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P THEOREM 2. There 1s an excited state for the cyelic linear chain with nearest
ABPq F;;I\#JIX B. NON neighbor Heisenberg interactions having vanishingly small excitation energy
W SENCE OF aN g in the limit that the length of the chain becomes infinite.
for ae f;?ve two exact, theo Proof. Consider the state
\ eisenber heol prcmm st ' |
_'1 l}e genera,li.z‘ca,fgll'gllnfl;()dle I wi ¥, =exp (ikz nS o = 0", . (B-11)
IS llldfga,t ‘ 0O onger N st AN ‘ e .
of the ()rdeéd" A further gener. We first show that if k& = (2r/N) X odd integer, ¥ 18 orthogonal to the ground
In the J owgnlg of excited sta; state. Consider the unitary operator U, that displaces all the spins by one site
THEOREM*(_II Oi; Mathematica cyclically:
magnet] . or a linear ¢| . L
S :g 8;18 HelSenberg int:;‘;ccé .Sl '= Sins Syt = S (B-l?)
Proof. | S
<hall );1;) WeT first remark that Because |
eXCllldé t’h:lf)o proved that thl [H,Ux} = 0,
hi ossibilit . : : gy
of which may not bley of Ithere if o 18 an eigenstate of H,so1s UVo- By the nondegeneracy of Yo
singlets. . i '
‘ U, = €T (B-13)
(B-14)

H = Z ‘
5487
® . Thus
(¥, | o | ¥o)

I \ \Yk> =



basic setting

twist operator

generalized Lieb-Shultz-Mattis (LSM)
theorem

topological phase transitionin S = 1 chains
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basic setting



quantum spin chain on 7

spinwith S = 1.2, ... on each sitej € Z

)

spin operators S; = (5%, 57, 5%)
with [S}, 53] =1id;%57,... and (S;)? =S(S+1)
act on the local Hilbert space C25+!
A, set of all polynowials of 57

C*-algebra 2A = 2.

Det: A stateis a linear function p : 2 — C such that
p(I)=1and p(ATA) > 0 for any A € A

p(A) is the expectation value of A in the sate p




Hamiltonian |

H=Y h, g
j; ’ local Hamiltonian r; = h! € A,
M short-ranged
h;acts only onspinsatk € {j,....j + ry}

M translation invariant
h; is the translation of £,

o U(1) invariant essential assumption

h; i invariant under an arbitrary uniform rotation
about the z-axis

example: Heisenberg antiferromagnetic chain
hj =555



unique gapped ground state (g.s.)

Def: A statewisaa.s.iff o(V'[H,V]) >0forany Ve %,

one cannot lower the energy by a local modification with v

(BPas|VTHV |Pag)
when w(A) = (Pas|A|Pas
(2= ol Bos, (Pas|VTV|Pgs)

> FEgs

)

Def: A g.5. w is a unique gapped q.s. iff it is the only g.s. and
3y > 08t w(V'[H,V]) > yo(V'V) for VV € %A, . With
w(V) = 0. The energy gap AE of w is the largest y
(BPas|VITHV |®ag)
(Das|VIV|Das)

whenever (Pgs|V|®gs) =0 AE_ ol

> Hs T+




main theme

twist operator



Bloch 1949

local twnstoeratoL.eb . st s 1901, 195

{27’(’, ] ; L —; € / <
x+ /¢
Lemma: Let o be a g.8. Then for anv x and ¢ > ¢, one has
0 <w(U!,[H.U,0)) < S where C and ¢, are constants

w(Us.) = 0 —3> (energy gap of o) < 7
the original logic in Lieb, Schultz, Mah‘ls and Afﬂeck Lieb

Lemma: Let o be a unique gapped g.s.  “'“+
with energy gap AE > 0. Then one
has 1 — ;7 < w2 < 1

w(Us,.)| ~ 1 if ¢is large enough




generalized
Lieb-Shultz-Mattis (LSM)
theorem




a modification to the twist operator

O, ]<CE 27T‘i ____________________
dj=q2n(j—x)/f, s<j<z+{ /
2T, I>x 44, /
% 7=t

the modification is necessary only for s = .=, .

L
>



winding humber
suppose that o is a unique gapped g.s.
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translation

w(Uge) = w(Uyp)

invariant

A

me

w(U, ) is continvous in x € [0,1]

w(Us,.0)| =~ 1 tor sufficiently large ¢ k

well-defined winding number v, € 7

topological index

Lemma: v, = o(S7 + S) TR0

ittt expli2Ta Z§:1(S? +8)] Up.e

~
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generalized LSM theorem
quantuwm spin chain with a short-ranged U(1) invariant
translation-invariant Hamnl’roman

w i$ a Unique gapped g.s. w(S5 +5) € Z

TheOrem Oshikawa, Yamanaka, Affleck 1997, Tasaki 2018
W(S? + S) ¢ 7 =~y © cannot be a unique gapped g.s.

for models where a unique g.s. satisfies w(5*) =0

Theorem affieck, Lieb 1984
5 = -4 there can be no unique gapped g.s.

1
S

“half” of the Haldane conjecture

Haldane 1981, 1983, 1983
the Helsenberg AF chain has a unique gappless g.s if

S=-,,...,and a unique gapped 9.8. if S = 12,.



generalized LSM theorem
quanfum spin chain with a short-ranged U(1) invariant
translation-invariant Hamil’ron\n

w i$ a unique gapped 9.8, =~ w(S7+5) € Z

Theorem Oshikawa, Yamanaka, Affleck 1997, Tasaki 2018
w(S% + S) ¢ 7. = ® Cannot be a unique gapped g.s.

for models where a unique ¢

: ltz-Matti
Theorem that stat

: Haldane 1981, 1?83, 1983
the Heisenberg AF chain has a unique gappless g.s if

S=-,,...,and a unique gapped 9.8. if S = 1.2,...



—

topological phase transition
in S = 1 chains



models with unique gapped g.s.

Theorem Affleck, Lieb 1986

SESfHEEGD

there can be no unique gapped g.s.

for S = 1, Iquantum spin chains with U(1) and translation
invariant Hamiltonians which have a unique gapped g.s.

Mtrivial model Hivivia = > ,,(57)° AL GRTT g
rotation about the z-

08. = R;cz10); 5510); =0 VTN

non-interacting model with U(1) X Z, symwmetry
o AKLT wmodel Haxir = 2 iczlSi Si1+ %(Sj - S;11)%}

» ~ ,m*’ /""ﬂ p'""\
Q= N ‘. o - £o 0 . o
] [ ] e . \'q.w/ ‘\*‘“/ - # \-//

Affleck, Kennedy, Lieb, Tasaki 1987, 1988, Matsui 1997

antiferromagnetic model with SU(2) symwmetry




models with unique gapped g.s.

Theorem Affleck, Lieb 1986

SE3EERE

there can be no unique gapped g.s.

for S = 1, Iquantum spin chains with U(1) and translation
invariant Hamiltonians which have a unique gapped g.s.

Mtrivial model Hivivia = > ,,(57)° AL GRTT g
rotation about the z-

08. = R;cz10); 5510); =0 VTN

non-interacting model with U(1) X Z, symwmetry

antiferromagnetic model with SU(2) symwmetry



Interpolating model

Hs = s Haxrr + (1 =<4 S) Lt s = [O, 1] S =1
a Unique gapped energy gap |
a.S. at s = 0.1 toE L | 6 '8' '1'0' '1'2'
0.8- ° :
0.6:— ’ . .
; gapless point .- -

—_f 0.4 ) P e : Haldane
0.23— = b : gap
0'0610' o2 f fo?4' 06 08 '11(__33

numerical results by Rosho Katsura

there is a phase transition at intermediate s !
gapless (eritical) point
trivial phase Vv Haldane phase L
unique gapped 9.8.  unique gapped g.s.




topological phase transition

Hs = s Hakrr + (1 — 8) Hurivial s € [0, 1] e
gapless (eritical) point

O| trivial phase Vv Haldane phase | SEE

unique gapped g.5.  Unique gapped g.s.
how can one distinguish between the two “phases”?
is there really a phase transition?

hidden antiferromagnetic order den Nis, Rommelse 1989
the emergence of edge states

Kennedy 1990, Hagiwara, Katsumata, Affleck, Halperin, Renard 1990

hidde" Z2 X Zz SYWIWIQ‘I'I’Y bl’eaki"g Kennedy, Tasaki 1992
theory of symmetry protected fopological (SPT) phases

Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2010, 2012

proof of the existence of a phase transition

Tasaki 2018, Ogata 2018



twist operator as an “order parameter”

Hs = s Hakrr + (1 — 8) Hurivial s € [0, 1] e
gapless (eritical) point

O| trivial phase Vv Haldane phase | SEE

unique gapped g.5.  Unique gapped g.s.
how can one distinguish between the two “phases”?

Ux,g — eXx [—Z ZjEZ HJS]Z] 0, grisian:
05, 0j=32r(j—2)/t, 2<j<a+4,
2”/ 2, j>xz+4,
S it U, continvous in = and ¢
7 x+ 4
wtrivial(Ux,E) =1 /

wakrT(Use) =~ —1 for sufficiently large ¢

ws(Uz,e) can be used as an ‘order parameter”
Nakamura, Todo 2002



twist operator and Z, topological index
Hs = s Hakrr + (1 — 8) Hurivial s € [0, 1] S=1

H; is invariant under S7 — — S7 U(l) X Z, symmetry

J
Us,e = expl—i Y7 0;57] — exp[—i Y5 0;(=S%)] = Ul ,

if @, is a unique gapped g.s. of H_ w(Uyz )
Ws(Ua;,E) S E wS(U;,E) c R | _
wS(Ux,g) e ool | / o :Tfmm;?l
well-defined topological index o, € {1, — 1}

such that oo = 1and o1 = —1

Theorem tasaki 2018 :
thereis s € (0,1) at which w, is either not a unique

gapped g.s. or exhibits discontinuity



twist operator and Z, topological index
Hs; = s Hakrr + (1 — 8) Hirivian - s € [0, 1] S=1

ThQOI’er Tasaki 2018
Thereis s € (0,1) at which w, is either not a unique

gapped g.8. or exhlbn‘s dlscon’rmuu’ry

[ proof: suppose that for Vs € [0,1], o isa unique gapkd
10.8.and (A) is continuous in s for VA € Ao M| T
then w,(Us,0) ~ 1 for Vs € [0,1]if ¢ is R TR

~' sufﬁclemlv large
\sinee w, (U, ¢) is continuous in s, its sign o, cannot change

ogata2018 @ COMPplete ’rheory of SPT phases that only
requires the minimum symwetry, e.g., Z, x 7,

Tasaki’s theorew is elementary, but requires larger
symwmedry, e.q., U(l) X Z,



edge state
in the Haldane phase
of S = 1 chains




edge state in the Haldane phase

_ effec’rlveS_— g spmchamofS_

HAKLT on the mﬁmte cham has a umque gapped g.S.

H , i 7 0n the half-infinite chain has doubly degenerate g.s.
Affleck, Kennedy, Lieb, Tasaki1988

the emergence of the effective S = % degree of freedowm at

the edge is a universal property of the Haldane phase

Kennedy 1990
Hagiwara, Katsumata, Affleck, Halperin, Renard 1990

3220
Magnetic Field (Oe)



the existence of an edge state

Hs = s Hakrr + (1 — 8) Hurivial s € [0, 1] e
H =Y.
(s) Z
hj'=s{8; - Sj+1+ 3(5; - Sj+1)%} + (1 = 5) (57)7

H, =Yz, h;" Hamiltonian for spin systew on Z,

TheOle Tasaki 2021
Suppose that H_ has a unique gapped g.5. with o, = — 1,
and let . be an arbitrary g.s. of H/

For arbitrary £ > O, there exists a unitary U, such that
w(U)=0and o/ (U'[H,U]) < e

S? E

Moreover, U. is local and acts near the edge of 7,

U,.| @) is orthogonal to | @ ), and has
excitation energy < e






j>x+ 4,




connecting 4, ., +and H__. . .
without phase transitions



SPT phases in S = 1 chains

Hs = s Hakrr + (1 — 8) Hurivial s € [0, 1] e

O| trivial phase Haldane phase 1|

the picture of symwmetry protected topological (SPT) phases

Pollmann, Turner, Berg, Oshikawa 2010, 2012, Ogata 2020, 2022
more generally, there always is a phase transition if
Hy=H_ .., H = Hqr and H_has Z, x Z, symmetry

|

one may connect the two models without phase transition
if the symmetry is not respected

examples Bachmann, Nachtergaele 2012, 2014, Maekawa, Tasaki 2022

general theory within MPS ogata 2017




interpolating the g.s.of 7. . . and H

Maekawa, Tasaki 2022
N} Katsura (private comm.)

the g.s. of HAKLT on the open chain {1,.. .,

Ni—1

T (®3 ){\T N ® (® R H>j,R!T>j+1,L)) R WN,R}

I

I S

LSM-like twist operator with imaginary angles
Vo =5 =175 = exp[- TV 8,57] 0; =jlogs

twisted state s < (0,1] *variation 7 _

|(I) > EEL VS (I)R%{LT>
\2 @Lhﬁu
N=—1

~C. (@) {1 ® (@ hnbiyoss - Winithens)) © W)

j=1




interpolating the g.s.of /.., and H,, ;
'rW[S‘l'ed S‘l'a‘l'e s € (O 1] Maekawa, Tasaki 2022
D) Vs|®ykrr)

At (@ ) {Ms® (R (s tyrlblers — Wirlthern) ) ® v e

|(I)1> (const) |(I)AKLT> a g.S. of H et :

\<I>o> _ ®;, 110); the unique g.3. of Htr1v1al
@, ’rhe mﬁm’re volume Ilwu’r (on Z) of \cD )

) franslation invariant  §

Theorem: There is a continvous family 7 (with s € [0,1])
of Hamiltonians on Z with H, = H, r and H, = H;,
such that @, is a unique gapped g.. of H_for s € [0,1].



interpolating the g.s. of H; ;,, and H,y, ;
fW[S‘red S‘l'a‘l'e S € (O 1] Maekawa, Tasaki 2022
2,) = q)f*KLT> \

gapless | general wmodels
modls 3

fhe mﬁmfe volume hmn“ (o
translation invariant

Theorew: There is a continvous family A, (with s € [0,1])
of Hamiltonians on Z with A, = H,y, r and H, = H;;,,
such that @ is a unique gapped g.s. of /_for s € [0,1].



Thouless spin pumping
in S = 1 chains



spin pumping in the previous example

Maekawa, Tasaki 2022

ki) @ —@ —@ 9—6 o—@ o b

¥ the LSM-like twist with imaginary angles

S” wmay be treated as a local charge since ° S is conserved
Th]ouless 1983, Shindou 2005



spin pumping in the previous example

Maekawa, Tasaki 2022

ki) @ —@ —@ 9—6 o—@ o b

¥ the LSM-like twist with imaginary angles

¥ thereversed and reflected transformation

c this is a general
phenowenon!

S? = 4 1 is pumped from left to right!

S” wmay be treated as a local charge since ° S is conserved
Th]ouless 1983, Shindou 2005



pumping in an infinite quantum spin chain

quantum spin chains on Z with Hawiltonian H? (s € [0,1])
H? 18 U(1) invariant Hp = Hp
Hp has a unique gapped g.s. a)P with gap > AE, > 0
a)P(A) is continvousin s € [0,1] forany A € A,

0, 3 <

U.ly — €xp| ¢ Z]EZ 0;5%] 0i=q2m(i—a)/t, s<j<a+6

e I> x4+,
fix x and sufficiently large ¢ f N
‘WE(UCE,E)| ~ ] / K g
wP(U,,) € C Withs € [0,1] defines a loop

Claim: the corresponding winding number p € Z is the
amount of S pumped frowm left to right in the g.s. when s

is slowly changed from O o 1 iRt tidennt o,
O 00000 0 000

A




SPT phases and “half-spin pumping”
quantum spin chains on Z with Hamiltonian H? (s € [0,1/2]]
H? is U(1) invariant
HP has a unique gapped g.8. »® with gap > AE, > 0
wP(A) is continvous in s € [0,1/2] for any A € .

HP and HP are U(1) X Z, invariant

invariant under any
ag = — 1 and 052 — rotation about the z-
4o axis and S? - — S
Haldane phase trivial phase J J
WS(UQ;,E) ~ —1] wlf/2 ’

the “winding number” is
inevitably nonzero! po_i2€Z+ 5




SPT phases and spin pumping

quantuw spin chains on Z with Hawmiltonian H? (s € [0,1])
H? 18 U(1) invariant Hp = Hp
Hp has a unique gapped g.s. a)P with gap > AE, > 0
a)P(A) is continvousins € [0,1] forany A € A

HP and HP areU(1) X Z, invariant

P__ Dt
0, lahd01/2 1

RH? = H? _where 2 is the spatial reflection

ThQOI’er Tasaki, in preparation WP (U e) A

In the above setting the winding
nuwmber p € Z, which is the total spin
pumped in the adiabatic process

s : 0 = 1, IS honzero.  variation =2




SPT phases and spin pumpmg

Theorem Tasaki, in preparation

In the above setting the winding

number p € Z, which is the total spin
pumped in the adiabatic process
s : 0 — 1, IS honzero.

we always have nonzero pumping when there is a path of
Hamiltonians with a unique gapped g.s. which connect
models in the Haldane phase and the trivial phase

>_ U(l) svmme-l-ry Kuno, Hatsugai 2020

triviafphase _ Haldane\phase
U(1) X Z, symmetry

gapless model ~~—< i

similar examples of transl. inv. models with any integer S



classifying loops of
Hamiltonians




index for a loop of Ramiltonians

with any S, not necessarily translation invariant

loop /. of Hamiltonians
one-parameter family # with s
invariant Hamiltonians on Z such that H, = H,

H_has a unique gapped g.5. . with gap > AE, > 0
oy(A) is continvous in s € [0,1] for any A € A,

e [0,1] of U(1)

\%(Ux,e)

e

Theorem

J winding number
p(H.)

For each loop A of Hawmiltonians, there is a well-defined

index p(H) € Z



homotopic loops of Hamiltonians ... ...

Bachmann, DeRoeck, Fraas, Jappens 2022

loops 1 and A’ of Hamiltonians are homotopic iff
Itamily H, , with s, 4 € [0,1] of U(1) invariant
Hawmiltonians on Z such that # , = H and H, , = H|

H, , has a unique gapped 9.8. », , with gap > AE, > 0
w, ,(A) is continvous in (s, 1) € [0,1] for any A € A

U(1) symmetry
= >
Hs
/
TheOrem Tasaki, in preparation

It H and H’ are homotopic, then p(H) = p(H))




another no-go theorem
} U(1) symwmetry

_Haldang\phase
U(l) X Z, symwetry

g fir gapless, degenerate,
fapless S " or discontinuous

this structure is “stable”
disk D

oD = [0, 1]

U(1) symwmetry

Corollary
Let D be a disk, and H, be U(1) invariant Hamiltonians

indexed by ¢ € D which coincide with HP on oD. Then it is
impossible that 7, has a unique gapped 9.8. »_ forall g € D

and that o (A) is continuous in g for any A € 2



summary

A the twist operator of Lieb-Schultz-Mattis and
Affleck-Lieb enables us o prove various “topological”
properties of quantum spin chains in surprisingly
elementary manners.

A the methods apply (more naturally) to fermionic or
bosonic systewms in one dimension.

M are there similar elementary strategies that apply
to systems with discrete symmetry?
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