨vy⟩

= η0 − ρ0
⟨vxvy⟩
∂x⟨vy⟩

0.0 0.5 1.0x/L
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0.15

0.20

0.25

0.30

¥

L = 32

L = 64

L = 128

32 64 160L

0.24

0.27

0.30

¥

∫2π/L

d2k
(2π)2

1
|k |2 ∼ log L

∝ a + b log L

2次元揺らぐ流体における揺ら
ぎの効果はシステムサイズを
大きくしていくと、無限に増
大する

繰り込まれた粘性係数 繰り込み補正

D. Forster, D. R. Nelson, and M. I. Stephen, Phys. Rev. A 16, 732 (1977) K. Yokota, M. Itami, and S. Sasa, Phys. Rev. Research 8, 013234 (2026)
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η =
⟨σxy⟩
∂x⟨vy⟩

= η0 − ρ0
⟨vxvy⟩
∂x⟨vy⟩
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0.24
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¥

∫2π/L

d2k
(2π)2

1
|k |2 ∼ log L

∝ a + b log L

2次元揺らぐ流体における揺ら
ぎの効果はシステムサイズを
大きくしていくと、無限に増
大する
絶対に無視できない！

もし揺らぐ流体記述が妥当ならば、従来の流体力学による予言は2次元系では失敗する

繰り込まれた粘性係数 繰り込み補正

2次元流体における繰り込まれた粘性係数の性質
D. Forster, D. R. Nelson, and M. I. Stephen, Phys. Rev. A 16, 732 (1977) K. Yokota, M. Itami, and S. Sasa, Phys. Rev. Research 8, 013234 (2026)
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壁での揺らぎ抑制：観測結果

η =
⟨σxy⟩
∂x⟨vy⟩

= η0 − ρ0
⟨vxvy⟩
∂x⟨vy⟩

0.0 0.5 1.0x/L
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0.30

¥
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L = 128

0 6 12x
0.10

0.18
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¥

2次元系では、壁の近くでの粘性係数とバルクでの粘性係数の違いが無限に大きくな
るため、この存在を導くことができる揺らぐ流体力学による記述が必須となる

繰り込み補正

システムサイズに依
存しない振る舞い
固体壁近傍で繰り
込み補正0

log L
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壁での揺らぎ抑制：メカニズム

揺らぐに由来する粘性係数の繰り込み補正も0に漸近

No-slip境界条件 
壁に触れている流体の速度は壁と厳密に一致
する 
= 壁直上で流体揺らぎが禁止される

流体揺らぎが強く抑制
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η =
⟨σxy⟩
∂x⟨vy⟩

= η0 − ρ0
⟨vxvy⟩
∂x⟨vy⟩ ∫2π/L

d3k
(2π)3

1
|k |2 ∼ C +

1
L

それゆえ、3次元流体では熱揺らぎの効果は十分に小さくなるので、多くの場合、わざ
わざ揺らぐ流体力学を考える必要はなく、決定論的流体で十分である

繰り込まれた粘性係数 繰り込み補正

ノート：3次元流体

▶︎ 3次元流体でも揺らぐ流体力学を考えると、繰り込み補正はいつでも存在する

▶︎ 2次元流体と違って、繰り込み補正はマクロ極限で有限値に収束し、この有限値は現
実の流体で極端に小さい値と考えられている。

Lutsko and Dufty, Phys. Rev. A 32, 1229 (1985)
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ここまででわかったこと

メソミクロ マクロ

揺らぐ流体力学古典力学 
量子力学

従来の流体力学ボルツマン
方程式

（ブラウン運動）

2次元系では揺らぎの寄与は無限大に
大きくなるということを示した。

次はここ

（決定論的
流体力学）
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▷ 単純な反発ポテンシャルを採用する

V(r) = 10δ2

V(r) = 0

for δ > 0

for δ < 0
粒子直径          
粒子質量          

熱速度  

(or 微視的時間スケール )  

σ

m

vth := kBT/m

τ = σ/vth

MDシミュレーションの単位系

分子動力学シミュレーションの設定

(粒子は重なった分、反発する)

▷ ハミルトンの運動方程式（古典力学）

dpi

dt
= −

∂V
∂ri

dri

dt
=

pi

m
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固体壁の実装

1. 固体粒子はオンサイトポテンシャルによってトラップする

Vonsite(q) = V0[sin(2πqx) + sin(2πqy)] V0 = 50

10

where θ(r)はヘビサイトのステップ関数、で与えられ、二つの粒子が重なり合った分だけ斥力相互作用が働く。本シミュレーションでは m = σ = 1, k = 10に設定し、数密度 ρ = 0.765,温度 T = 1.0とする。非平衡測定の結果から計算された粘性係数は図 9上行に与えられる。繰り込まれた粘性係数の値はおおよそ η ∼ 0.45程度。
Weeks–Chandler–Andersen (WCA) potential

WCAポテンシャルはレナード・ジョーンズポテンシャルのカットオフを rc = 21/6σに設定して、斥力相互作用部分だけを残したものである。
Vff(r) = 4ϵ

[(σ
r

)12 −
(σ

r

)6
+

1
4

]
θ(21/6σ − r), (34)

本シミュレーションでは m = ϵ = σ = 1に設定し、数密度 ρ = 0.765,温度 T = 1.0とする。非平衡測定の結果から計算された粘性係数は図 9下行に与えられる。繰り込まれた粘性係数の値はおおよそ η ∼ 2.0程度で、HRポテンシャルのおよそ 4倍である。固体壁部分については、揺らぐ流体方程式の数値計算に合わせて二つのモデルを考える。壁を構成する粒子と流体を構成する粒子の間の相互作用 Vwf(r)はWCA potentialで固定する。
Vwf(r) = 4ϵ

[(σ
r

)12 −
(σ

r

)6
+

1
4

]
θ(21/6σ − r), (35)

壁を構成する粒子の位置の時間発展にバリエーションを与えることで、二つのモデルを構成する。
Frozen wall

Frozen wallは空間に固定された粒子で構成される壁である。t = 0にその格子間隔 1.0の正方格子上に粒子を配置する。Bottom wallの場合、
q j(0) = (0.5 + jx,−0.5 − jy) for jx = 0.0, 1.0 · · · , Lx − 1.0 jy = 0.0, 1.0, 2.0 (36)

で与え、Top wallの場合
q j(0) = (0.5 + jx, jy + Ly) for jx = 0.0, 1.0 · · · , Lx − 1.0 jy = 0.0, 1.0, 2.0 (37)

で与える。壁を固定する粒子は一定の速度 v0 で x軸方向に動くとして、時刻 tの座標は以下で与えられる。
qi(t) := qi(0) + v0tex (38)

粒子間の相対位置は常に固定されていることに注意。この壁は揺らぐ流体方程式で考えた Frozen wallに対応していると考えられる。
Maxwell thermal wall

Maxwell thermal wallは熱揺らぎする粒子で構成される壁である。Frozen wallと異なり、固体壁を構成する粒子は以下の Langevin方程式に従って時間発展する。
dq j

dt
=

pw

m
(39)

d pw
j

dt
= −∂Vonsite(q j − v0tex)

∂q j
−

N∑

i=1

∂Vwf
(|ri − q j|

)

∂q j
− γpw

j + ξ j(t) (40)

where Vonsite(q)は固体壁を構成する粒子の位置を固定するためのオンサイトポテンシャルである。Bottom wallの場合、
Vonsite(q) = V0

[
sin

(
2πqx

)
+ sin

(
2π(qy

)]
(41)

▶︎ MDシミュレーションでは固体壁も粒子によって形作られる

2. 固体粒子はランジュバン熱浴によって熱化する

3. 流体粒子にはランジュバン熱浴はつけない

4. 壁の動きはオンサイトポテンシャルごと固体粒子を動かすことで実現する
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MDシミュレーションでの速度プロファイル

0 64 128x
°0.1

0.0

0.1

hvyi

v0 = 0.0367

v0 = 0.0611

v0 = 0.0856

分子動力学シミュレーションでは、速度場やせん断応力を観測できる
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MDシミュレーションと揺らぐ流体力学の比較
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FIG. 3. Measurement protocols for determining the bare viscosity ⌘0 and their validation. (a) Illustration of the method, focusing on near-
wall behavior in Couette geometry. (b) Protocol 1: Fitting the observed viscosity profile ⌘obs(x) (red line) with fluctuating hydrodynamics
simulations (black line), yielding ⌘0 = 0.325. (c) Protocol 2: Fitting ⌘obs(x) (red line) with the theoretical expression [Eq. (20)] (black
line), yielding ⌘0 = 0.304. (d) Validation using the velocity profile in Poiseuille flow. The black curve represents the prediction from
fluctuating hydrodynamics with the estimated ⌘0 = 0.325, the red line the results of the MD simulations, and the blue curve the prediction
from deterministic hydrodynamics given by Eq. (24), where the parameter ⌘ has been set to the observed viscosity ⌘obs in the bulk region. (e)
Further validation using the time correlation function of the momentum current in equilibrium. The black line is the prediction from fluctuating
hydrodynamics with the estimated ⌘0 = 0.325, and the red line the MD results. The parameters for the atomic system are V(�) = 10�2,
⇢0 = 0.765, T = 1.0, and L = 128.0. The conditions for (b) and (c) are U/L = 0.0014 in Couette geometry, and for (d) is an external force
g = 0.00002 in Poiseuille geometry.

temperature. The interactions between the wall and fluid par-
ticles are modeled by repulsive forces, mimicking a hydropho-
bic surface. Details of the specific interaction potentials and
simulation parameters are provided in Appendix E. We con-
firm in Appendix F that the results in this section are quanti-
tatively valid for other types of microscopic walls.

In the following, we set the atomic mass m, the atomic di-
ameter �, and the temperature T to 1. These serve as the
fundamental units of mass, length, and energy, respectively;
the corresponding unit of velocity is the thermal velocity of
atoms, vth :=

p
kBT/m. Note that these units are also used

when presenting the results of fluctuating hydrodynamics cal-
culations, facilitating a direct comparison between the micro-
scopic and continuum descriptions of the fluid.

B. Measurement protocol of bare viscosity

In atomic systems, we can directly observe the noise-
averaged velocity and shear stress fields, which are fundamen-
tal quantities in hydrodynamics. We can then calculate the
observed viscosity ⌘obs(x) using Eq. (10), the same formula
used in fluctuating hydrodynamics. The red line in Fig. 3(b)

shows ⌘obs(x) obtained in the MD simulations. As predicted
by fluctuating hydrodynamics, ⌘obs(x) decreases near the wall
and increases away from it.

From this behavior, we determine ⌘0 in the following
procedure.

Protocol 1

1. measure ⌘obs(x) in atomic systems

2. fit obtained ⌘obs(x) with the results of fluctuating hydro-
dynamics simulations.

To ensure dimensional consistency in the fitting, we match the
mean density ⇢0, temperature kBT , and system size L between
the two descriptions. Only ⌘0 is used as the fitting parameter.
In practice, we systematically adjust ⌘0 in increments of 0.005
and search for the ⌘0 value that best reproduces the data in the
entire region.

Figure 3(b) illustrates the result for a specific atomic sys-
tem. The best-fitted curve (black) is overlaid on the MD re-
sults (red), which demonstrate that fluctuating hydrodynamics
with the best-fit ⌘0 accurately reproduces ⌘obs(x) in the atomic

をパラメータとしてフィッティングη0

揺らぐ流体
方程式

1. MDシミュレーションでも固体壁近傍で粘性係数の
繰り込み補正は小さくなる 

2. MDシミュレーションで得られた繰り込まれた粘性
係数の空間プロファイルは揺らぐ流体力学によって
高精度にフィッティングできる
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MDシミュレーションと揺らぐ流体力学の比較
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FIG. 3. Measurement protocols for determining the bare viscosity ⌘0 and their validation. (a) Illustration of the method, focusing on near-
wall behavior in Couette geometry. (b) Protocol 1: Fitting the observed viscosity profile ⌘obs(x) (red line) with fluctuating hydrodynamics
simulations (black line), yielding ⌘0 = 0.325. (c) Protocol 2: Fitting ⌘obs(x) (red line) with the theoretical expression [Eq. (20)] (black
line), yielding ⌘0 = 0.304. (d) Validation using the velocity profile in Poiseuille flow. The black curve represents the prediction from
fluctuating hydrodynamics with the estimated ⌘0 = 0.325, the red line the results of the MD simulations, and the blue curve the prediction
from deterministic hydrodynamics given by Eq. (24), where the parameter ⌘ has been set to the observed viscosity ⌘obs in the bulk region. (e)
Further validation using the time correlation function of the momentum current in equilibrium. The black line is the prediction from fluctuating
hydrodynamics with the estimated ⌘0 = 0.325, and the red line the MD results. The parameters for the atomic system are V(�) = 10�2,
⇢0 = 0.765, T = 1.0, and L = 128.0. The conditions for (b) and (c) are U/L = 0.0014 in Couette geometry, and for (d) is an external force
g = 0.00002 in Poiseuille geometry.

temperature. The interactions between the wall and fluid par-
ticles are modeled by repulsive forces, mimicking a hydropho-
bic surface. Details of the specific interaction potentials and
simulation parameters are provided in Appendix E. We con-
firm in Appendix F that the results in this section are quanti-
tatively valid for other types of microscopic walls.

In the following, we set the atomic mass m, the atomic di-
ameter �, and the temperature T to 1. These serve as the
fundamental units of mass, length, and energy, respectively;
the corresponding unit of velocity is the thermal velocity of
atoms, vth :=

p
kBT/m. Note that these units are also used

when presenting the results of fluctuating hydrodynamics cal-
culations, facilitating a direct comparison between the micro-
scopic and continuum descriptions of the fluid.

B. Measurement protocol of bare viscosity

In atomic systems, we can directly observe the noise-
averaged velocity and shear stress fields, which are fundamen-
tal quantities in hydrodynamics. We can then calculate the
observed viscosity ⌘obs(x) using Eq. (10), the same formula
used in fluctuating hydrodynamics. The red line in Fig. 3(b)

shows ⌘obs(x) obtained in the MD simulations. As predicted
by fluctuating hydrodynamics, ⌘obs(x) decreases near the wall
and increases away from it.

From this behavior, we determine ⌘0 in the following
procedure.

Protocol 1

1. measure ⌘obs(x) in atomic systems

2. fit obtained ⌘obs(x) with the results of fluctuating hydro-
dynamics simulations.

To ensure dimensional consistency in the fitting, we match the
mean density ⇢0, temperature kBT , and system size L between
the two descriptions. Only ⌘0 is used as the fitting parameter.
In practice, we systematically adjust ⌘0 in increments of 0.005
and search for the ⌘0 value that best reproduces the data in the
entire region.

Figure 3(b) illustrates the result for a specific atomic sys-
tem. The best-fitted curve (black) is overlaid on the MD re-
sults (red), which demonstrate that fluctuating hydrodynamics
with the best-fit ⌘0 accurately reproduces ⌘obs(x) in the atomic

をパラメータとしてフィッティングη0

揺らぐ流体
方程式

1. MDシミュレーションでも固体壁近傍で粘性係数の
繰り込み補正は小さくなる 

2. MDシミュレーションで得られた繰り込まれた粘性
係数の空間プロファイルは揺らぐ流体力学によって
高精度にフィッティングできる

我々の系では、揺らぐ流体記述は粒子のサイズと同程度のスケールまで成り立つ 
（ただし、今回の我々の平均自由行程は粒子数子分）
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MDシミュレーション：壁のミクロな性質依存性

壁の近傍の振る舞いが壁のミクロな性質によらない

壁の近傍まで流体記述が可能であるということを強く示唆

21

Potential Flow type Relaxation Loop (steps) Sample
V(�) = 10�2 Couette 18, 000, 000 3456
V(�) = 10�4 Couette 8, 000, 000 1152
V(�) = 10�6 Couette 8, 000, 000 2304
V(�) = 10�2 Poiseuille 18, 000, 000 3456
V(�) = 10�4 Poiseuille 8, 000, 000 1152
V(�) = 10�6 Poiseuille 8, 000, 000 2304
V(�) = 10�2 Equilibrium 18, 000, 000 3456
V(�) = 10�4 Equilibrium 8, 000, 000 1152
V(�) = 10�6 Equilibrium 8, 000, 000 2304

TABLE III. Number of time steps to reach a non-equilibrium
steady state and number of samples for averaging in the MD
simulations.

T = 1.0. Throughout the simulations, we fix V0 = 50.0,
✏ = 1.0, and � = 1.0. We conduct all simulations us-
ing LAMMPS. The equations of motion are integrated
using the velocity-Verlet algorithm with a time step of
dt = 0.002.

Each simulation is divided into two distinct phases:
an initial relaxation phase and a subsequent observation
phase. In the relaxation phase, we prepare the system
with a random spatial configuration of particles and as-
sign velocities drawn from a Maxwell-Boltzmann distri-
bution at temperature T . The system is then evolved for
a sufficiently long relaxation period to reach a nonequi-
librium steady state. During the observation phase, we
perform a production run and collect measurements ev-
ery 100 steps (equivalently, 100dt = 0.2 time units).

To enhance the statistical accuracy of our results, we
perform multiple independent simulations for each set of
parameters. Each simulation uses a different initial con-
figuration and a different realization of the random noise.
The final results presented in the main text are obtained
by averaging over these independent simulations. Ta-
ble III provides a summary of the relaxation steps and
the number of samples used for each parameter set.

Appendix F: Supplemental information of the analysis in
molecular dynamics simulation

In the main text, we present the results of our MD
simulations (Figs. 3 and 4). This Appendix provides sup-
plementary MD results to enhance the reliability of our
findings.

1. Effects of microscopic properties of wall

In the main text, we present the results for the thermal
hydrophobic wall. Here, we show that this choice does
not affect the results by comparing them with simulations
using other wall types (thermal hydrophilic and frozen
hydrophobic). We use the same Couette flow setup as in
Fig. 3, where the walls move at opposite velocities ±U/2.

Figures 8(a)-(c) compare fluid behaviors near thermal
and frozen hydrophobic walls. In both systems, the ther-

0.765

0.770

hΩ
i

(a)

0 64 128x
1.000

1.015

hT
i

(b)

0 8 16x
0.30

0.37

0.44

¥ o
b
s

(c)

0.6

0.8

1.0

hΩ
i

(d)

0 8 16x

0.30

0.37

0.44

¥ o
b
s

(f)

0 4 8x
1.000

1.008

hT
i

(e)

thermal hydrophobic

frozen hydrophobic

thermal hydrophilic

FIG. 8. Effects of microscopic wall properties on fluid flows in
the MD simulations. (a-c) Comparison of thermal hydropho-
bic walls (red) and frozen hydrophobic walls (green): (a) den-
sity profiles, (b) temperature profiles, and (c) observed viscos-
ity profiles. (d-f) Comparison of thermal hydrophobic walls
(red) and thermal hydrophilic walls (cyan), focusing on the
near-wall region: (d) density profiles, (e) temperature pro-
files, and (f) observed viscosity profiles. The interparticle po-
tential is fixed at V(�) = 10�2, and the parameters are fixed
at⇢0 = 0.765, T = 1.0, U/L = 0.002, and L = 128.0.

mal hydrophobic wall is placed at x = 128. The wall at
x = 0 is either the thermal hydrophobic wall or the frozen
hydrophobic wall. The thermal wall allows for energy ex-
change between the fluid and wall particles, enabling the
direct thermalization of the fluid near the wall. This ef-
fect is absent for the frozen wall, resulting in a slightly
higher fluid temperature near x = 0 as shown in Fig. 8(b).
Despite this difference in local temperature, the observed
viscosity profiles ⌘obs(x) for both wall types are quanti-
tatively similar, as shown in Fig. 8(c). This finding sug-
gests that the viscosity reduction near the wall is not
significantly influenced by whether the fluid is directly
thermalized due to the energy exchanges to the wall.

Figures 8(d)-(f) explore how wall-fluid interactions af-
fect the fluid behaviors near the wall. We compare two
systems: one with thermal hydrophobic walls at both
x = 0 and x = 128, and another with thermal hydrophilic
walls at both positions. Figures 8(d)-(f) focus on the re-
gion near x = 0. As seen in Fig. 8(d), the density h⇢(x)i
in the first layer near the wall shows a significant dif-
ference between the two systems. For the hydrophobic
wall, the first-layer density decreases, while for the hy-
drophilic wall, it increases. This difference in the density
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Potential Flow type Relaxation Loop (steps) Sample
V(�) = 10�2 Couette 18, 000, 000 3456
V(�) = 10�4 Couette 8, 000, 000 1152
V(�) = 10�6 Couette 8, 000, 000 2304
V(�) = 10�2 Poiseuille 18, 000, 000 3456
V(�) = 10�4 Poiseuille 8, 000, 000 1152
V(�) = 10�6 Poiseuille 8, 000, 000 2304
V(�) = 10�2 Equilibrium 18, 000, 000 3456
V(�) = 10�4 Equilibrium 8, 000, 000 1152
V(�) = 10�6 Equilibrium 8, 000, 000 2304

TABLE III. Number of time steps to reach a non-equilibrium
steady state and number of samples for averaging in the MD
simulations.
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hydrophobic wall. The thermal wall allows for energy ex-
change between the fluid and wall particles, enabling the
direct thermalization of the fluid near the wall. This ef-
fect is absent for the frozen wall, resulting in a slightly
higher fluid temperature near x = 0 as shown in Fig. 8(b).
Despite this difference in local temperature, the observed
viscosity profiles ⌘obs(x) for both wall types are quanti-
tatively similar, as shown in Fig. 8(c). This finding sug-
gests that the viscosity reduction near the wall is not
significantly influenced by whether the fluid is directly
thermalized due to the energy exchanges to the wall.

Figures 8(d)-(f) explore how wall-fluid interactions af-
fect the fluid behaviors near the wall. We compare two
systems: one with thermal hydrophobic walls at both
x = 0 and x = 128, and another with thermal hydrophilic
walls at both positions. Figures 8(d)-(f) focus on the re-
gion near x = 0. As seen in Fig. 8(d), the density h⇢(x)i
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ference between the two systems. For the hydrophobic
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ここまででわかったこと

メソミクロ マクロ

揺らぐ流体力学古典力学 
量子力学

従来の流体力学ボルツマン
方程式

揺らぐ流体力学は2次元流体の記述に対して妥当であり、従来の流体力学による予言は2
次元系では失敗する。 
特に、揺らぐ流体力学は壁近傍とバルクで振る舞い両方を取り扱うことできる

（ブラウン運動）

今はここを比較

（決定論的
流体力学）
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議論：2次元流体における粘性係数
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2次元流体に対して、粘性係数をどう定義するか？

これまでは、バルク領域の流体の研究が主だった

揺らぐ流体力学のパラメ
ータである は単独で物
理現象に現れるか？

η0

η =
⟨σxy⟩
∂x⟨vy⟩

= η0 − ρ0
⟨vxvy⟩
∂x⟨vy⟩

揺らぐ流体力学

（非圧縮）

ρ0[ ∂v
∂t

+ (v ⋅ ∇)v] = − ∇p + η0 ∇2v − ∇ ⋅ Πran

∇ ⋅ v = 0
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∝ a + b log L

2次元流体に対して、システム
サイズに依存しない、かつ実験
的に観測可能な粘性係数を定義
できるか？

言い換えると
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MDシミュレーション：システムサイズ依存性
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FIG. 10. System-size dependence of observed viscosity in the MD simulations. (a) Near-wall behavior of the observed viscosity
⌘obs(x), extracted from (b). (b) Overall behavior of ⌘obs(x) as a function of the scaled position x/L. (c) System-size dependence
of ⌘obs in the bulk region [0.4  x/L  0.6], extracted from (b). The red line in (c) indicates the logarithmic divergence of ⌘obs.
The parameters are the same as in Fig. 9, but U/L is fixed at 0.0010 and L varies from 128 (red) to 512 (blue).

and the reliability of the bare viscosity estimated by these
protocols.

To demonstrate the general applicability of our proto-
cols, we extend our analysis to the atomic systems with
V(�) = 10�4 and V(�) = 10�6. Figure 11 presents the
results of applying the two protocols, Protocol 1 and 2,
to these systems. This analysis mirrors that of Fig. 3(b)
and (c), where we apply the same protocols to the atomic
system with V(�) = 10�2. In Fig. 11, we observe excellent
agreement between the MD simulations and fluctuating
hydrodynamics, which suggests the validity of the esti-
mated bare viscosity. The obtained bare viscosity values
are summarized in Table I in the main text.

To further examine the validity of the estimated bare
viscosity, we focus on two different setups: the Poiseuille
setup and the equilibrium setup. As shown in Fig. 12,
fluctuating hydrodynamics with ⌘0 estimated using Pro-
tocol 1 accurately reproduce the behavior of the atomic
systems. This agreement holds for both the velocity field
in the Poiseuille flow and the time correlation function in
equilibrium, demonstrating the robustness of our meth-
ods and their applicability to various atomic systems.

Finally, similar to the results presented in the main
text, Figs. 11 and 12 indicate that fluctuating hydrody-
namics can be applied down to the atomic length/time
scales. This remarkably high resolution appears to hold
regardless of the choice of the atomic system.

Appendix H: Poiseuille geometry

In the main text, we focused on the Couette geometry
and proposed a method for estimating viscosity. How-
ever, the suppression of fluctuations near solid walls and
the direct emergence of bare viscosity are universal phe-
nomena, independent of the specific setup. This univer-
sality implies that bare viscosity should be estimable in

any experimental setup.
Here, we shift our focus to the Poiseuille geometry, an-

other important setup relevant to realistic experiments.
We derive the corresponding analytical solution of fluc-
tuating hydrodynamics and demonstrate that the bare
transport coefficient directly governs the flow behavior
near the wall. Using this analytical solution, we establish
a method for estimating the bare viscosity of an atomistic
system, analogous to Protocol 2 for the Couette flow.

1. Measurement protocol using the Poiseuille setup

Consider a fluid confined between two fixed parallel
walls located at x = 0 and x = L. A steady flow is driven
by a constant external force acting on the fluid in the
y direction. Following the analysis of fluctuating hydro-
dynamics, the velocity field, up to the second order in
perturbation with respect to the nonlinear term, is given

Atomic System Couette Poiseuille
(Protocol 1) (All Regions) (Near Wall)

V(�) = 10�2 0.325 0.282 0.298
V(�) = 10�4 0.470 0.424 0.449
V(�) = 10�6 0.660 0.620 0.646

TABLE IV. Estimation of bare viscosity for three atomic sys-
tems using the Poiseuille setup. For comparison, the ”Cou-
ette” values obtained from the Couette setup with Protocol
1 (as presented in the main text) are also shown. The bare
viscosity for the Poiseuille setup is estimated using the ana-
lytical solution [Eq. (H1)] of fluctuating hydrodynamics. The
”All Regions” values are estimated from fitting the velocity
field of the entire system, while the ”Near Wall” values are
estimated from fitting the velocity field within the region of
12-particles layer near the wall.

η η η

MDシミュレーションでも、壁近傍の振る舞いはシステムサイズに依存しない
（より厳密な議論は揺らぐ流体記述のUVカットオフ長を考慮する必要
があるが、新しいアプローチを提供する）

壁際で観測される繰り込まれた粘性係数こそ、繰り込み補正を含まない なのでは？η0

HN, Y. Minami, and K. Saito, arXiv:2502.15241 (2025)
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まとめ

▶︎ 2次元揺らぐ流体力学を用いてクエット流を解析することで、従来の決定論的流体力
学では2次元流体を正確に記述できないことを示した。 

▶︎ MDシミュレーションによって、固体壁近傍まで揺らぐ流体力学は流体現象を高精度
に記述することを示した。 

▶︎ 壁際での流体挙動を調べることで、粘性係数の繰り込みに対する新しい理解を提供す
る 

▶︎ 3次元系では、繰り込み補正が十分に小さくなるので、従来の決定論的流体力学で十
分であるが、メソスケール記述として揺らぐ流体力学自体はいつでも成り立っている。
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auv

v0

v0

揺らぐ流体記述の解像度

今回は揺らぐ流体方程式を数値的に解くために 
実空間離散化を採用

実空間離散化のメッシュサイズ が導入されるauv
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FIG. 5. Dependence of the input viscosity ⌘0 on the UV cutoff auv and its effect on the accuracy of fluctuating hydrodynamics.
(a) Relationship between auv and the corresponding optimal input viscosity ⌘0 for the atomic system, determined using Protocol
1. The parameters for the atomic system are V(�) = 10�4, ⇢0 = 0.765, T = 1.0, and L = 128.0. The range of auv explored is
2/3  auv  8/3. (b)-(d) Comparison of MD simulation results (red lines) and fluctuating hydrodynamics predictions (black
dots) for three representative values of 2/3  auv  8/3. Each figure consists of two panels: the left-hand side panel showing
the overall view, and the right-hand side panel presenting a zoomed-in view near the wall.

namics, with the (auv, ⌘0) pairs shown in Fig. 5(a), ac-
curately describes of the focused atomic system. These
figures show excellent agreement between the MD results
and the fluctuating hydrodynamic predictions for three
representative values of auv. Increasing auv coarse-grains
the hydrodynamic description, leading to a loss of fine-
scale details near the wall. However, notably, the excel-
lent agreement with MD simulations persists. Thus, by
determining the functional form of input viscosity ⌘0(auv)
through Protocol 1, fluctuating hydrodynamics can ac-
curately describe atomic systems at various resolution
scales auv. In addition, we note that the input viscosity
⌘0(auv) determined by this procedure plays the role of a
renormalization group flow, although it is obtained here
through a direct numerical search rather than a conven-
tional renormalization group calculation.

Finally, we note that the obtained relation ⌘0(auv) is
well-fitted by ⌘0(auv) / const + log auv, implying that
⌘0(auv) diverges in the continuum limit auv ! 0. This
divergence, known as the ultraviolet (UV) divergence,
is a feature often seen in quantum field theory. In the
framework of fluctuating hydrodynamics, the UV diver-
gence appears above two dimensions (see Appendix A).
However, such a divergence does not pose an issue in fluc-
tuating hydrodynamics because this framework possesses
a lower bound for the cutoff auv. Specifically, the hydro-
dynamic description should be valid only at scales larger
than underlying atomic structures such as the mean free
path. This naturally leads to the introduction of a min-
imum length scale, the ”bare scale” abare, below which

the fluctuating hydrodynamic description loses its valid-
ity. The bare viscosity is then defined as the input vis-
cosity that yields the hydrodynamic description for the
bare scale, ⌘bare := ⌘0(abare) [71]. Below abare, fluctu-
ating hydrodynamics is not physically defined. There-
fore, the bare viscosity represents the parameter where
hydrodynamic modes are not renormalized and are de-
termined solely by the microscopic details of the system.
On the other hand, for auv > abare, we can freely choose
auv within this range. In this case, the input viscos-
ity ⌘0(auv) incorporates the renormalization effects of hy-
drodynamic fluctuations within the wavenumber range
(2⇡/auv)  k  (2⇡/abare).

In the dense fluids under consideration, the mean free
path is comparable to the atomic diameter �. Further-
more, our numerical simulations (Figs. 3 and 5) demon-
strate that fluctuating hydrodynamics accurately repro-
duces the Couette and Poiseuille flow profiles observed in
MD simulations of atomic systems, down to a resolution
comparable to �. In addition, the viscosity ⌘(auv) ex-
hibits only the logarithmic dependence on the UV cutoff
auv, rendering it insensitive to the precise value of auv.
Combining these results suggests that for such dense flu-
ids, the bare scale abare can be reasonably taken as the
atomic diameter �, and bare viscosity ⌘bare is measured at
the atomic diameter �. Throughout this paper, we have
adopted the notation ⌘0 to represent the bare viscosity,
where it was implicitly understood that ⌘0 := ⌘0(�).

However, this discussion is limited to the steady states.
In general, abare may depend on the physical process.

“Running” viscosity

を固定して、揺らぐ流体方程式のパラメータ を観測するauv η0 “running” viscosity

の限界として、粒子の直径 とすると…auv σ “bare” viscosity


