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Two genuinely quantum mechanical models for an antiferromagnetic linear 
chain with nearest neighbor interactions are constructed and solved exactly, 
in the sense that the ground stat,e, all the elementary excitations and the free 
energy are found. A general formalism for calculating the instantaneous corre- 
lation between any two spins is developed and applied to the investigation of 
short- and long-range order. Both models show nonvanishing long-range 
order in the ground state for a range of values of a certain parameter X which 
is analogous t,o an anisotropy parameter in the Heisenberg model. A detailed 
comparison with the Heisenberg model suggests t,hat the latter has no long- 
range order in the isotropic case but finite long-range order for any finite 
amount of anisotropy. The unreliability of variational methods for determin- 
ing long-range order is emphasized. It is also shown that for spin r4 systems 
having rat,her general isotropic Heisenberg interactions favoring an antiferro- 
magnetic ordering, t,he ground state is nondegenerate and there is no energy 
gap above the ground st,at)e in the energy spectrum of t,he total system. 

I. INTRODUCTIOiX 

For an infinite chain of spins interact,ing with nearest neighbors via a Heisen- 
berg interaction, the exact energy eigenstates were found, in principle, many 
years ago by Bethe (1) and the ground-state energy was fouled somewhat later 
by Hulthen (2). The problem has nevertheless occasioned a persistent theoretical 
interest. This is because the exact method of Bethe does not seem capable of 
generalization t’o the more interesting cases of two and three dimensions. The aim 
has generally been t,o con&ruct, approximate methods that give accurate results 
in one dimension, as determined by a comparison with the known exact results, 
but which can be generalized to two or three dimensions with some degree of 
confidence and simplicit’y. I’nfort8unately, the crucial test for any approximate 
method is how well it describes the long-range order; but it is precisely this test 
which has been impossible, because the long-range order has never been calcu- 
lated exactly by t,he method of Bethe. 

There is, in fact, still considerable doubt about t,he nature of the long-range 
order in one or more dimensions. On t#he one hand, spin wave met)hods used by 
ilnderson (3) and Kubo (4) have predicted long-range order in two or three 
dimensions, although Anderson (but not Kubo) predicts no long-range order in 
one dimension. Variational methods of Kasteleijn (6) generalized to two and 
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vectors ( xi $I:, = I), then t.he 41’s arc also automatIically normalized when AI, f 0 or call be so chosen when A, = 0. This ensures that 
F (gkigk,L + hthk,i) = 8~:tf (.4-!)a) and 

F (g&s,; - gvh:,) = 0, (-44%) the necessary and sufficicntI conditions t,hat the vk’s and vg+‘s hc cnnonicaI I’ermi operators. 
The constant in H can he determined by suhstitJuting (h-3) in (A-l ) or, less t’ediously, from the invariance of tr H under the canonical transformation (A-2). From (A-l) 

tr H = 2“-* c d L, (A-10) z 
while from (A-3) 

tr H = 2‘v-1x Ak + 2M X constant. (A-11) k 
The constant is t’hus 1/6( c A iS - c &) and 1 k 

APPENDIX B. NONDEGESERACY OF THE C;ROUIW STATE ANI) ABSENCE OF AN ENERGY GAP IN THE HEISENBERG MODEL We prove two exact t,heorems about the ground state and excitation spectjrum for a Heisenberg model wit,h nearest neighbor interactions in one dimension. The generalization to longer range interactions and higher-dimensional lattices is indicated. A further generalization to particles of spin # ,S$ and a discussion of the ordering of excited st.at.e energy levels has been submitted for publication in the ,Journal of i!lathmatical Physics by Lieb and Mattis. THEOREM. 1. For a Iinear chain of spin !.i’s wit,h nearest, neighbor antiferro- magnet,ic. Heisenberg interactions, the ground st.ate is nondegenernt,e (hence 5’ = 0). 
Proof. We first remark that t.his is a stronger theorem than t,hat due to hlar- shall (7), who proved t.hat there is a singlet ground state, but who did not exclude t,he possibility of t,here being several degenerate ground states, some of which may not be singlet,s. We consider the Hamiltonian 

H = C s’i9”j + J,,‘jC S’;S-j + S-;S+j , (B-1) 

ASTIFERROMAGXETIC CHAIN 
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Kext we investigate the nat’ure of the excitation spectrum and prove 

THEOREM 2. There is an excited state for the cyclic linear chain wit’h nearest 

neighbor Heisenherg interactions having vanishingly small excitation energy 

in t,he limit t,hat the lengt’h of the chain becomes infinit,e. 

Proof. Consider the state 

*A. = exp (ilk c ?lH”,, )*‘o = a%, . (B-11) 

We first show that if li = (2?r/N) X odd integer, \kk is orthogonal to the ground 

state. Consider the mmary operat,or U, that displaces all the spins by one site 

cyclically: 

Because 

c-,sil-,-’ = s,+1 ) %+I = s, . 

[H,LT,] = 0, 

if \ko is an eigenstate of H, so is I’,\kO . By the nondegeneracy of q0 

IYz\ko = e’“*(I . 

Thus 
(*” 1 \kk) = (‘k” I 0” / \k”) 

= (90 1 c’,s”I~;’ 1 90). 

But 

IT,SkC,’ = 0” exp (i/iNS”lj exp (--SF S”,). 
1 

Because qU is a singlet 

exp (-ikk Sz,)*O = 0. 
1 

Furthermore, in t,he most convenient representation 

LTl = (‘,2 -:.> 

so that) 

exp(ikiL’S’J = (i’ J1> 

in this or any other represent,ation, providing 

k = &m/N, 111 an odd integer. 

(B-12) 

(B-13) 

(B-14) 

(B-15j 

(B-16) 

(B-17a) 

(B-17b) 

(B-18) 
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quantum spin chain on ℤ

spin with  on each site S = 1
2 ,1, 3

2 , … j ∈ ℤ

-algebra C* 𝔄 = 𝔄loc

 set of all polynomials of 𝔄loc Sα
j

Def: A state is a linear function  such that 
 and  for any 

ρ : 𝔄 → ℂ
ρ(I) = 1 ρ(A†A) ≥ 0 A ∈ 𝔄

spin operators 
with 

act on the local Hilbert space 

 in most part of the talkS = 1

and 

<latexit sha1_base64="vWRPcH0y1XN0BKIbZUEfOnqQru0="></latexit>
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j , S

y
j , S

z
j )

<latexit sha1_base64="jP3ckAw8OpRlvCOtTP3Ovg46rdQ="></latexit>
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j , S

y
k ] = i �j,k S

z
j , . . .

<latexit sha1_base64="ikfoKLB6kyT8PUQSEVzOdhGpyAQ="></latexit>

(Sj)2 = S(S + 1)
<latexit sha1_base64="pc1EZlTktwjg/bqpHi+IocurN1w="></latexit>

C2S+1

 is the expectation value of  in the sate ρ(A) A ρ



Hamiltonian

 is the translation of hj h0

formal expression

 translation invariant

 is invariant under an arbitrary uniform rotation 
about the z-axis
hj

 short-ranged
local Hamiltonian

  invariantU(1)

 acts only on spins at hj k ∈ {j, …, j + r0}

example: Heisenberg antiferromagnetic chain

essential assumption

<latexit sha1_base64="fNzoF2errzG3WCSLWVTpeUFoeOQ="></latexit>

H =
X

j2Z
hj

<latexit sha1_base64="hckJ9V7jkLPW094mmyTM2yU/7/s="></latexit>

hj = h†
j 2 Aloc

<latexit sha1_base64="aaqeWrOsVEiVXrbk9R99Q3wdfZ4="></latexit>
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k2{j,...,j+r0} Sz
k = hj

<latexit sha1_base64="O25DYgypZIUVb5A/F0IwjQq++5U="></latexit>

hj = Sj · Sj+1



Def: A g.s.  is a unique gapped g.s. iff it is the only g.s. and 
 s.t.  for  with 

.  The energy gap  of  is the largest 

ω
∃γ > 0 ω(V†[H, V]) ≥ γ ω(V†V) ∀V ∈ 𝔄loc
ω(V) = 0 ΔE ω γ

unique gapped ground state (g.s.) 
Def: A state  is a g.s. iff  for any ω ω(V†[H, V]) ≥ 0 V ∈ 𝔄loc

one cannot lower the energy by a local modification with V
<latexit sha1_base64="BFlCkXaHvoXUWuiXszl4xl75oHY="></latexit>

h�GS|V †
HV |�GSi

h�GS|V †V |�GSi
� EGS

<latexit sha1_base64="IkKvSAEvQ5cLObocBn2ErQfHW58="></latexit>

h�GS|V †
HV |�GSi

h�GS|V †V |�GSi
� EGS + �

<latexit sha1_base64="Kk5VqneVGpW2F7igCSqMKebj/5A="></latexit>

h�GS|V |�GSi = 0 �E = O(1)whenever

a unique g.s. accompanied by a nonzero energy gap

<latexit sha1_base64="aEBBWtRKVlStVj95Qontikxq0jM="></latexit>

!(A) = h�GS|A|�GSiwhen
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local twist operator
θj

2π

x x+ !

Figure 1: The spin-rotation angle θj increases gradually from 0 to 2π as the coordinate varies from x
to x+ #. Otherwise it is equal to 0 or 2π.

introduce the local twist operator, which plays a central role in the present section and section 5. For any
x ∈ R and ! > 0, we introuduce the corresponding angle θj for j ∈ Z by

θj =






0, j < x;

2π(j − x)/!, x ≤ j ≤ x+ !;

2π, j > x+ !,

(3.4)

and define the local twist operator by

Ûx,! = exp
[
−i

∑

j∈Z
θj(Ŝ

(z)
j + S)

]
. (3.5)

Although the definition has an infinite sum inside the exponential function, it is indeed a local operator

because one has exp[−i2π(Ŝ(z)
j + S)] = 1. In fact we can write the same operator as

Ûx,! = exp
[
−i

∑

j∈Z∩[x,x+!]

2π(j − x)

!
(Ŝ(z)

j + S)
]
, (3.6)

where the locality is manifest. Like the operator (3.1), the twist operator Ûx,! describes a spin-rotation in
the interval Z ∩ [x, x+ !], but the rotation angle 2π(j − x)/! varies gradually from 0 to 2π as j moves from
x to x+ !. When ! is large, the operator gives a gentle twist to the state on which it acts. See Figure 1.

Note that the twist operator Ûx,! is continuous both in x and ! because of the identity exp[−i2π(Ŝ(z)
j +

S)] = 1. The continuity will play an essential role in the present analysis. We used Ŝ(z)
j +S, instead of Ŝ(z)

j ,

in the definition (3.5) to guarantee the continuity15.
We shall start by stating an elementary but essential variational estimate that goes back to Lieb, Schultz,

and Mattis [1].

Lemma 3.1 Let ω be a ground state of an U(1) invariant Hamiltonian Ĥ. Then it holds for any x ∈ R and
! ≥ !0 that

0 ≤ ω(Û †
x,! [Ĥ, Ûx,!]) ≤

C

!
, (3.7)

where C and !0 are constants that depend on the Hamiltonian.16

The first inequality in (3.7) is nothing but (2.4) in the definition of ground states. Consider, as we did
in the interpretation of the condition (2.4), a finite system and let ω(Â) = 〈ΦGS|Â|ΦGS〉, where |ΦGS〉 is a
normalized ground state with energy EGS. Then we see that

ω(Û†
x,! [Ĥ, Ûx,!]) = 〈ΦGS|Û †

x,!ĤÛx,!|ΦGS〉 − 〈ΦGS|Ĥ|ΦGS〉 = 〈Ψ|Ĥ|Ψ〉 − EGS, (3.8)

where |Ψ〉 = Ûx,!|ΦGS〉 is a noramalized trial state. Thus we see that the expectation value ω(Û†
x,! [Ĥ, Ûx,!])

is the increase in the energy expectation value when the ground state ω is modified by a local unitary
operator Ûx,!. The lemma states that the increase can be made as small as one wishes by letting ! large.

15This is only necessary when S is a half-odd-integer.
16One may express C in terms of S, r, and h0. See (3.14) below for an example.
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Note that the twist operator Ûx,! is continuous both in x and ! because of the identity exp[−i2π(Ŝ(z)
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ω(Û†
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0  !(U †
x,`[H,Ux,`])  C

` where  and     are constantsC

<latexit sha1_base64="rO9FNWX3UYcgZCHxRWd1HwemwtU="></latexit>

` � `0
<latexit sha1_base64="paOXxDXbsAgIELtp4B3qhVl9Flg="></latexit>

`0

Lieb, Schultz, Mattis 1961, Affleck, Lieb 1987

Lemma: Let  be a unique gapped g.s. 
with energy gap .  Then one  
has

ω
ΔE > 0

<latexit sha1_base64="nS3kaM1DrOqGewJpQ+VN9/K+iDY="></latexit>

1� C
`�E  |!(Ux,`)|2  1
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!(Ux,`)
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|!(Ux,`)| ' 1 if   is large enough<latexit sha1_base64="DD5z+OWVzvQZk7N4ERTHvb251/U="></latexit>

`
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Ux,` = exp[�i
P

j2[x,x+`]\Z ✓j S
z
j ]
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x 2 R, ` > 0
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!(Ux,`) = 0 (energy gap of )ω
<latexit sha1_base64="lhTWv05dKaxE0ywVPGdhMTxp1Yg="></latexit>

 C
`

the original logic in Lieb, Schultz, Mattis and Affleck, Lieb
gapless!

Bloch 1949



generalized  
Lieb-Shultz-Mattis (LSM)  

theorem



a modification to the twist operator
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z
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Figure 1: The spin-rotation angle θj increases gradually from 0 to 2π as the coordinate varies from x
to x+ #. Otherwise it is equal to 0 or 2π.
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ω(Û†
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2π, j > x+ !,

(3.4)

and define the local twist operator by

Ûx,! = exp
[
−i

∑

j∈Z
θj(Ŝ

(z)
j + S)

]
. (3.5)

Although the definition has an infinite sum inside the exponential function, it is indeed a local operator

because one has exp[−i2π(Ŝ(z)
j + S)] = 1. In fact we can write the same operator as

Ûx,! = exp
[
−i

∑

j∈Z∩[x,x+!]

2π(j − x)

!
(Ŝ(z)

j + S)
]
, (3.6)

where the locality is manifest. Like the operator (3.1), the twist operator Ûx,! describes a spin-rotation in
the interval Z ∩ [x, x+ !], but the rotation angle 2π(j − x)/! varies gradually from 0 to 2π as j moves from
x to x+ !. When ! is large, the operator gives a gentle twist to the state on which it acts. See Figure 1.

Note that the twist operator Ûx,! is continuous both in x and ! because of the identity exp[−i2π(Ŝ(z)
j +

S)] = 1. The continuity will play an essential role in the present analysis. We used Ŝ(z)
j +S, instead of Ŝ(z)

j ,

in the definition (3.5) to guarantee the continuity15.
We shall start by stating an elementary but essential variational estimate that goes back to Lieb, Schultz,

and Mattis [1].

Lemma 3.1 Let ω be a ground state of an U(1) invariant Hamiltonian Ĥ. Then it holds for any x ∈ R and
! ≥ !0 that

0 ≤ ω(Û †
x,! [Ĥ, Ûx,!]) ≤

C

!
, (3.7)

where C and !0 are constants that depend on the Hamiltonian.16

The first inequality in (3.7) is nothing but (2.4) in the definition of ground states. Consider, as we did
in the interpretation of the condition (2.4), a finite system and let ω(Â) = 〈ΦGS|Â|ΦGS〉, where |ΦGS〉 is a
normalized ground state with energy EGS. Then we see that

ω(Û†
x,! [Ĥ, Ûx,!]) = 〈ΦGS|Û †

x,!ĤÛx,!|ΦGS〉 − 〈ΦGS|Ĥ|ΦGS〉 = 〈Ψ|Ĥ|Ψ〉 − EGS, (3.8)

where |Ψ〉 = Ûx,!|ΦGS〉 is a noramalized trial state. Thus we see that the expectation value ω(Û†
x,! [Ĥ, Ûx,!])

is the increase in the energy expectation value when the ground state ω is modified by a local unitary
operator Ûx,!. The lemma states that the increase can be made as small as one wishes by letting ! large.

15This is only necessary when S is a half-odd-integer.
16One may express C in terms of S, r, and h0. See (3.14) below for an example.
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c~ 

Fig. 2.1. The  VBS  s ta te  Q,a  o n  a  finite  cha in . Ea ch  dot, line , a n d  do tte d  circle  re pre s e nts  a  s p in  1/2, 
a  s ingte t pa ir, a n d  the  s ymme triza tion  of two s pin  1/2's  to  cre a te  a  s p in  1 

We  ca n  a ls o  de fine  the  pe riod ic  e xte ns ion  o f H in  (2.2) by a d d in g  P 2(S 1 --}- S L) to  
H. Th is  is  a ls o  kn o wn  a s  pe riod ic  b o u n d a ry cond itions .  If L is  o d d  th e n  f2 = Q~a~'a  
is  a  g ro u n d  s ta te . IfLis  e ve n the n  f2 = f2~ ~ is  a  g ro u n d  s ta te , whe re  f2~ is  the  g ro u n d  
s ta te  g ive n b y the  a n a lo g  o f (2.11) for e ve n L. 

The re  is  a  s imple  d ia g ra m a tic  re p re s e n ta tion  o f the s e  VBS  s ta te s . E a c h  s ite  in  
the  cha in  is  re pre s e n te d  by two  do ts  which  re pre s e n t the  two  s p in  1/2's  a t th a t s ite . 
Ea ch  d o t ha s  a  line  coming  o u t o f it. C o n n e c tin g  two  o f the s e  line s  m e a n s  th a t the  
two  s p in  1/2's  a re  p u t in  the  s ingle t s ta te . Afte r fo rming  the s e  s ingle ts  we  m u s t 
s ymme trize  the  two  do ts  a t e a ch  s ite . This  s ym m e triz a tio n  is  re p re s e n te d  by a  
d o tte d  circle  a ro u n d  the  two  dots . F o r a n  ope n  cha in  the re  a re  fre e  line s  a t e a ch  e nd  
of the  cha in  co rre s pond ing  to  the  indice s  e  a n d  fi in  f2,a . The  re s u lting  d ia g ra m  for 
the  g ro u n d  s ta te  o f a n  ope n  cha in  is  s h o wn  in  Fig. 2.1. 

We  re fe r to  the s e  f2~a a n d  the ir (unique ) infinite  vo lu m e  limit a s  Valence-Bond 
S olid (VBS) g ro u n d  s ta te s . This  te rm in o lo g y come s  from the  obs e rva tion  tha t,  in  
the s e  s ta te s , the  va le nce  b o n d  (or s ingle t pa ir) s truc tu re  e xa c tly mimics  the  b o n d  
s truc tu re  o f the  ba s ic  la ttice . In  S e cts . 3, 4, a n d  6 we  will d is cus s  ge ne ra liza tions  o f 
VBS  s ta te s  to  o th e r la ttice s . 

The  VBS  g ro u n d  s ta te s  a p p e a r ve ry s imple  a n d  n a tu ra l in  the  p re s e n t ba s is , b u t 
the s e  s ta te s  a re  n o t a s  trivia l a s  the y m a y a ppe a r. In  pa rticu la r,  the s e  s ta te s  c a n n o t 
be  writte n  a s  a  s ingle  te ns o r p ro d u c t o f a  s ta te  a t e a ch  s ite . To  e mpha s ize  the  
richne s s  o f the s e  s ta te s  we  will e xpre s s  th e m  in  te rms  o f the  us ua l {(+), (0), ( - )} 
ba s is  o f S  3 e ige ns ta te s  a t e a ch  s ite . The  ba s is  ve c tors  for the  c h a in  a re  la be lle d  b y 
s trings  o f O's , + 's ,  a n d  - ' s .  We  d e n o te  s uch  s trings  b y A a n d  the  c o rre s p o n d in g  
s ta te  b y tp a . The  coe fficie nt of~pa  in  the  g ro u n d  s ta te  f2~a will be  d e n o te d  by f2,a (A ), 
s o  O~p = ~ Q~a(A)~oA. 

Th e  coe ffic ie nt f2,a (A) is  ze ro  unle s s  A is  o f a  s pe cia l fo rm  which  de pe nds  o n  
a nd /~ .  The  rule s  a re  a s  fo llows : 

e =  1 , /~ =2 : A m u s t c o n ta in  the  s a me  n u m b e r o f + 's  a n d  - ' s .  Th e  firs t n o n z e ro  
cha ra c te r in  A m u s t be  a  + ,  a n d  the re a fte r the  n o n z e ro  cha ra c te rs  m u s t a lte rn a te  
be twe e n  - a n d  + .  

c~ = 2,/~ = 1: S a me  a s  a bove  with  + a n d  - re ve rs e d. 

e =  i,  fl=  1: A m u s t c o n ta in  one  m o re  + th a n  - .  The  firs t n o n z e ro  cha ra c te r 
m u s t be  a  + ,  a n d  the re a fte r the  n o n z e ro  cha ra c te rs  m u s t a lte rna te  be twe e n  - 
a n d  + .  

= 2, fl=  2: S a me  a s  a bove  with  + a n d  - re ve rs e d. 

An  e xa mple  o f a n  A in  the  e  = 1,/~ = 2 cla s s  is  0 + 0 0 -  + 0 -  0 + 0 0 0 - .  
The s e  fou r cla s s e s  a re  d is jo in t with  one  e xce p tion ; the  s tring  c o n ta in in g  a ll O's  

be longs  to  b o th  the  e =  1 , /7 =2  cla s s  a n d  the  c t=2 , fl=  1 cla s s . No te  th a t for a n y 

models with unique gapped g.s.

for , quantum spin chains with  and translation 
invariant Hamiltonians which have a unique gapped g.s.

S = 1 ∃ U(1)

trivial model

AKLT model

Affleck, Kennedy, Lieb, Tasaki 1987, 1988, Matsui 1997
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topological phase transition

how can one distinguish between the two “phases”?

hidden antiferromagnetic order
the emergence of edge states
hidden  symmetry breakingℤ2 × ℤ2

den Nijs, Rommelse 1989

Kennedy 1990, Hagiwara, Katsumata, Affleck, Halperin, Renard 1990

Kennedy, Tasaki 1992

theory of symmetry protected topological (SPT) phases
Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2010, 2012

proof of the existence of a phase transition
Tasaki 2018,

is there really a phase transition?

unique gapped g.s. unique gapped g.s.
0 1 s

gapless (critical) point
Haldane phasetrivial phase
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twist operator as an “order parameter” 
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!trivial(Ux,`) = 1

for sufficiently large

θj

2π

x x+ !

Figure 1: The spin-rotation angle θj increases gradually from 0 to 2π as the coordinate varies from x
to x+ #. Otherwise it is equal to 0 or 2π.

introduce the local twist operator, which plays a central role in the present section and section 5. For any
x ∈ R and ! > 0, we introuduce the corresponding angle θj for j ∈ Z by

θj =






0, j < x;

2π(j − x)/!, x ≤ j ≤ x+ !;

2π, j > x+ !,

(3.4)

and define the local twist operator by

Ûx,! = exp
[
−i

∑

j∈Z
θj(Ŝ

(z)
j + S)

]
. (3.5)

Although the definition has an infinite sum inside the exponential function, it is indeed a local operator

because one has exp[−i2π(Ŝ(z)
j + S)] = 1. In fact we can write the same operator as

Ûx,! = exp
[
−i

∑

j∈Z∩[x,x+!]

2π(j − x)

!
(Ŝ(z)

j + S)
]
, (3.6)

where the locality is manifest. Like the operator (3.1), the twist operator Ûx,! describes a spin-rotation in
the interval Z ∩ [x, x+ !], but the rotation angle 2π(j − x)/! varies gradually from 0 to 2π as j moves from
x to x+ !. When ! is large, the operator gives a gentle twist to the state on which it acts. See Figure 1.

Note that the twist operator Ûx,! is continuous both in x and ! because of the identity exp[−i2π(Ŝ(z)
j +

S)] = 1. The continuity will play an essential role in the present analysis. We used Ŝ(z)
j +S, instead of Ŝ(z)

j ,

in the definition (3.5) to guarantee the continuity15.
We shall start by stating an elementary but essential variational estimate that goes back to Lieb, Schultz,

and Mattis [1].

Lemma 3.1 Let ω be a ground state of an U(1) invariant Hamiltonian Ĥ. Then it holds for any x ∈ R and
! ≥ !0 that

0 ≤ ω(Û †
x,! [Ĥ, Ûx,!]) ≤

C

!
, (3.7)

where C and !0 are constants that depend on the Hamiltonian.16

The first inequality in (3.7) is nothing but (2.4) in the definition of ground states. Consider, as we did
in the interpretation of the condition (2.4), a finite system and let ω(Â) = 〈ΦGS|Â|ΦGS〉, where |ΦGS〉 is a
normalized ground state with energy EGS. Then we see that

ω(Û†
x,! [Ĥ, Ûx,!]) = 〈ΦGS|Û †

x,!ĤÛx,!|ΦGS〉 − 〈ΦGS|Ĥ|ΦGS〉 = 〈Ψ|Ĥ|Ψ〉 − EGS, (3.8)

where |Ψ〉 = Ûx,!|ΦGS〉 is a noramalized trial state. Thus we see that the expectation value ω(Û†
x,! [Ĥ, Ûx,!])

is the increase in the energy expectation value when the ground state ω is modified by a local unitary
operator Ûx,!. The lemma states that the increase can be made as small as one wishes by letting ! large.

15This is only necessary when S is a half-odd-integer.
16One may express C in terms of S, r, and h0. See (3.14) below for an example.
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introduce the local twist operator, which plays a central role in the present section and section 5. For any
x ∈ R and ! > 0, we introuduce the corresponding angle θj for j ∈ Z by

θj =






0, j < x;

2π(j − x)/!, x ≤ j ≤ x+ !;

2π, j > x+ !,

(3.4)

and define the local twist operator by

Ûx,! = exp
[
−i

∑

j∈Z
θj(Ŝ

(z)
j + S)

]
. (3.5)

Although the definition has an infinite sum inside the exponential function, it is indeed a local operator

because one has exp[−i2π(Ŝ(z)
j + S)] = 1. In fact we can write the same operator as

Ûx,! = exp
[
−i

∑

j∈Z∩[x,x+!]

2π(j − x)

!
(Ŝ(z)

j + S)
]
, (3.6)

where the locality is manifest. Like the operator (3.1), the twist operator Ûx,! describes a spin-rotation in
the interval Z ∩ [x, x+ !], but the rotation angle 2π(j − x)/! varies gradually from 0 to 2π as j moves from
x to x+ !. When ! is large, the operator gives a gentle twist to the state on which it acts. See Figure 1.

Note that the twist operator Ûx,! is continuous both in x and ! because of the identity exp[−i2π(Ŝ(z)
j +

S)] = 1. The continuity will play an essential role in the present analysis. We used Ŝ(z)
j +S, instead of Ŝ(z)

j ,

in the definition (3.5) to guarantee the continuity15.
We shall start by stating an elementary but essential variational estimate that goes back to Lieb, Schultz,

and Mattis [1].

Lemma 3.1 Let ω be a ground state of an U(1) invariant Hamiltonian Ĥ. Then it holds for any x ∈ R and
! ≥ !0 that

0 ≤ ω(Û †
x,! [Ĥ, Ûx,!]) ≤

C

!
, (3.7)

where C and !0 are constants that depend on the Hamiltonian.16

The first inequality in (3.7) is nothing but (2.4) in the definition of ground states. Consider, as we did
in the interpretation of the condition (2.4), a finite system and let ω(Â) = 〈ΦGS|Â|ΦGS〉, where |ΦGS〉 is a
normalized ground state with energy EGS. Then we see that

ω(Û†
x,! [Ĥ, Ûx,!]) = 〈ΦGS|Û †

x,!ĤÛx,!|ΦGS〉 − 〈ΦGS|Ĥ|ΦGS〉 = 〈Ψ|Ĥ|Ψ〉 − EGS, (3.8)

where |Ψ〉 = Ûx,!|ΦGS〉 is a noramalized trial state. Thus we see that the expectation value ω(Û†
x,! [Ĥ, Ûx,!])

is the increase in the energy expectation value when the ground state ω is modified by a local unitary
operator Ûx,!. The lemma states that the increase can be made as small as one wishes by letting ! large.

15This is only necessary when S is a half-odd-integer.
16One may express C in terms of S, r, and h0. See (3.14) below for an example.
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twist operator and  topological indexℤ2

There is  at which  is either not a unique 
gapped g.s. or exhibits discontinuity

s ∈ (0,1) ωs

Tasaki 2018Theorem

<latexit sha1_base64="wJVoRC1+x8Mp8qFRXvFNsRHAQl4="></latexit>

!s(Ux,`) ' ±1then                       for  if    is 
sufficiently large

∀s ∈ [0,1] <latexit sha1_base64="DD5z+OWVzvQZk7N4ERTHvb251/U="></latexit>

`
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Ogata 2018 a complete theory of SPT phases that only 
requires the minimum symmetry, e.g., ℤ2 × ℤ2

Tasaki’s theorem is elementary, but requires larger 
symmetry, e.g., U(1) ⋊ ℤ2
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edge state in the Haldane phase 

 on the infinite chain has a unique gapped g.s.HAKLT

Affleck, Kennedy, Lieb, Tasaki1988
 on the half-infinite chain has doubly degenerate g.s.HAKLT
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(b) 77 lr

C-QX lS

the boundary of which the bulk gap vanishes. ' We will
be able to get information on the ground state of an
S=1 LCHA by studying this impurity-induced spin
state. Electron spin resonance (ESR) is one of the best
methods to study the spin system at a microscopic level.
In this paper, we report our ESR study on single crystals
of NENP containing a small amount of Cu +.
First, we summarize the crystal and magnetic proper-

ties of NENP. This compound crystallizes in the ortho-
rhombic system. ' The lattice constants are a =15.223
A, b =10.300 A, and c =8.295 A. The structure consists
of a Ni(C2HsN2)2NOq chain separated by C104 mole-
cules. The magnetic susceptibilities in a single-crystal
sample of NENP along the three crystallographic axes
show a rounded maximum at about 60 K and decrease
abruptly as the temperature is decreased further. The
intrachain exchange constant (dr) and the g values along
the crystallographic axes (g„gb, and g, ) are determined
by fitting the susceptibility data with the theory for an
S=1 LCHA. The values obtained are' d" = —47.5 K,
g, =2.23, gb =2.15, and g, =2.21. The value of the
single-ion anisotropy constant (D) is also estimated from
the susceptibility data to be 0.9 K. In the other experi-
ments' ' the D value is estimated to be about 10 times
larger than this.
The ESR experiment was performed by using stan-

dard L-band and K-band spectrometers. The tempera-

ture of the sample can be changed from 1.7 K to room
temperature. The sample used in this experiment is a
single crystal of NENP containing 0.7 at. % Cu + (nom-
inal concentration). We show in Fig. 2 the ESR signals
obtained at room temperature, 77 K, and 4.2 K, respec-
tively, when the external magnetic field is applied along
the c axis. The signal at 77 K is almost the same as that
at room temperature. On the other hand, the signal at
4.2 K is much diA'erent from those at the high tempera-
tures. We have studied the temperature dependence of
this signal above 4.2 K. The intensity of the right-most
line of Fig. 2(c) is plotted as a function of temperature
in Fig. 3. Here, the intensity is defined by I~~(AH)-,
where I~~ is the distance between the top of the hill and
the bottom of the valley of the dl/dH signal along the
vertical axis, and h,H is the corresponding width along
the horizontal axis. The intensities of the remaining two
lines in Fig. 2(c) behave similarly. We have also investi-
gated the angle dependence of the ESR signals in
Cu +:NENP at T=4.2 K. The external magnetic field
is rotated in the crystallographic a, b, and c planes. In
the a and c planes (the planes containing the chain axis
and the direction perpendicular to it), the resonance
fields of the left-most and right-most lines in Fig. 2(c)
change by about 2500 Oe. On the other hand, in the b
plane (the plane perpendicular to the chain axis), the
resonance fields change by about 1000 Oe. The reso-
nance field of the central line in Fig. 2(c) does not de-
pend much on the field direction. From these experimen-
tal results, it is evident that the ESR lines observed at
the low temperatures do not come from free Cu + ions
isolated from the chains. The value of the Haldane-gap
energy in NENP has been determined from the
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FIG. 2. ESR signals from a single crystal of Cu-'+:NENP
obtained at (a) room temperature, (b) 77 K, and (c) 4.2 K.
These are derivative signals (dl/dH) of the absorption intensi-
ty (I) with respect to magnetic field (H). We take for the res-
onance fields the points at which the dl/dH curves change
their sign. Note that the scale of the magnetic field in (c) is
expanded compared to (a) and (b).
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FIG. 3. Temperature dependence of the intensity of the
ESR line observed at the low temperatures in Cu'-+:NENP.
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the emergence of the effective  degree of freedom at 
the edge is a universal property of the Haldane phase

S = 1
2

effective S = 1
2 spin chain of S = 1



the existence of an edge state

Suppose that  has a unique gapped g.s. with , 
and let  be an arbitrary g.s. of   
For arbitrary , there exists a unitary  such that 

 and  
Moreover,  is local and acts near the edge of 

Hs σs = − 1
ω′ s H′ s

ε > 0 Uε
ω′ s(Uε) = 0 ω′ s(U†

ε [H′ s, Uε]) ≤ ε
Uε ℤ+

Tasaki 2021Theorem
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 is orthogonal to , and has 
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Uε |Φ′ GS⟩ |Φ′ GS⟩

≤ ε
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for sufficiently large x

proof

θj

2π

x x+ !

Figure 1: The spin-rotation angle θj increases gradually from 0 to 2π as the coordinate varies from x
to x+ #. Otherwise it is equal to 0 or 2π.

introduce the local twist operator, which plays a central role in the present section and section 5. For any
x ∈ R and ! > 0, we introuduce the corresponding angle θj for j ∈ Z by

θj =






0, j < x;

2π(j − x)/!, x ≤ j ≤ x+ !;

2π, j > x+ !,

(3.4)

and define the local twist operator by

Ûx,! = exp
[
−i

∑

j∈Z
θj(Ŝ

(z)
j + S)

]
. (3.5)

Although the definition has an infinite sum inside the exponential function, it is indeed a local operator

because one has exp[−i2π(Ŝ(z)
j + S)] = 1. In fact we can write the same operator as

Ûx,! = exp
[
−i

∑

j∈Z∩[x,x+!]

2π(j − x)

!
(Ŝ(z)

j + S)
]
, (3.6)

where the locality is manifest. Like the operator (3.1), the twist operator Ûx,! describes a spin-rotation in
the interval Z ∩ [x, x+ !], but the rotation angle 2π(j − x)/! varies gradually from 0 to 2π as j moves from
x to x+ !. When ! is large, the operator gives a gentle twist to the state on which it acts. See Figure 1.

Note that the twist operator Ûx,! is continuous both in x and ! because of the identity exp[−i2π(Ŝ(z)
j +

S)] = 1. The continuity will play an essential role in the present analysis. We used Ŝ(z)
j +S, instead of Ŝ(z)

j ,

in the definition (3.5) to guarantee the continuity15.
We shall start by stating an elementary but essential variational estimate that goes back to Lieb, Schultz,

and Mattis [1].

Lemma 3.1 Let ω be a ground state of an U(1) invariant Hamiltonian Ĥ. Then it holds for any x ∈ R and
! ≥ !0 that

0 ≤ ω(Û †
x,! [Ĥ, Ûx,!]) ≤

C

!
, (3.7)

where C and !0 are constants that depend on the Hamiltonian.16

The first inequality in (3.7) is nothing but (2.4) in the definition of ground states. Consider, as we did
in the interpretation of the condition (2.4), a finite system and let ω(Â) = 〈ΦGS|Â|ΦGS〉, where |ΦGS〉 is a
normalized ground state with energy EGS. Then we see that

ω(Û†
x,! [Ĥ, Ûx,!]) = 〈ΦGS|Û †

x,!ĤÛx,!|ΦGS〉 − 〈ΦGS|Ĥ|ΦGS〉 = 〈Ψ|Ĥ|Ψ〉 − EGS, (3.8)

where |Ψ〉 = Ûx,!|ΦGS〉 is a noramalized trial state. Thus we see that the expectation value ω(Û†
x,! [Ĥ, Ûx,!])

is the increase in the energy expectation value when the ground state ω is modified by a local unitary
operator Ûx,!. The lemma states that the increase can be made as small as one wishes by letting ! large.

15This is only necessary when S is a half-odd-integer.
16One may express C in terms of S, r, and h0. See (3.14) below for an example.
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j +

S)] = 1. The continuity will play an essential role in the present analysis. We used Ŝ(z)
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without phase transitions 

HAKLT Htrivial



SPT phases in  chainsS = 1

one may connect the two models without phase transition 
if the symmetry is not respected

examples
general theory within MPS

Bachmann, Nachtergaele 2012, 2014, Maekawa, Tasaki 2022

Ogata 2017
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more generally, there always is a phase transition if 
, ,  and  has  symmetryH0 = Htrivial H1 = HAKLT Hs ℤ2 × ℤ2

 rotations about the 
x and z axes

π

Pollmann, Turner, Berg, Oshikawa 2010, 2012, Ogata 2020, 2022

the picture of symmetry protected topological (SPT) phases



interpolating the g.s. of  and  Htrivial HAKLT
Maekawa, Tasaki 2022
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the LSM-like twist with imaginary angles

the reversed and reflected transformation

 may be treated as a local charge since  is conservedSz
j ∑j Sz

j

 is pumped from left to right!Sz = + 1

Thouless 1983, Shindou 2005

Maekawa, Tasaki 2022
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the LSM-like twist with imaginary angles

the reversed and reflected transformation

 may be treated as a local charge since  is conservedSz
j ∑j Sz

j

 is pumped from left to right!Sz = + 1

Thouless 1983, Shindou 2005

Maekawa, Tasaki 2022

this is a general 
phenomenon!



pumping in an infinite quantum spin chain
quantum spin chains on  with Hamiltonian  ( )ℤ Hp

s s ∈ [0,1]
 is  invariantHp

s U(1)

 is continuous in  for any ωp
s (A) s ∈ [0,1] A ∈ 𝔄loc

 has a unique gapped g.s.  with gapHp
s ωp

s ≥ ΔE0 > 0
Hp

0 = Hp
1

θj

2π

x x+ !

Figure 1: The spin-rotation angle θj increases gradually from 0 to 2π as the coordinate varies from x
to x+ #. Otherwise it is equal to 0 or 2π.

introduce the local twist operator, which plays a central role in the present section and section 5. For any
x ∈ R and ! > 0, we introuduce the corresponding angle θj for j ∈ Z by

θj =






0, j < x;

2π(j − x)/!, x ≤ j ≤ x+ !;

2π, j > x+ !,

(3.4)

and define the local twist operator by

Ûx,! = exp
[
−i

∑

j∈Z
θj(Ŝ

(z)
j + S)

]
. (3.5)

Although the definition has an infinite sum inside the exponential function, it is indeed a local operator

because one has exp[−i2π(Ŝ(z)
j + S)] = 1. In fact we can write the same operator as

Ûx,! = exp
[
−i

∑

j∈Z∩[x,x+!]

2π(j − x)

!
(Ŝ(z)

j + S)
]
, (3.6)

where the locality is manifest. Like the operator (3.1), the twist operator Ûx,! describes a spin-rotation in
the interval Z ∩ [x, x+ !], but the rotation angle 2π(j − x)/! varies gradually from 0 to 2π as j moves from
x to x+ !. When ! is large, the operator gives a gentle twist to the state on which it acts. See Figure 1.

Note that the twist operator Ûx,! is continuous both in x and ! because of the identity exp[−i2π(Ŝ(z)
j +

S)] = 1. The continuity will play an essential role in the present analysis. We used Ŝ(z)
j +S, instead of Ŝ(z)

j ,

in the definition (3.5) to guarantee the continuity15.
We shall start by stating an elementary but essential variational estimate that goes back to Lieb, Schultz,

and Mattis [1].

Lemma 3.1 Let ω be a ground state of an U(1) invariant Hamiltonian Ĥ. Then it holds for any x ∈ R and
! ≥ !0 that

0 ≤ ω(Û †
x,! [Ĥ, Ûx,!]) ≤

C

!
, (3.7)

where C and !0 are constants that depend on the Hamiltonian.16

The first inequality in (3.7) is nothing but (2.4) in the definition of ground states. Consider, as we did
in the interpretation of the condition (2.4), a finite system and let ω(Â) = 〈ΦGS|Â|ΦGS〉, where |ΦGS〉 is a
normalized ground state with energy EGS. Then we see that

ω(Û†
x,! [Ĥ, Ûx,!]) = 〈ΦGS|Û †

x,!ĤÛx,!|ΦGS〉 − 〈ΦGS|Ĥ|ΦGS〉 = 〈Ψ|Ĥ|Ψ〉 − EGS, (3.8)

where |Ψ〉 = Ûx,!|ΦGS〉 is a noramalized trial state. Thus we see that the expectation value ω(Û†
x,! [Ĥ, Ûx,!])

is the increase in the energy expectation value when the ground state ω is modified by a local unitary
operator Ûx,!. The lemma states that the increase can be made as small as one wishes by letting ! large.

15This is only necessary when S is a half-odd-integer.
16One may express C in terms of S, r, and h0. See (3.14) below for an example.
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Ux,` = exp[�i
P

j2Z ✓jS
z
j ]

fix  and sufficiently largex <latexit sha1_base64="DD5z+OWVzvQZk7N4ERTHvb251/U="></latexit>

`

with  defines a loops ∈ [0,1]
Claim: the corresponding winding number  is the 
amount of  pumped from left to right in the g.s. when  
is slowly changed from  to 

p ∈ ℤ
Sz s

0 1

variation #6

Resta 1998, Hatsugai, Fukui 2016

<latexit sha1_base64="navwrWhwqnpfU4mKsQmPzW47McI="></latexit>

|!p
s (Ux,`)| ' 1

<latexit sha1_base64="6MCS+ycU+ZJglNUT1rYzlbxGxFA="></latexit>

!p
s (Ux,`) 2 C

Thouless 1983, Niu, Thouless 1984



SPT phases and “half-spin pumping”

 and  are  invariantHp
0 Hp

1/2 U(1) ⋊ ℤ2

 and σp
0 = − 1 σp

1/2 = 1

<latexit sha1_base64="mPHANbyXMnQNOtlcP5Vwbi0t15w="></latexit>

p0!1/2 2 Z+ 1
2

<latexit sha1_base64="fo6t2BqC2ooPp8AUuLBNtOy4u9Q="></latexit>

!s(Ux,`)

<latexit sha1_base64="S2Ty1OqLKOS+TFdJe4lcpeqUpGE="></latexit>

s = 0
<latexit sha1_base64="oKl74rYZi1VtMoknMsC7xAIa6vA="></latexit>

s = 1
2

invariant under any 
rotation about the z-
axis and Sz

j → − Sz
jHaldane phase trivial phase

the “winding number” is  
inevitably nonzero!

quantum spin chains on  with Hamiltonian  ( )ℤ Hp
s s ∈ [0,1/2]

 is  invariantHp
s U(1)

 is continuous in  for any ωp
s (A) s ∈ [0,1/2] A ∈ 𝔄loc

 has a unique gapped g.s.  with gapHp
s ωp

s ≥ ΔE0 > 0
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SPT phases and spin pumping

 where   is the spatial reflectionℛHp
s = Hp

1−s ℛ

In the above setting the winding 
number , which is the total spin 
pumped in the adiabatic process 

, is nonzero.

p ∈ ℤ

s : 0 → 1

Tasaki, in preparationTheorem

 and  are  invariantHp
0 Hp

1/2 U(1) ⋊ ℤ2
 and σp

0 = − 1 σp
1/2 = 1

quantum spin chains on  with Hamiltonian  ( )ℤ Hp
s s ∈ [0,1]

 is  invariantHp
s U(1)

 is continuous in  for any ωp
s (A) s ∈ [0,1] A ∈ 𝔄loc

 has a unique gapped g.s.  with gapHp
s ωp

s ≥ ΔE0 > 0
Hp

0 = Hp
1

<latexit sha1_base64="Yqv2yvkf42fLei2wii1tV2/PI+0="></latexit>

!p
s (Ux,`)

variation #7



SPT phases and spin pumping

we always have nonzero pumping when there is a path of 
Hamiltonians with a unique gapped g.s. which connect 
models in the Haldane phase and the trivial phase 

Kuno, Hatsugai 2020

In the above setting the winding 
number , which is the total spin 
pumped in the adiabatic process 

, is nonzero.

p ∈ ℤ

s : 0 → 1

Tasaki, in preparationTheorem
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 symmetryU(1) ⋊ ℤ2
Haldane phasetrivial phase

 symmetryU(1)

gapless model
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similar examples of transl. inv. models with any integer  S



classifying loops of 
Hamiltonians



index for a loop of Hamiltonians

 loop  of HamiltoniansH⋅
one-parameter family  with  of  
invariant Hamiltonians on  such that 

Hs s ∈ [0,1] U(1)
ℤ H0 = H1

 is continuous in  for any ωs(A) s ∈ [0,1] A ∈ 𝔄loc

 has a unique gapped g.s.  with gapHs ωs ≥ ΔE0 > 0

For each loop  of Hamiltonians, there is a well-defined 
index  

H⋅
p(H⋅) ∈ ℤ

Theorem

 symmetryU(1)
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with any , not necessarily translation invariantS



homotopic loops of Hamiltonians
 loops  and  of Hamiltonians are homotopic iffH⋅ H′ ⋅

family  with  of  invariant 
Hamiltonians on  such that  and 
∃ H̃s,λ s, λ ∈ [0,1] U(1)

ℤ H̃s,0 = Hs H̃s,1 = H′ s

 is continuous in  for any ωs,λ(A) (s, λ) ∈ [0,1] A ∈ 𝔄loc

 has a unique gapped g.s.  with gapH̃s,λ ωs,λ ≥ ΔE1 > 0

If  and  are homotopic, then  H⋅ H′ ⋅ p(H⋅) = p(H′ ⋅)
Theorem

 
Kitaev 2013 

Bachmann, DeRoeck, Fraas, Jappens 2022

variation #8
Tasaki, in preparation

 symmetryU(1)
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another no-go theorem

Let  be a disk, and  be  invariant Hamiltonians 
indexed by  which coincide with  on .  Then it is 
impossible that  has a unique gapped g.s.  for all  
and that  is continuous in  for any 

D Hq U(1)
q ∈ D Hp

s ∂D
Hq ωq q ∈ D

ωq(A) q A ∈ 𝔄loc

Corollary

 symmetryU(1) ⋊ ℤ2
Haldane phasetrivial phase

 symmetryU(1)

gapless model
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this structure is “stable”

 symmetryU(1)

gapless, degenerate, 
or discontinuous 
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summary
the twist operator of Lieb-Schultz-Mattis and 

Affleck-Lieb enables us to prove various “topological” 
properties of quantum spin chains in surprisingly 
elementary manners.

the methods apply (more naturally) to fermionic or 
bosonic systems in one dimension.

are there similar elementary strategies that apply 
to systems with discrete symmetry?
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