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IMPORTANT NOTE 
In the video, I discuss our "prediction" that, in the 2D original (non-hierarchical) 
Lorentz model, the mean conductance grows proportionally to logL and that the 
variance-to-mean ratio converges to 2/3.  I even challenge numerical pros to 
confirm this.

However, immediately (or even instantaneously) after the first version of our paper 
appeared in arXiv, my friend, Hosho Katsura, pointed out to me that it's already 
done!  (Hosho is not only a great researcher but also has such a super-human skill.)

In [19], Nahum, Serna, Somoza, and Ortuno studied the model called the CPLC 
(compactly packed loop model with crossings), which includes the Lorenz mirror 
model as a special case (  and  (but all the models with  
belong to a single universality class)), in 2D.  They derived, among other things, the 
logL growth and the 2/3-law from a field-theoretic RG and confirmed them by a 
large-scale Monte Carlo simulation with L up to 10^6!!  (Note: the !! expresses my 
astonishment, not double-factorial.)  So we learned, with pleasure, that our 
hierarchical model provided the correct "retrodiction".

This point is taken into account in the second (and later) version of our arXiv post, 
but not in this video. 

[19] A. Nahum, P. Serna, A. M. Somoza, and M. Ortuno, "Loop models with 
crossings", Phys. Rev. B 87, 184204 (2013).  
https://arxiv.org/abs/1303.2342
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normal transport

follows from diffusive (Ohm’s, Fick’s, or Fourier’s) laws
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cross-section
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do we get normal transport from fully 
deterministic (and non-chaotic) dynamics 
in a quenched random environment?

Lorentz gas, especially its discrete version, 
the Lorentz mirror model Lorentz 1905, Ruijgrok, Cohen 1988
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Lorentz mirror model (d=2)

 square lattice  
horizontal: open b.c., vertical: periodic b.c
L × L

add  external edges on the left and the rightL
place mirrors randomly

with  
probability 1/3

or

or



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

illustration by John Tenniel



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

illustration by John Tenniel

trajectory is reversible



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

looks like a random walk
illustration by John Tenniel

non-backtracking random walk

trajectory is reversible



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

but has strong memory!
illustration by John Tenniel

looks like a random walk
trajectory is reversible



Lorentz mirror model (d=2)

a particle (or light ray) is reflected by mirrors

many loops!

illustration by John Tenniel
but has strong memory!
looks like a random walk

trajectory is reversible



Lorentz mirror model (d=2)

illustration by John Tenniel

although there are many loops inside, a particle 
injected through an external edge must exit through 
another external edge (either on left or right)

no traps!!



from mirrors to local pairings

mirrors (and their absence) are equivalent to local pairings

with probability 1/3
oror



matching of external edges, and crossings
with probability 1/3

oror



matching of external edges, and crossings
with probability 1/3

oror

remove loops
a random perfect matching 
(pairing) of external edges
left-right pair = crossing

 the number of crossings𝒞
conductance



Lorentz mirror model in d ≥ 2
 dimensional  hyper cubic lattice 

horizontal: open b.c., other directions: periodic b.c
d L × ⋯ × L

add  external edges on the left and the rightLd−1



Lorentz mirror model in d ≥ 2
 dimensional  hyper cubic lattice 

horizontal: open b.c., other directions: periodic b.c
d L × ⋯ × L

add  external edges on the left and the rightLd−1

at each vertex, independently choose one of the 
 pairings of the  incident edges with equal 

probability
(2d − 1)!! 2d

local pairings induce random matching of the 
external edges

2Ld−1

conductance : the number of crossings (matched pairs 
of left and right external edges)

𝒞

when left and right boundaries are 
exposed to particle baths with different 

densities, the stationary current is 
proportional to 𝒞

Lefevere 2015 , Chiffaudel, Lefevere 2016



normal transport in the Lorentz mirror model
mean conductance μ̄(L) = ⟨𝒞⟩
normal transport

Chiffaudel, Lefevere 2016, Lefevere 2025

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

numerical and theoretical 
support for normal 
transport in d = 3

SM-9

FIG. SM.8. (3D Original model) Mean conductance µ̄(L) versus system size L in the original Lorentz mirror model in d = 3. Our
preliminary laptop-scale simulations are consistent with the linear growth predicted by normal transport (1). For comparison,
Fig. 6 of [18] reports large-scale simulations of µ̄(L)/L for L from 5 to 420.
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normal transport in the Lorentz mirror model
mean conductance μ̄(L) = ⟨𝒞⟩
normal transport

Chiffaudel, Lefevere 2016, Lefevere 2025

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

numerical and theoretical 
support for normal 
transport in d = 3

the structure of the trajectories is far from diffusive!
rigorous proof seems formidable…
tractable, yet nontrivial, hierarchical version of the model

SM-9

FIG. SM.8. (3D Original model) Mean conductance µ̄(L) versus system size L in the original Lorentz mirror model in d = 3. Our
preliminary laptop-scale simulations are consistent with the linear growth predicted by normal transport (1). For comparison,
Fig. 6 of [18] reports large-scale simulations of µ̄(L)/L for L from 5 to 420.
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normal (diffusive) transport without 
stochastic forcing or chaos, only from a 

quenched random environment!!
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hierarchical models in statistical mechanics
Recently Dyson introduced so-called hierarchical models 
immitating in many respects the lattice systems with pairwise 
long-range power interaction.  (Bleher and Sinai, 1973)

 still preserves the correct dimensional scaling 
through an explicit hierarchy of length scales

 mean-field–like; interactions are averaged over blocks

 predicts the correct upper critical dimension, and 
also nontrivial critical exponents (to the leading order in 
the -expansion)ε

Dyson 1969, ….
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basic setting

generation-  blockn

 a positive even integerA0

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






generation-  block0

exactly  crossingsA0

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






An






a random 
matching of  
external edges

2An

dimension d = 1,2,3,…

 external edges on the left 
and right
A0

 external edges on 
the left and right
An
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L0 = 1

generation n = 0,1,2,…



hierarchical construction
 independent copies of generation-  blocks2d (n − 1)

 copies on the left and right2d−1

Ln�1 Ln�1

a random matching of  
external edges at the interface 
(we choose one of the  perfect 
matchings with equal probability)

2dAn−1 = 2An

(2An − 1)!!
mean-field-like 

long-range matching

correct 
dimensional scaling



hierarchical construction
 independent copies of generation-  blocks2d (n − 1)

 copies on the left and right2d−1

Ln�1 Ln�1

generation-  blockn
 external edges 

on the left and right
2d−1An−1 = An

horizontal length 2Ln−1 = Ln

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An








hierarchical construction
a generation-  block ( , )3 d = 2 A0 = 4

mean-field-like 

long-range matching

correct 
dimensional scaling



exact recursion relationThe distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

the number of 
crossings on 

the left

the number of 
crossings on 

the right
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Pn(`) =
X

`1,...,`2d

K(` | `L, `R)
Q2d

j=1 Pn�1(`j)
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P0(`) = �`,A0

over nonnegative even ℓ1, …, ℓ2d

<latexit sha1_base64="anraBx/99TE+rZszENCATrGVlrI=">AAACA3icbZDLSgMxFIbPeK31VnXpJlgEV2WmSHUjFN24rGIv0A4lk2ba0CQzJBmhDAU3PopuXCji1pdw59uYtrPQ1hMCH/9/Dsn5g5gzbVz321laXlldW89t5De3tnd2C3v7DR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4dXEb95TpVkk78wopr7AfclCRrCxkoQnoMDt6UJqWYEABLcwhgsodwtFt+ROCy2Cl0ERsqp1C1+dXkQSQaUhHGvd9tzY+ClWhhFOx/lOommMyRD3aduixIJqP53uMEbHVumhMFL2SoOm6u+JFAutRyKwnQKbgZ73JuJ/Xjsx4bmfMhknhkoyeyhMODIRmgSCekxRYvjIAiaK2b8iMsAKE2Njy9sQvPmVF6FRLnmVUuXmtFi9zOLIwSEcwQl4cAZVuIYa1IHAAzzDK7w5j86L8+58zFqXnGzmAP6U8/kD9GuTPQ==</latexit>

`R = 2
<latexit sha1_base64="D21bnQlpKK1laxs5x2LettGv9Ho=">AAACA3icbZDLSgMxFIbP1Futt6pLN8EiuCozItWNUHTjwkUFe4F2KJk004YmmSHJCGUouPFRdONCEbe+hDvfxrSdhbaeEPj4/3NIzh/EnGnjut9Obml5ZXUtv17Y2Nza3inu7jV0lChC6yTikWoFWFPOJK0bZjhtxYpiEXDaDIZXE795T5Vmkbwzo5j6AvclCxnBxkoSnoACt6cLqWUFAhDcwBguoNItltyyOy20CF4GJciq1i1+dXoRSQSVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtixILqv10usMYHVmlh8JI2SsNmqq/J1IstB6JwHYKbAZ63puI/3ntxITnfspknBgqyeyhMOHIRGgSCOoxRYnhIwuYKGb/isgAK0yMja1gQ/DmV16ExknZq5Qrt6el6mUWRx4O4BCOwYMzqMI11KAOBB7gGV7hzXl0Xpx352PWmnOymX34U87nD/E/kzs=</latexit>

`L = 6

         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω



exact recursion relation

<latexit sha1_base64="z/nxfqontUDZIsTKyQ+l284cNxM="></latexit>

Pn(`) =
X

`1,...,`2d

K(` | `L, `R)
Q2d

j=1 Pn�1(`j)

<latexit sha1_base64="sb87XmIwZbb+9NTyF1yKtU/L77E=">AAACH3icbVHLSgMxFL3js9bXqMtugkVQkDIjUt0IVTcuK9gHtEPJZDJtaOZBkhHK0D9x48IfceNCEXHXvzGdzkJbbwice8693NwTN+ZMKsuaGEvLK6tr64WN4ubW9s6uubfflFEiCG2QiEei7WJJOQtpQzHFaTsWFAcupy13eDvVW49USBaFD2oUUyfA/ZD5jGClqcgsQR16YMExdIEC1+cEruAFvCxTgLWa6nymncJ1Vj3umWWrYmWBFoGdgzLkUe+Z310vIklAQ0U4lrJjW7FyUiwUI5yOi91E0hiTIe7TjoYhDqh00my/MTrSjIf8SOgbKpSxvztSHEg5ClxdGWA1kPPalPxP6yTKv3RSFsaJoiGZDfITjlSEpmYhjwlKFB9pgIlg+q2IDLDARGlLi9oEe37lRdA8q9jVSvX+vFy7ye0oQAkOteU2XEAN7vQXNIDAE7zCO3wYz8ab8Wl8zUqXjLznAP6EMfkBTS2YsQ==</latexit>

P0(`) = �`,A0

 crossings 
on the left

ℓL  crossings 
on the right
ℓR

         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω

<latexit sha1_base64="OmT2ox+lY8tCw1mf1gUgccC4CcI=">AAACDnicbZBNS8MwGMfT+TbnW9Wjl+AYTBijFZkeh14EPUxxm7CWkmbpFpa+kKTCqP0EXvwqXjwo4tWzN7+N6dbD3PxD4Jf/8zwkz9+NGBXSMH60wtLyyupacb20sbm1vaPv7nVEGHNM2jhkIb93kSCMBqQtqWTkPuIE+S4jXXd0kdW7D4QLGgZ3chwR20eDgHoUI6ksR69cVS3CmFV7tGoZOInFfXidzlxu0yNHLxt1YyK4CG YOZZCr5ejfVj/EsU8CiRkSomcakbQTxCXFjKQlKxYkQniEBqSnMEA+EXYyWSeFFeX0oRdydQIJJ+7sRIJ8Ica+qzp9JIdivpaZ/9V6sfTO7IQGUSxJgKcPeTGDMoRZNrBPOcGSjRUgzKn6K8RDxBGWKsGSCsGcX3kROsd1s1Fv3JyUm+d5HEVwAA5BFZjgFDTBJWiBNsDgCbyAN/CuPWuv2of2OW0taPnMPvgj7esXtS6bSQ==</latexit>

K(` | `L, `R) conditional probability that there are exactly
crossings between the left-most and right-most sides<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6 bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

`



recursion kernel 

 crossings 
on the left

μL  crossings 
on the right
μR

random perfect 
matching of all  

edges
2An

random perfect 
matching of only 

 edgesμL + μR

it suffices to consider

<latexit sha1_base64="OmT2ox+lY8tCw1mf1gUgccC4CcI=">AAACDnicbZBNS8MwGMfT+TbnW9Wjl+AYTBijFZkeh14EPUxxm7CWkmbpFpa+kKTCqP0EXvwqXjwo4tWzN7+N6dbD3PxD4Jf/8zwkz9+NGBXSMH60wtLyyupacb20sbm1vaPv7nVEGHNM2jhkIb93kSCMBqQtqWTkPuIE+S4jXXd0kdW7D4QLGgZ3chwR20eDgHoUI6ksR69cVS3CmFV7tGoZOInFfXidzlxu0yNHLxt1YyK4CGYOZZCr5ejfVj/EsU8CiRkSomcakbQTxCXFjKQlKxYkQniEBqSnMEA+EXYyWSeFFeX0oRdydQIJJ+7sRIJ8Ica+qzp9JIdivpaZ/9V6sfTO7IQGUSxJgKcPeTGDMoRZNrBPOcGSjRUgzKn6K8RDxBGWKsGSCsGcX3kROsd1s1Fv3JyUm+d5HEVwAA5BFZjgFDTBJWiBNsDgCbyAN/CuPWuv2of2OW0taPnMPvgj7esXtS6bSQ==</latexit>

K(` | `L, `R) conditional probability that there are exactly
crossings between the left-most and right-most sides<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

`



<latexit sha1_base64="W9+87YPmLGTTJOuecdtl5ZWWaIE="></latexit>

K(` | `L, `R) =
(`L � `� 1)!!(`R � `� 1)!!

(`L + `R � 1)!!

✓
`L
`

◆✓
`R
`

◆
`!

recursion kernel 

 crossings 
on the left

ℓL

random perfect 
matching of only 

 edgesℓL + ℓR

the total number of matchings 
of  edgesℓL + ℓR

the number of ways to choose 
 edges from the left and rightℓ

the number of ways to 
match those edges 

the number of ways to 
form U-turns 

 crossings 
on the right
ℓR

<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

` even integer
<latexit sha1_base64="wAQsdWRWtEHvRMn9OvwcHtXp0Mg=">AAACQXicdVDLSgMxFL3js9ZX1aWbYBFcSJkRUZeiG5dV7APaoWTSWw1mMkOSEcown9PfcOMfuHPvxoUibt2YtoOo1QPJPTnnXpKcIBZcG9d9dKamZ2bn5gsLxcWl5ZXV0tp6XUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbAQ3p0O/cYtK80hemn6MfkivJO9xRo2VotIuuDAAAWh3tFV8nULgIG1NoZ07nRFX1iFwARns/usMIOuUym7FHYFMEi8nZchR7ZQe2t2IJSFKwwTVuuW5sfFTqgxnArNiO9EYU3ZDr7BlqaQhaj8dJZCRbat0SS9SdklDRur3iZSGWvfDwHaG1Fzr395Q/MtrJaZ35KdcxolBycYX9RJBTESGcZIuV8iM6FtCmeL2rYRdU0WZsaEXbQje7y9PkvpexTuoHJzvl49P8jgKsAlbsAMeHMIxnEEVasDgDp7gBV6de+fZeXPex61TTj6zAT/gfHwCgr+imQ==</latexit>

0  `  min{`R, `R}

<latexit sha1_base64="OmT2ox+lY8tCw1mf1gUgccC4CcI=">AAACDnicbZBNS8MwGMfT+TbnW9Wjl+AYTBijFZkeh14EPUxxm7CWkmbpFpa+kKTCqP0EXvwqXjwo4tWzN7+N6dbD3PxD4Jf/8zwkz9+NGBXSMH60wtLyyupacb20sbm1vaPv7nVEGHNM2jhkIb93kSCMBqQtqWTkPuIE+S4jXXd0kdW7D4QLGgZ3chwR20eDgHoUI6ksR69cVS3CmFV7tGoZOInFfXidzlxu0yNHLxt1YyK4CGYOZZCr5ejfVj/EsU8CiRkSomcakbQTxCXFjKQlKxYkQniEBqSnMEA+EXYyWSeFFeX0oRdydQIJJ+7sRIJ8Ica+qzp9JIdivpaZ/9V6sfTO7IQGUSxJgKcPeTGDMoRZNrBPOcGSjRUgzKn6K8RDxBGWKsGSCsGcX3kROsd1s1Fv3JyUm+d5HEVwAA5BFZjgFDTBJWiBNsDgCbyAN/CuPWuv2of2OW0taPnMPvgj7esXtS6bSQ==</latexit>

K(` | `L, `R) conditional probability that there are exactly
crossings between the left-most and right-most sides<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

`



exact recursion relationThe distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

<latexit sha1_base64="z/nxfqontUDZIsTKyQ+l284cNxM="></latexit>

Pn(`) =
X

`1,...,`2d

K(` | `L, `R)
Q2d

j=1 Pn�1(`j)

<latexit sha1_base64="sb87XmIwZbb+9NTyF1yKtU/L77E=">AAACH3icbVHLSgMxFL3js9bXqMtugkVQkDIjUt0IVTcuK9gHtEPJZDJtaOZBkhHK0D9x48IfceNCEXHXvzGdzkJbbwice8693NwTN+ZMKsuaGEvLK6tr64WN4ubW9s6uubfflFEiCG2QiEei7WJJOQtpQzHFaTsWFAcupy13eDvVW49USBaFD2oUUyfA/ZD5jGClqcgsQR16YMExdIEC1+cEruAFvCxTgLWa6nymncJ1Vj3umWWrYmWBFoGdgzLkUe+Z310vIklAQ0U4lrJjW7FyUiwUI5yOi91E0hiTIe7TjoYhDqh00my/MTrSjIf8SOgbKpSxvztSHEg5ClxdGWA1kPPalPxP6yTKv3RSFsaJoiGZDfITjlSEpmYhjwlKFB9pgIlg+q2IDLDARGlLi9oEe37lRdA8q9jVSvX+vFy7ye0oQAkOteU2XEAN7vQXNIDAE7zCO3wYz8ab8Wl8zUqXjLznAP6EMfkBTS2YsQ==</latexit>

P0(`) = �`,A0

over nonnegative even ℓ1, …, ℓ2d

<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

` is an even integer s.t. <latexit sha1_base64="wAQsdWRWtEHvRMn9OvwcHtXp0Mg=">AAACQXicdVDLSgMxFL3js9ZX1aWbYBFcSJkRUZeiG5dV7APaoWTSWw1mMkOSEcown9PfcOMfuHPvxoUibt2YtoOo1QPJPTnnXpKcIBZcG9d9dKamZ2bn5gsLxcWl5ZXV0tp6XUeJYlhjkYhUM6AaBZdYM9wIbMYKaRgIbAQ3p0O/cYtK80hemn6MfkivJO9xRo2VotIuuDAAAWh3tFV8nULgIG1NoZ07nRFX1iFwARns/usMIOuUym7FHYFMEi8nZchR7ZQe2t2IJSFKwwTVuuW5sfFTqgxnArNiO9EYU3ZDr7BlqaQhaj8dJZCRbat0SS9SdklDRur3iZSGWvfDwHaG1Fzr395Q/MtrJaZ35KdcxolBycYX9RJBTESGcZIuV8iM6FtCmeL2rYRdU0WZsaEXbQje7y9PkvpexTuoHJzvl49P8jgKsAlbsAMeHMIxnEEVasDgDp7gBV6de+fZeXPex61TTj6zAT/gfHwCgr+imQ==</latexit>

0  `  min{`R, `R}if
<latexit sha1_base64="QXU9WMC8nqYo+bQaYr+Aojb6aeE=">AAACEHicbZDLSgMxFIYz9VbrbdSlm2ARK5QyI1LdCEU3gi6q2At0hiGTZtrQzIUkI5RxHsGNr+LGhSJuXbrzbcy0XdTWHwJf/nMOyfndiFEhDeNHyy0sLi2v5FcLa+sbm1v69k5ThDHHpIFDFvK2iwRhNCANSSUj7YgT5LuMtNzBZVZvPRAuaBjcy2FEbB/1AupRjKSyHP3wumQRxqzyo1XOwEks7sObdOpylx6dG45eNCrGSHAezAkUwUR1R/+2uiGOfRJIzJAQHdOIpJ0gLilmJC1YsSARwgPUIx2FAfKJsJPRQik8UE4XeiFXJ5Bw5E5PJMgXYui7qtNHsi9ma5n5X60TS+/MTmgQxZIEePyQFzMoQ5ilA7uUEyzZUAHCnKq/QtxHHGGpMiyoEMzZleeheVwxq5Xq7UmxdjGJIw/2wD4oAROcghq4AnXQABg8gRfwBt61Z+1V+9A+x605bTKzC/5I+/oFv4ibyg==</latexit>

K(` | `L, `R) = 0 otherwise

<latexit sha1_base64="W9+87YPmLGTTJOuecdtl5ZWWaIE="></latexit>

K(` | `L, `R) =
(`L � `� 1)!!(`R � `� 1)!!

(`L + `R � 1)!!

✓
`L
`

◆✓
`R
`

◆
`!

<latexit sha1_base64="NxNjiOpgJqtx7KjLbZFhx9G5UqA="></latexit>P
` K(` | `L, `R) = 1

         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω
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behavior of the mean conductance

mean conductance
<latexit sha1_base64="ELasvjfbut+9g7DVC8FvIZXrmq4="></latexit>

µn =
P

`=0,2,... `Pn(`)

conditional mean

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

<latexit sha1_base64="z/nxfqontUDZIsTKyQ+l284cNxM="></latexit>

Pn(`) =
X

`1,...,`2d

K(` | `L, `R)
Q2d

j=1 Pn�1(`j)

for ℓL, ℓR ≫ 1

since the main contribution in the recursion should 
come from , we expectℓL ≃ ℓR ≃ 2d−1μn−1

<latexit sha1_base64="MkJXldGPLxLy5QqVVBacsSD5F3c="></latexit>

µ̃(`L, `R) =
X

`

`K(` | `L, `R) =
`L `R

`L + `R + 1
'

⇣ 1

`L
+

1

`R

⌘�1

<latexit sha1_base64="mUA0H1/1I3obN6sW0y9MQRlpz88="></latexit>

µn ' 2d�2µn�1
<latexit sha1_base64="I7YQtSDEY/CvDTlnQ2evqEVu0pw="></latexit>

µn ' 2(d�2)nµ0 = 2(d�2)nA0 =
An

Ln

normal transport!!

J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






J = C (ρL − ρR)

C ∝ A

L

µ̄(L) ∝ A

L
=

Ld−1

L
= Ld−2

An = 2(d−1)nA0

Ln = 2n

An






         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω



main theorem: normal transport

for ,  suffices (no conditions)  d = 3 A0 ≥ 2
C3 = 1 − 5/(4A0), C′ 3 = 1 + 1/(3A0)

theorem: let .  for sufficiently large  there exist 
positive constants  such that

d ≥ 3 A0
Cd, C′ d

<latexit sha1_base64="7Z20JiEmhzL/OY6QmQJL2UeGnvM=">AAACHHicbVC7TsMwFHV4lvIKMLJYVAgWqgRQYSx0YWAoEn1ITRQ5jtNatZ3IdpCqqB/Cwq+wMIAQCwMSf4P7GKDlSPY9Ovdc2feEKaNKO863tbC4tLyyWlgrrm9sbm3bO7tNlWQSkwZOWCLbIVKEUUEammpG2qkkiIeMtMJ+bdRvPRCpaCLu9SAlPkddQWOKkTZSYJ/VgsiLJcL5VSCG+a25TlyPEY9ngTAV1o7mDIFdcsrOGHCeuFNSAlPUA/vTixKccSI0Zkipjuuk2s+R1BQzMix6mSIpwn3UJR1DBeJE+fl4uSE8NEoE40SaIzQcq78ncsSVGvDQODnSPTXbG4n/9TqZji/9nIo000TgyUNxxqBO4CgpGFFJsGYDQxCW1PwV4h4ySWiTZ9GE4M6uPE+ap2W3Uq7cnZeq19M4CmAfHIBj4IILUAU3oA4aAINH8AxewZv1ZL1Y79bHxLpgTWf2wB9YXz/m6aHo</latexit>

Cd
An

Ln
� 1  µn  C 0

d
An

Ln

for all .  if , one has  and hence 
 for all .

n A0 ≫ 1 Cd ≃ C′ d ≃ 1
μn ≃ An/Ln n

proposition: let  and assume .  then 
 as long as  is larger than 

d = 1 A0 ≫ 1
μn ≃ A0/Ln μn O(1)

normal transport from non-chaotic deterministic 
motion in a quenched random environment 
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mean conductance
<latexit sha1_base64="ELasvjfbut+9g7DVC8FvIZXrmq4="></latexit>

µn =
P

`=0,2,... `Pn(`)

sample-to-sample variance
<latexit sha1_base64="oCKcvScAK9GvSSCwKSvgzQu/RYg="></latexit>

vn =
P

`=0,2,...(`� µn)2Pn(`)

ansatz
<latexit sha1_base64="3QVX0qA09r+Yv02jmV90dkWQ6MM="></latexit>

Pn(`) / exp
h
� (`� µn)2

2vn

i

numerical results for  with d = 3 A0 = 2
standardized  vs  

 density for 
Pn(ℓ)

𝒩(0,1) n = 1,2,3,5,10

basic ansatz and approximation
         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω



basic ansatz and approximation

mean conductance
<latexit sha1_base64="ELasvjfbut+9g7DVC8FvIZXrmq4="></latexit>

µn =
P

`=0,2,... `Pn(`)

sample-to-sample variance
<latexit sha1_base64="oCKcvScAK9GvSSCwKSvgzQu/RYg="></latexit>

vn =
P

`=0,2,...(`� µn)2Pn(`)

<latexit sha1_base64="4skUmj1NSxuFtuzpm07tjpkXMjQ="></latexit>

µ̃(`L, `R) =
`L `R

`L+`R+1

<latexit sha1_base64="YS8URMUHLsl2AOq5TSB/CLPycNA="></latexit>

ṽ(`L, `R) =
2`L`R(`L�1)(`R�1)

(`L+`R�3)(`L+`R�1)2

<latexit sha1_base64="QbafIDHlcd3HtBCzFhP+jm84l5g="></latexit>

/ exp
h
�{`� µ̃(`L, `R)}2

2 ṽ(`L, `R)

i

<latexit sha1_base64="Lcc5CrwtjDEGVZDbrT0gP7SPIjQ="></latexit>

=
(`L � `� 1)!!(`R � `� 1)!!

(`L + `R � 1)!!

✓
`L
`

◆✓
`R
`

◆
`!

<latexit sha1_base64="NyVRDzFoXrNa8ESjR1zd85uO1yg=">AAACDnicbZC7TsMwFIadcivlFmBksVpVKqKqEobCWMGCBENB9CI1UeS4bmvVTiLbQapCn4CFgRdhYQAhVma2vg3uZSgtv2Tp83/OkX1+P2JUKssaGamV1bX1jfRmZmt7Z3fP3D+oyzAWmNRwyELR9JEkjAakpqhipBkJgrjPSMPvX47rjQciJA2DezWIiMtRN6AdipHSlmfmrwsOYcwpPjrFMXiJIzi8Gc5d7obHnpmzStZEcBnsGeQqWefkZVQZVD3zx2mHOOYkUJghKVu2FSk3QUJRzMgw48SSRAj3UZe0NAaIE+kmk3WGMK+dNuyEQp9AwYk7P5EgLuWA+7qTI9WTi7Wx+V+tFavOuZvQIIoVCfD0oU7MoArhOBvYpoJgxQYaEBZU/xXiHhIIK51gRodgL668DPXTkl0ulW91GhdgqjQ4AllQADY4AxVwBaqgBjB4Aq/gHXwYz8ab8Wl8TVtTxmzmEPyR8f0Lz9eeVA==</latexit>

K(` | `L, `R)

ansatz
<latexit sha1_base64="3QVX0qA09r+Yv02jmV90dkWQ6MM="></latexit>

Pn(`) / exp
h
� (`� µn)2

2vn

i

approximation

         probability that there are exactly   crossings in 
generation-  block ( )n n = 0,1,…

<latexit sha1_base64="8rJyH8BpFRESaNc6rixUSF1F4j0=">AAAB+XicbZDNSgMxFIXv1L9a/6ou3QSLoJsyI1JdFt24rGBtoR1KJr3ThmYyQ5IplKFv4saFIm59E3e+jWk7C229IXA4515y8wWJ4Nq47rdTWFvf2Nwqbpd2dvf2D8qHR086ThXDJotFrNoB1Si4xKbhRmA7UUijQGArGN3N8tYYleaxfDSTBP2IDiQPOaPGWhwa0AMJ5/AKCMKei1654lbdeZFV4eWiAnk1euWvbj9maYTSMEG17nhuYvyMKsOZwGmpm2pMKBvRAXaslDRC7WfzzafkzDp9EsbKXmnI3P09kdFI60kU2M6ImqFezmbmf1knNeGNn3GZpAYlWzwUpoKYmMwwkD5XyIyYWEGZ4nZXwoZUUWYsrJKF4C1/eVU8XVa9WrX2cFWp3+Y4inACpxanB9dQh3uLtwkMxvBsAb85mfPivDsfi9aCk88cw59yPn8A09qQkA==</latexit>

Pn(ω)
<latexit sha1_base64="5ysa1I0rf9zKZqege5XgVIi/Htw=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp1ItAzaWEYwH5AcYW9vLlmyt3fu7gkh5E/YWChiY+HfsfPfuEmu0MQHA4/3ZpiZF6SCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOokUwwbLBGJagdUo+ASG4Ybge1UIY0Dga1geDP1W4+oNE/kvRml6Me0L3nEGTVWCuEDEASIXqnsVtwZyDLxclKGHPVe6asbJiyLURomqNYdz02NP6bKcCZwUuxmGlPKhrSPHUsljVH749m9E3JqlZBEibIlDZmpvyfGNNZ6FAe2M6ZmoBe9qfif18lMdOWPuUwzg5LNF0WZICYh0+dJyBUyI0aWUKa4vZWwAVWUGRtR0YbgLb68TJrnFa9aqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAb6xO8wKvz4Dw7b877vHXFyWeO4A+czx8p747D</latexit>

ω



recursion relations for  and μn vn

approximation
<latexit sha1_base64="4skUmj1NSxuFtuzpm07tjpkXMjQ="></latexit>

µ̃(`L, `R) =
`L `R

`L+`R+1

<latexit sha1_base64="YS8URMUHLsl2AOq5TSB/CLPycNA="></latexit>

ṽ(`L, `R) =
2`L`R(`L�1)(`R�1)

(`L+`R�3)(`L+`R�1)2

<latexit sha1_base64="QbafIDHlcd3HtBCzFhP+jm84l5g="></latexit>

/ exp
h
�{`� µ̃(`L, `R)}2

2 ṽ(`L, `R)

i
<latexit sha1_base64="NyVRDzFoXrNa8ESjR1zd85uO1yg=">AAACDnicbZC7TsMwFIadcivlFmBksVpVKqKqEobCWMGCBENB9CI1UeS4bmvVTiLbQapCn4CFgRdhYQAhVma2vg3uZSgtv2Tp83/OkX1+P2JUKssaGamV1bX1jfRmZmt7Z3fP3D+oyzAWmNRwyELR9JEkjAakpqhipBkJgrjPSMPvX47rjQciJA2DezWIiMtRN6AdipHSlmfmrwsOYcwpPjrFMXiJIzi8Gc5d7obHnpmzStZEcBnsGeQqWefkZVQZVD3zx2mHOOYkUJghKVu2FSk3QUJRzMgw48SSRAj3UZe0NAaIE+kmk3WGMK+dNuyEQp9AwYk7P5EgLuWA+7qTI9WTi7Wx+V+tFavOuZvQIIoVCfD0oU7MoArhOBvYpoJgxQYaEBZU/xXiHhIIK51gRodgL668DPXTkl0ulW91GhdgqjQ4AllQADY4AxVwBaqgBjB4Aq/gHXwYz8ab8Wl8TVtTxmzmEPyR8f0Lz9eeVA==</latexit>

K(` | `L, `R)
The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].

The distribution Pn is determined by the initial con-

dition P0(!) = δ!,A0 and, for n ≥ 1, the recursion

Pn(!) =
∑

!1,...,!2d

K(! | !L, !R)
2d∏

j=1

Pn−1(!j)

where the sum is over nonnegative even !1, . . . , !2d , and

!L =
∑2d−1

j=1 !j , !R =
∑2d

j=2d−1+1 !j are the numbers of

crossings in the left and right halves, respectively. The

kernel K(! | !L, !R) is the conditional probability that

the random pairing at the interface produces exactly

! left–right pairs among the !L + !R interface edges

that are endpoints of crossings in the generation-(n−1)
subblocks, and is given by

K(! | !L, !R) =
(!R − !− 1)!!(!L − !− 1)!!

(!L + !R − 1)!!

(
!L
!

)(
!R
!

)
!!

if ! ∈ S(!L, !R), and K(! | !L, !R) = 0 otherwise, where

S(a, b) := 2Z ∩ [0,min{a, b}].
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FIG. SM.2. (3D Hierarchical model) Mean conductance µn in d = 3 with initial crossing A0 = 2. Left: log2 µn versus iteration
n = log2 Ln. The linear growth is consistent with the normal-transport scaling µn / Ln = 2n. Right: As n increases, the ratio
µn/2

n converges to a constant (the conductivity).

FIG. SM.3. (3D Hierarchical model) Ratio vn/µn versus iteration n = log2 Ln in d = 3 with initial crossing A0 = 2. The ratio
converges quickly toward 2/3 (thick red line).

To reduce such discreteness e�ects, we choose here a larger initial crossing number, A0 = 90. Then, after a single
application of the recursion (2), we obtain P1(`) = K(` | 180, 180), which is already close to a Gaussian by the
asymptotics of the kernel.

Figure SM.4 shows µn versus n, together with a linear regression for n � 10. The best-fit slope is

µn ' a+ b n (as n " 1), b ' 0.08346, (SM.3)

which essentially coincides with the Gaussian-closure prediction b = 1/12 = 0.08333 · · · .
The variance-to-mean ratio vn/µn is also well behaved. As shown in Fig. SM.5, vn/µn stabilizes near the universal

value 2/3 after only a short transient.
SM.4.4 Convergence to Gaussianity in d = 3

As mentioned in the main text, for the hierarchical model with d = 3 the distribution Pn rapidly approaches a
Gaussian shape as n grows. To quantify this, we use the Kolmogorov distance between the standardized crossing
number and the standard normal distribution.

Let ˆ̀
n denote the number of crossings in the generation-n block and define the standardized variable

Zn :=
ˆ̀
n � µnp

vn
. (SM.4)

Let Fn(z) = Prob[Zn  z] be the cumulative distribution function (CDF) of Zn, and let �(z) be the CDF of the
standard normal N (0, 1). We define the Kolmogorov distance by

dK(n) := sup
z2R

��Fn(z)� �(z)
��. (SM.5)
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FIG. SM.2. (3D Hierarchical model) Mean conductance µn in d = 3 with initial crossing A0 = 2. Left: log2 µn versus iteration
n = log2 Ln. The linear growth is consistent with the normal-transport scaling µn / Ln = 2n. Right: As n increases, the ratio
µn/2

n converges to a constant (the conductivity).

FIG. SM.3. (3D Hierarchical model) Ratio vn/µn versus iteration n = log2 Ln in d = 3 with initial crossing A0 = 2. The ratio
converges quickly toward 2/3 (thick red line).

To reduce such discreteness e�ects, we choose here a larger initial crossing number, A0 = 90. Then, after a single
application of the recursion (2), we obtain P1(`) = K(` | 180, 180), which is already close to a Gaussian by the
asymptotics of the kernel.

Figure SM.4 shows µn versus n, together with a linear regression for n � 10. The best-fit slope is

µn ' a+ b n (as n " 1), b ' 0.08346, (SM.3)

which essentially coincides with the Gaussian-closure prediction b = 1/12 = 0.08333 · · · .
The variance-to-mean ratio vn/µn is also well behaved. As shown in Fig. SM.5, vn/µn stabilizes near the universal

value 2/3 after only a short transient.
SM.4.4 Convergence to Gaussianity in d = 3

As mentioned in the main text, for the hierarchical model with d = 3 the distribution Pn rapidly approaches a
Gaussian shape as n grows. To quantify this, we use the Kolmogorov distance between the standardized crossing
number and the standard normal distribution.

Let ˆ̀
n denote the number of crossings in the generation-n block and define the standardized variable

Zn :=
ˆ̀
n � µnp

vn
. (SM.4)

Let Fn(z) = Prob[Zn  z] be the cumulative distribution function (CDF) of Zn, and let �(z) be the CDF of the
standard normal N (0, 1). We define the Kolmogorov distance by

dK(n) := sup
z2R

��Fn(z)� �(z)
��. (SM.5)
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FIG. SM.2. (3D Hierarchical model) Mean conductance µn in d = 3 with initial crossing A0 = 2. Left: log2 µn versus iteration
n = log2 Ln. The linear growth is consistent with the normal-transport scaling µn / Ln = 2n. Right: As n increases, the ratio
µn/2

n converges to a constant (the conductivity).

FIG. SM.3. (3D Hierarchical model) Ratio vn/µn versus iteration n = log2 Ln in d = 3 with initial crossing A0 = 2. The ratio
converges quickly toward 2/3 (thick red line).

To reduce such discreteness e�ects, we choose here a larger initial crossing number, A0 = 90. Then, after a single
application of the recursion (2), we obtain P1(`) = K(` | 180, 180), which is already close to a Gaussian by the
asymptotics of the kernel.

Figure SM.4 shows µn versus n, together with a linear regression for n � 10. The best-fit slope is

µn ' a+ b n (as n " 1), b ' 0.08346, (SM.3)

which essentially coincides with the Gaussian-closure prediction b = 1/12 = 0.08333 · · · .
The variance-to-mean ratio vn/µn is also well behaved. As shown in Fig. SM.5, vn/µn stabilizes near the universal

value 2/3 after only a short transient.
SM.4.4 Convergence to Gaussianity in d = 3

As mentioned in the main text, for the hierarchical model with d = 3 the distribution Pn rapidly approaches a
Gaussian shape as n grows. To quantify this, we use the Kolmogorov distance between the standardized crossing
number and the standard normal distribution.

Let ˆ̀
n denote the number of crossings in the generation-n block and define the standardized variable

Zn :=
ˆ̀
n � µnp

vn
. (SM.4)

Let Fn(z) = Prob[Zn  z] be the cumulative distribution function (CDF) of Zn, and let �(z) be the CDF of the
standard normal N (0, 1). We define the Kolmogorov distance by

dK(n) := sup
z2R

��Fn(z)� �(z)
��. (SM.5)
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FIG. SM.4. (2D Hierarchical model) Mean conductance µn = hˆ̀in versus iteration n = log2 Ln in d = 2 with initial crossing
A0 = 90. A linear regression fit for n � 10 yields the slope b ' 0.08346, which is indistinguishable from 1/12.

FIG. SM.5. (2D Hierarchical model) Ratio vn/µn versus iteration n = log2 Ln in d = 2 with initial crossing A0 = 90. The
thick red line marks the target value 2/3.

As shown in the left panel of Fig. SM.6, dK(n) decreases quickly over the first few iterations and reaches the percent
level by n ' 10. A linear fit of log dK(n) versus n (right panel) yields

log dK(n) ' a+ b n (as n " 1), b ' �0.3517. (SM.6)

This demonstrates exponential convergence of the standardized law to N (0, 1) in the d = 3 hierarchical model.
Noting that the estimated slope is close to �(log 2)/2, we are led to conjecture

dK(n) ' C 2�n/2 / 1
p
µn

, (SM.7)

as n " 1.
SM.4.5 Slow convergence to Gaussianity in d = 2

Let us turn to the case d = 2, where we set A0 = 90. Recall that P1(`) = K(` | 180, 180) is already close to a
Gaussian.

As can be seen in the left panel of Fig. SM.7, the Kolmogorov distance dK(n) decays very slowly with n. The plot
of 1/dK(n) in the right panel suggests that dK(n) decays proportionally to 1/n for large n.

We shall study the approach of Pn(`) to a Gaussian perturbatively in [SM1].
SM.4.6 The original Lorentz mirror model in d = 3

As explained in the main text, we performed preliminary simulations of the original Lorentz mirror model on the
L⇥L⇥L cubic lattice for L = 2n with n = 1, . . . , 7. Our codes (which generate quenched random environments with
local matchings and count the resulting number of crossings) are:

• cross_stats.cpp and cross_stats_rect.cpp.
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FIG. SM.4. (2D Hierarchical model) Mean conductance µn = hˆ̀in versus iteration n = log2 Ln in d = 2 with initial crossing
A0 = 90. A linear regression fit for n � 10 yields the slope b ' 0.08346, which is indistinguishable from 1/12.

FIG. SM.5. (2D Hierarchical model) Ratio vn/µn versus iteration n = log2 Ln in d = 2 with initial crossing A0 = 90. The
thick red line marks the target value 2/3.

As shown in the left panel of Fig. SM.6, dK(n) decreases quickly over the first few iterations and reaches the percent
level by n ' 10. A linear fit of log dK(n) versus n (right panel) yields

log dK(n) ' a+ b n (as n " 1), b ' �0.3517. (SM.6)

This demonstrates exponential convergence of the standardized law to N (0, 1) in the d = 3 hierarchical model.
Noting that the estimated slope is close to �(log 2)/2, we are led to conjecture

dK(n) ' C 2�n/2 / 1
p
µn

, (SM.7)

as n " 1.
SM.4.5 Slow convergence to Gaussianity in d = 2

Let us turn to the case d = 2, where we set A0 = 90. Recall that P1(`) = K(` | 180, 180) is already close to a
Gaussian.

As can be seen in the left panel of Fig. SM.7, the Kolmogorov distance dK(n) decays very slowly with n. The plot
of 1/dK(n) in the right panel suggests that dK(n) decays proportionally to 1/n for large n.

We shall study the approach of Pn(`) to a Gaussian perturbatively in [SM1].
SM.4.6 The original Lorentz mirror model in d = 3

As explained in the main text, we performed preliminary simulations of the original Lorentz mirror model on the
L⇥L⇥L cubic lattice for L = 2n with n = 1, . . . , 7. Our codes (which generate quenched random environments with
local matchings and count the resulting number of crossings) are:

• cross_stats.cpp and cross_stats_rect.cpp.
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Monte Carlo simulation of the original 
Lorentz mirror model on the cubic lattice

the  cubic lattice  
 with 

L × L × L
L = 2n n = 1,2,…,7

generate  independent environments6.4 × 105

for each realization of the environment, faithfully 
count the number of crossings , i.e., the conductance𝒞
mean conductance μ̄(L) = ⟨𝒞⟩
variance v̄(L) = ⟨(𝒞 − μ̄(L))2⟩

SM-9

FIG. SM.8. (3D Original model) Mean conductance µ̄(L) versus system size L in the original Lorentz mirror model in d = 3. Our
preliminary laptop-scale simulations are consistent with the linear growth predicted by normal transport (1). For comparison,
Fig. 6 of [18] reports large-scale simulations of µ̄(L)/L for L from 5 to 420.
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<latexit sha1_base64="GWU17o2p5uIVorYdbhAVezzHK8A=">AAAB/3icbZDLSgMxFIbP1Futt6pLN8Ei6KbMiNQuC25cuKhgL9AOJZNm2tAkMyQZoYxd+CqCuFDEra/hzrcxbWehrT8EPv5zDufkD2LOtHHdbye3srq2vpHfLGxt7+zuFfcPmjpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo6tpvXVPlWaRvDPjmPoCDyQLGcHGWhyeIQAMClJLAhKYwCncwFmvWHLL7kxoGbwMSpCp3it+dfsRSQSVhnCsdcdzY+OnWBlGOJ0UuommMSYjPKAdixILqv10dv8EnVinj8JI2ScNmrm/J1IstB6LwHYKbIZ6sTY1/6t1EhNW/ZTJODFUkvmiMOHIRGgaBuozRYnhYwuYKGZvRWSIFSbGRlawIXiLX16G5nnZq5QrtxelWjWLIw9HcGyD9OASanANdWgAgQd4gld4cx6dF+fd+Zi35pxs5hD+yPn8AU2akmU=</latexit> µ̄
(L

)

Chiffaudel, Lefevere 2016
we recover normal transport

choose one of the  
pairings at each vertex

5!! = 15



variance-to-mean ratio
mean conductance μ̄(L) = ⟨𝒞⟩
variance v̄(L) = ⟨(𝒞 − μ̄(L))2⟩

Monte Carlo with  samples 
error bars indicate 95% confidence intervals

6.4 × 105

 !!2
3



variance-to-mean ratio
“orthogonal rule”

Monte Carlo with  samples 
error bars indicate 95% confidence intervals

6.4 × 105

particles never go straight
ororchoose one of the  orthogonal 

pairings at each vertex
8

still  !!!!2
3



the universal “  law”2/3
<latexit sha1_base64="ATZWd2mw4n/ICFpPvMYlE//OiQ8="></latexit>

(sample-to-sample variance of conductance)

(mean conductance)
! 2

3

observed theoretically (but not proved!) in the 
hierarchical Lorentz mirror model in , and 
numerically in the original Lorentz mirror 
model in 

d ≥ 2

d = 3
conjecture:  (as ) is a universal amplitude 
ratio, and the value  signifies a universality class of 
systems (including ours) exhibiting normal transport 
induced by random matching of conserved current

v/μ μ ↑ ∞
2/3

what models belong to this universality class?
any models in the continuum as in the original 
Lorentz gas?



Lorentz mirror model 
Hierarchical model 
    definition and recursion relation 
     main theorem on normal transport 
     Gaussian closure and the “  law” 
Lorentz mirror model in : numerics 
summary 
appendix: brief ideas of the proof

2/3
d = 3



illustration by John Tenniel

summary

the Lorentz mirror model (both original and hierarchical) 
provides a clean setting to study transport generated 
by a quenched random environment

in the original model, normal transport has been 
expected for .  we conjecture weakly 
anomalous transport with log-correction in 

d ≥ 3
d = 2

we discovered the “  law” for the variance-to-
mean ratio of conductance, and propose that it is a 
signature of a universality class of normal 
transport induced by random current matching

2/3
no numerics yet

in the hierarchical version, we proved normal 
transport in  and showed (but didn’t prove) weakly 
anomalous transport with log-correction in 

d ≥ 3
d = 2

summary



Lorentz mirror model 
Hierarchical model 
    definition and recursion relation 
     main theorem on normal transport 
     Gaussian closure and the “  law” 
Lorentz mirror model in : numerics 
summary 
appendix: brief ideas of the proof

2/3
d = 3



main theorem: normal transport

for ,  suffices  d = 3 A0 ≥ 2
C3 = 1 − 5/(4A0), C′ 3 = 1 + 1/(3A0)

theorem: let .  for sufficiently large  there exist 
positive constants  such that

d ≥ 3 A0
Cd, C′ d

<latexit sha1_base64="7Z20JiEmhzL/OY6QmQJL2UeGnvM=">AAACHHicbVC7TsMwFHV4lvIKMLJYVAgWqgRQYSx0YWAoEn1ITRQ5jtNatZ3IdpCqqB/Cwq+wMIAQCwMSf4P7GKDlSPY9Ovdc2feEKaNKO863tbC4tLyyWlgrrm9sbm3bO7tNlWQSkwZOWCLbIVKEUUEammpG2qkkiIeMtMJ+bdRvPRCpaCLu9SAlPkddQWOKkTZSYJ/VgsiLJcL5VSCG+a25TlyPEY9ngTAV1o7mDIFdcsrOGHCeuFNSAlPUA/vTixKccSI0Zkipjuuk2s+R1BQzMix6mSIpwn3UJR1DBeJE+fl4uSE8NEoE40SaIzQcq78ncsSVGvDQODnSPTXbG4n/9TqZji/9nIo000TgyUNxxqBO4CgpGFFJsGYDQxCW1PwV4h4ySWiTZ9GE4M6uPE+ap2W3Uq7cnZeq19M4CmAfHIBj4IILUAU3oA4aAINH8AxewZv1ZL1Y79bHxLpgTWf2wB9YXz/m6aHo</latexit>

Cd
An

Ln
� 1  µn  C 0

d
An

Ln

for all .  if , one has  and hence 
 for all .

n A0 ≫ 1 Cd ≃ C′ d ≃ 1
μn ≃ An/Ln n

proposition: let  and assume .  then 
 as long as  is larger than 

d = 1 A0 ≫ 1
μn ≃ A0/Ln μn O(1)

normal transport from non-chaotic deterministic 
motion in a quenched random environment 



upper bound
mean conductance
recursion

<latexit sha1_base64="oHgfJsIe0V3bcJ0ZSTu/efPeNlA="></latexit>

Pn(`) =
P

`1,...,`2d
K(` | `L, `R)

Q2d

j=1 Pn�1(`j)

<latexit sha1_base64="KpHLbHZMQrZ15/r5a5nqXH7D/XU=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gTDNpYJmAukCxhdnKSjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoUm/jDw8f/nMOccPxZcacf5tjIrq2vrG9lNe2t7Z3cvt39QV1EiGdZYJCLZ9KlCwUOsaa4FNmOJNPAFNvzh9SRv3KNUPApv9ShGL6D9kPc4o9pY1VInl3cKzlRkGdw55C8/7FL8/mVXOrnPdjdiSYChZoIq1XKdWHsplZozgWO7nSiMKRvSPrYMhjRA5aXTQcfkxDhd0oukeaEmU/d3R0oDpUaBbyoDqgdqMZuY/2WtRPcuvJSHcaIxZLOPeokgOiKTrUmXS2RajAxQJrmZlbABlZRpcxvbHMFdXHkZ6mcFt1goVp18+QpmysIRHMMpuHAOZbiBCtSAAcIDPMGzdWc9Wi/W66w0Y817DuGPrLcf7+aQCQ==</latexit> =

<latexit sha1_base64="mhTvYyj/WgIWx/6z+grDez3FdEU="></latexit>

µn + C 00
d  2d�2(µn�1 + C 00

d )

<latexit sha1_base64="OOKOFDNrJI8WHcqKPAao7ed9zJg="></latexit>

C 00
d = {3(2d�2 � 1)}�1

for d ≠ 2

for d = 2

<latexit sha1_base64="zl4Q5rYIZP0z89YEb0cP0ThFun0="></latexit>

 2(d�2)n(µ0 + C 00
d )

<latexit sha1_base64="OP71e5IqzaA26IcWR3ITAfodrn0="></latexit>

µn 
X

`1,...,`2d

⇣1
4

2dX

j=1

`j +
1

3

⌘ 2dY

j=1

Pn�1(`j) = 2d�2µn�1 +
1

3

<latexit sha1_base64="tPMnrLbztyawhKmwKnMC1AVbEtQ=">AAACG3icbVDLSsNAFL2pr1pfURdS3ASLIAglUahdFt24rGAf0IYymU7aoZNJmJkIJfQ/3Lj0N9y4UMSFCC5049bPcPpAtPXCXA7nnMude7yIUals+91Izc0vLC6llzMrq2vrG+bmVlWGscCkgkMWirqHJGGUk4qiipF6JAgKPEZqXu9sqNeuiJA05JeqHxE3QB1OfYqR0lRoZuEWAoihBVwjBgSa4IMABBgSzQ10P9b98Mdnt8ycnbdHZc0CZwJypeLny87HV7bcMl+b7RDHAeEKMyRlw7Ej5SZIKIoZGWSasSQRwj3UIQ0NOQqIdJPRbQNrXzNtyw+FflxZI/b3RIICKfuBp50BUl05rQ3J/7RGrPyim1AexYpwPF7kx8xSoTUMympTQbBifQ0QFlT/1cJdJBBWOs6MDsGZPnkWVI/yTiFfuNBpnMK40rALe3AADpxACc6hDBUd9TXcwQM8GjfGvfFkPI+tKWMysw1/ynj7BlDknUo=</latexit>

µn  n

3
+ µ0

with
consistent with the log-

correction  μn ≃ n/12

<latexit sha1_base64="baJj5o8nAcTZZTN4Byq4NRT5QnA=">AAACJXicbZDLSgMxFIbPeK31VnUpyGApKEiZcVHdCEU3LivYC7RDyaRpG5pkhiQjlNJHcSMUX8WNC4t4WfkU7k2nxUvrCSFf/nMOyfn9kFGlHefdmptfWFxaTqwkV9fWNzZTW9slFUQSkyIOWCArPlKEUUGKmmpGKqEkiPuMlP3OxShfviFS0UBc625IPI5agjYpRtpIQWoPBsAhgjoIODOsDHNzGwABZtbPeQSFuOrgWzusp9JO1onDngV3Aul85vPt9TbZKtRTw1ojwBEnQmOGlKq6Tqi9HpKaYkb6yVqkSIhwB7VI1aBAnCivF0/ZtzNGadjNQJottB2rvzt6iCvV5b6p5Ei31XRuJP6Xq0a6eer1qAgjTQQeP9SMmK0De2SZ3aCSYM26BhCW1PzVxm0kEdbG2KQxwZ0eeRZKx1k3l81duen8OYwjAbuwb+x04QTycGnsLQKGO3iAJxha99aj9Wy9jEvnrEnPDvwJ6+MLmfef4w==</latexit>

µn =
P

` `Pn(`)

<latexit sha1_base64="N/v/Qq2zh0XdbbrVqrL/LDDG+So="></latexit>

µ̃(`L, `R) =
`L `R

`L + `R + 1
 `L + `R

4
+

1

3

<latexit sha1_base64="d87DD9It7HnXoCPPljhlZ+80Z4M="></latexit>

µn =
P

`1,...,`2d

P
` `K(` | `L, `R)

Q2d

j=1 Pn�1(`j)



lower bound
mean of the inverse

recursion
<latexit sha1_base64="oHgfJsIe0V3bcJ0ZSTu/efPeNlA="></latexit>

Pn(`) =
P

`1,...,`2d
K(` | `L, `R)

Q2d

j=1 Pn�1(`j)

<latexit sha1_base64="KpHLbHZMQrZ15/r5a5nqXH7D/XU=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gTDNpYJmAukCxhdnKSjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoUm/jDw8f/nMOccPxZcacf5tjIrq2vrG9lNe2t7Z3cvt39QV1EiGdZYJCLZ9KlCwUOsaa4FNmOJNPAFNvzh9SRv3KNUPApv9ShGL6D9kPc4o9pY1VInl3cKzlRkGdw55C8/7FL8/mVXOrnPdjdiSYChZoIq1XKdWHsplZozgWO7nSiMKRvSPrYMhjRA5aXTQcfkxDhd0oukeaEmU/d3R0oDpUaBbyoDqgdqMZuY/2WtRPcuvJSHcaIxZLOPeokgOiKTrUmXS2RajAxQJrmZlbABlZRpcxvbHMFdXHkZ6mcFt1goVp18+QpmysIRHMMpuHAOZbiBCtSAAcIDPMGzdWc9Wi/W66w0Y817DuGPrLcf7+aQCQ==</latexit>=

recursive identity
for , where ,d = 1 un = ηn

<latexit sha1_base64="+uEWqIIAQq9vLUZ/bwNmwltEBJ8="></latexit>

⌘n =
P

`1,...,`2d

P
`(`+ 1)�1K(` | `L, `R)

Q2d

j=1 Pn�1(`j)

<latexit sha1_base64="z7end+siND1ZDsjp+KReB5qHUaI="></latexit>

⌘̃(`L, `R) =
`L + `R � 1

(`L + 1)(`R + 1)
=

1

`L + 1
+

1

`R + 1
� 1

(`L + 1)(`R + 1)

<latexit sha1_base64="QJJKBzeafneU49ZrHU/NEdxhYTQ="></latexit>

⌘̃(`L, `R)

Jensen’s inequality implies
<latexit sha1_base64="wK/5XjYZtG85+w+neZGSMm0obdA=">AAACE3icbVDLSsNAFL3xWeurKq7cBIvgxpKIVJdFNy4r2Ae0sUymt+3QySTMTIQS+g9u/AR/wY0LRdy6ceffOEm70NYDczmccy937vEjzpR2nG9rYXFpeWU1t5Zf39jc2i7s7NZVGEuKNRryUDZ9opAzgTXNNMdmJJEEPseGP7xK/cY9SsVCcatHEXoB6QvWY5RoI4WFfXiCAGLogDCsD2gqggaSKXeQwAm4ME5rp1B0Sk4Ge564U1KEKaqdwle7G9I4QKEpJ0q1XCfSXkKkZpTjON+OFUaEDkkfW4YKEqDykuymsX1klK7dC6V5QtuZ+nsiIYFSo8A3nQHRAzXrpeJ/XivWvQsvYSKKNQo6WdSLua1DOw3I7jKJVPORIYRKZv5q0wGRhGoTY96E4M6ePE/qpyW3XCrfnBUrl9M4cnAAh3BswjyHClxDFWpA4QGe4RXerEfrxXq3PiatC9Z0Zg/+wPr8ATz1ltg=</latexit>

µn � ⌘�1
n � 1

<latexit sha1_base64="NGKuMQEDFGFybzIgP0ml47I9fDk="></latexit>

⌘n =
P

`(`+ 1)�1Pn(`)
<latexit sha1_base64="gxbBlc3K+bdKX1EEE/z8Z6eNbQ8="></latexit>

un =
P

`1,...,`2d�1

�P2d�1

j=1 `j + 1
��1 Q2d�1

j=1 Pn(`j)

<latexit sha1_base64="ABa96S0KGYu5JAxMDIrK2mJk04I=">AAACBHicbZDLSsNAFIYn9VbrLeqym9AiVKQl6aK6EYJuXFawF2himEwn7dDJJMxMhBC6cOMT+A5uXCji1odw17dxello6w8DH/85hzPn92NKhDTNiZZbW9/Y3MpvF3Z29/YP9MOjtogSjnALRTTiXR8KTAnDLUkkxd2YYxj6FHf80fW03nnAXJCI3ck0xm4IB4wEBEGpLE8vOlhCj13WEy9jVWtcrSzg9L7u6WWzZs5krIK1gLJdcs6eJ3ba9PRvpx+hJMRMIgqF6FlmLN0MckkQxeOCkwgcQzSCA9xTyGCIhZvNjhgbJ8rpG0HE1WPSmLm/JzIYCpGGvuoMoRyK5drU/K/WS2Rw4WaExYnEDM0XBQk1ZGRMEzH6hGMkaaoAIk7UXw00hBwiqXIrqBCs5ZNXoV2vWY1a49Yq21dgrjwoghKoAAucAxvcgCZoAQQewQt4A+/ak/aqfWif89actpg5Bn+kff0Aw06Z4A==</latexit>

⌘n = 2un�1 � (un�1)2

<latexit sha1_base64="opj8aosN2dz4lrs0m4OpixeEHBM=">AAACE3icbZDLTgIxFIbP4A3xNmpcuZlATDREnHGBLlE3LlxgIpcECOmUAg1tZ9J2TAjhHVzoI/gKblxojFs37ngby8BCwZM0+fr/56Q9vx8yqrTrjqzEwuLS8kpyNbW2vrG5ZW/vlFUQSUxKOGCBrPpIEUYFKWmqGamGkiDuM1Lxe1djv3JPpKKBuNP9kDQ46gjaphhpIwX2HjwDhwiaIAx1gMAhXJibC1nw4AhO4Cb2jsFr2hk358blzIM3hUwhXc8+jgr9YtP+rrcCHHEiNGZIqZrnhroxQFJTzMgwVY8UCRHuoQ6pGRSIE9UYxDsNnQOjtJx2IM0R2onV3xMDxJXqc990cqS7atYbi/95tUi3zxsDKsJIE4EnD7Uj5ujAGQfktKgkWLO+AYQlNX91cBdJhLWJMWVC8GZXnofyac7L5/K3Jo1LmFQS9iFtwvXgDApwDUUoAYYHeIE3eLeerFfrw/qctCas6cwu/Cnr6wfKZZhI</latexit>

µn � (A0 + 1)/Ln � 1

<latexit sha1_base64="0WfN0gl6bDSRic8OcqfRDFhJwdI="></latexit>

⌘n  2⌘n�1  2n⌘0 = 2n/(A0 + 1)

for , we use further clever concavity argumentd ≥ 3
suggested by ChatGPT 5.2 Pro!!



illustration by John Tenniel

summary

the Lorentz mirror model (both original and hierarchical) 
provides a clean setting to study transport generated 
by a quenched random environment

in the original model, normal transport has been 
expected for .  we conjecture weakly 
anomalous transport with log-correction in 

d ≥ 3
d = 2

we discovered the “  law” for the variance-to-
mean ratio of conductance, and propose that it is a 
signature of a universality class of normal 
transport induced by random current matching

2/3
no numerics yet

in the hierarchical version, we proved normal 
transport in  and showed (but didn’t prove) weakly 
anomalous transport with log-correction in 

d ≥ 3
d = 2

summary


