
熱機関における効率と仕事率の 
普遍的なトレードオフ関係

田崎 晴明
白石直人さん、齊藤圭司さんとの共同研究の紹介ですが 
大学の熱力学についてのある程度の知識があれば理解できるはずです

効率をあげると 
パワーがでない
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熱機関とは？ 

力学的でない 
エネルギーのやり取り

使えないエネルギー 使えるエネルギー
力学的なエネルギー

熱浴

熱を仕事に変換する物理的な装置の総称

これらは第
二種永久機

関 

熱力学第二
法則により

禁止！！



低温の熱浴へ　　だけ熱を放出
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実現可能な熱機関(外燃機関) 
二つの熱浴と接して周期的に運転する
一回の周期のあいだに

高温の熱浴から　　だけ熱を吸収

取り出される仕事
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カルノーの定理

熱力学の体系に
は仕事率

についての原理
的な制限

はない
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熱機関の効率と仕事率 
二つの熱浴と接して周期的に運転する 

一般の熱機関
一周期で取り出される仕事

熱機関の効率

⌧

W

⌧ 熱機関の仕事率

熱機関の周期



原理的に可能な最大の効率　　を達成する
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等温過程 断熱過程

等温過程
カルノー機関 

断熱過程

ただし、全ては準静的なので、周期は ⌧ " 1
W

⌧
# 0 仕事率（パワー）はゼロ！！

カルノー機関は効率は高いがパワーは皆無！

根本的な問題：カルノー効率を達成し、しかも
仕事率がゼロでない熱機関は存在しうるのか？
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カルノー機関より少し速い機関 
わずかな温度差によってゼロでない熱流

断熱過程 断熱過程

望みうる最大の効率

望みうる最小の周期

⌧ " 1⌘ " ⌘Cのとき



効率　が最大効率（カルノー効率）　に近づくと

と　の関係⌧ ⌘
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断熱過程 断熱過程

仕事率　　　　　　　　は必ずゼロに近づく

一般の熱機関(非平衡、複雑な装置)ではどうか？

カルノー機関より少し速い機関 



?QH

QL

W

一般的な熱機関（外燃機関） 
根本的な問題：カルノー効率を達成
し、しかも仕事率がゼロでない熱機関
は存在しうるのか？
熱力学には時間スケールの概念が
ないので、熱力学だけでは、この
問題には答えられない
なんらかのミクロな体系が必要

非平衡統計力学からのアプローチ
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concrete models (within linear response)

other approaches

general argument within linear response
yes?

no…

yes???
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一般的な熱機関（外燃機関） 
根本的な問題：カルノー効率を達成
し、しかも仕事率はゼロでない熱機関
は存在しうるのか？



Naoto Shiraishi, Keiji Saito, and Hal Tasaki  
Universal Trade-Off Relation between  
Power and Efficiency for Heat Engines 
Phys. Rev. Lett. 117, 190601 (2016)  

Naoto  
Keio U. (now at Gakushuin U.)

Keiji 
Keio U. 

Hal 
Gakushuin U.  

主要な結果
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設定 
熱機関は一般の N 粒子の古
典力学系。相互作用も外力
ポテンシャルも完全に任意。
力学への熱浴の影響は

ランジュヴァン型のランダムな力とし
て記述（標準的でかつ現実的な記述）

外力ポテンシャルと熱浴との結合の強さを外から
周期的に制御

マクロな熱機関(外燃機関)であれば全てが記述で
きる一般的な枠組み



我々の解答：存在し得ない
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主要な結論 
根本的な問題：カルノー効率を達成
し、しかも仕事率がゼロでない熱機関
は存在しうるのか？
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カルノー機関を少し速くした場合
熱機関の状態が熱平衡 
に近いとき
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系の状態と熱浴の設定に依存する量

一般に成立する不等式
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効率的な熱機関はパワーがでない

効率と仕事率のトレードオフ関係 

仕事率



3

∫
dY {rν,λi (X,Y )e−βνE

λ(Y ) − rν,λi (Y,X)e−βνE
λ(X)} = 0.

Discrete noise in small engines such as the Rayleigh pis-
ton and the Brownian motor [43–45] can be represented
by (6) with suitably chosen rν,λi (X,Y ), whose explicit
form is shown in [44]. In the limit where the change in
velocity is infinitesimally small, (6) reduces to

L̂λ
B =

N∑

i=1

γB(λ, ri)

mi

{ ∂

∂vi
· vi +

1

βBmi

∂2

∂vi
2

}
(7)

which describes the standard Langevin noise [40]. With
(7), the master equation (4) becomes the Kramers equa-
tion. The “damping constant” γν(λ, r) represents the
magnitude of noise from the ν-th bath. Note that it may
depend on r, and on t through λ(t).

We stress that the above formulation covers essentially
any classical heat engines including the Brownian heat
engine which was recently realized experimentally [8, 9]
using a single particle in a harmonic trap [46]. It is also
easy to treat overdamped dynamics [47].

The averaged heat current to the ν-th bath at t is
defined in the standard manner (see A of [42]) as

JB(t) = −
∫

dXEλ(t)(X)(L̂λ(t)
B Pt)(X) (8)

We then define the total entropy production rate in the
system and the baths by

σtot(t) =
d

dt
H(Pt) +

∑

B=H,L

βBJB(t) (9)

σ(t) =
d

dt
H(Pt) + βHJH(t) + βLJL(t) (10)

where

H(P) = −
∫

dX P(X) logP(X) (11)

is the Shannon entropy of the system.
The core of our theory is the inequality

n∑

ν=1

|Jν(t)| ≤
√
Θ(t)σtot(t), (12)

which is valid for any Pt satisfying the master equation
(4). Here Θ(t) is a quantity which depends on the model
and the state, but is finite and proportional to N . For
baths with (7), we have

Θ(t) =
N∑

i=1

∑

B=L,H

1

βB

〈
γB(λ(t), ri) |vi|2

〉
t

(13)

where ⟨· · · ⟩t denotes the average with respect to Pt. See
B of [42] for a concrete expression and an upper bound
for Θ(t) for baths with (6).

To treat thermodynamic cycles of period τ , we consider
the case λ(0) = λ(τ), and assume P0 = Pτ , which is
always realized by running the cycle sufficiently many
times. We then define the total entropy production (in
the baths) during a cycle by

∆S :=

∫ τ

0
dtσtot(t) =

∫ τ

0
dt

n∑

ν=1

βνJν(t), (14)

where the contribution from H(Pt) vanished because of
the cyclicity. It is essential that ∆S is written only in
terms of the currents, which are measurable quantities.
By integrating (12) over t, and using the Schwarz in-
equality, we readily obtain (2), whose implications have
already been discussed, with Θ̄ := τ−1

∫ τ
0 dtΘ(t).

Derivation.— We study the Markov jump process ob-
tained by faithfully discretizing the continuous master
equation (4). We prove an inequality corresponding to
(12), from which (12) follows as a continuum limit. The
mathematically minded reader should understand that
we interpret (4) as a continuum limit of the master equa-
tion (15).
As usual we decompose the whole phase space into

small 6N -dimensional parallelepipeds whose size in the
v-directions is ε and that in the r-directions is ε′. Each
cell is represented by X at its center.
We now regard X as a discrete variable, and denote

by Eλ
X the corresponding energy. The probability pt,X

to find the system in X at t obeys the master equation

d

dt
pt,X =

∑

Y

Rλ(t)
XY pt,Y , (15)

which is obtained as a discretization of (4). See C of [42]
for the (standard) discretization procedure.
As in (5), the transition rate is decomposed as Rλ

XY =

R0,λ
XY +

∑n
ν=1

∑N
i=1 R

ν,i,λ
XY =

∑
µ R

µ,λ
XY , where µ = 0 or

µ = (ν, i) with ν = 1, . . . , n and i = 1, . . . , N . The tran-
sition rate for each µ satisfies Rµ,λ

XY ≥ 0 for X ̸= Y and∑
X Rµ,λ

XY = 0. For the deterministic part, we assume

that
∑

Y R0,λ
XY = 0, which means that the uniform distri-

bution is invariant under R0,λ
XY . This property is always

satisfied in the faithful discretization of a dynamics which
preserves the phase space volume. For the dissipation of
the i-th particle from the ν-th bath, we assume the in-
variance of the corresponding canonical distribution, i.e.,∑

Y Rν,i,λ
XY e−βνE

λ
Y = 0.

We decompose the heat current into contributions from
each particle as Jν(t) =

∑N
i=1 Jν,i(t), where

Jν,i(t) := −
∑

X,Y

Eλ(t)
X Rν,i,λ(t)

XY pt,Y = −
∑

X,Y

Ki
XRν,i,λ(t)

XY pt,Y ,

(16)
with Ki

X := mi|vi|2/2. We here noted that the dissi-
pative dynamics changes only the velocity. We also de-
compose the change in the Shannon entropy H(p) :=
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∫
dY {rν,λi (X,Y )e−βνE

λ(Y ) − rν,λi (Y,X)e−βνE
λ(X)} = 0.

Discrete noise in small engines such as the Rayleigh pis-
ton and the Brownian motor [43–45] can be represented
by (6) with suitably chosen rν,λi (X,Y ), whose explicit
form is shown in [44]. In the limit where the change in
velocity is infinitesimally small, (6) reduces to

L̂λ
B =

N∑

i=1

γB(λ, ri)

mi

{ ∂

∂vi
· vi +

1

βBmi

∂2

∂vi
2

}
(7)

which describes the standard Langevin noise [40]. With
(7), the master equation (4) becomes the Kramers equa-
tion. The “damping constant” γν(λ, r) represents the
magnitude of noise from the ν-th bath. Note that it may
depend on r, and on t through λ(t).

We stress that the above formulation covers essentially
any classical heat engines including the Brownian heat
engine which was recently realized experimentally [8, 9]
using a single particle in a harmonic trap [46]. It is also
easy to treat overdamped dynamics [47].

The averaged heat current to the ν-th bath at t is
defined in the standard manner (see A of [42]) as

JB(t) = −
∫

dXEλ(t)(X)(L̂λ(t)
B Pt)(X) (8)

We then define the total entropy production rate in the
system and the baths by

σtot(t) =
d

dt
H(Pt) +

∑

B=H,L

βBJB(t) (9)

σ(t) =
d

dt
H(Pt) + βHJH(t) + βLJL(t) (10)

where

H(P) = −
∫

dX P(X) logP(X) (11)

is the Shannon entropy of the system.
The core of our theory is the inequality

n∑

ν=1

|Jν(t)| ≤
√
Θ(t)σtot(t), (12)

which is valid for any Pt satisfying the master equation
(4). Here Θ(t) is a quantity which depends on the model
and the state, but is finite and proportional to N . For
baths with (7), we have

Θ(t) =
N∑

i=1

∑

B=L,H

1

βB

〈
γB(λ(t), ri) |vi|2

〉
t
≃ κ (13)

where ⟨· · · ⟩t denotes the average with respect to Pt. See
B of [42] for a concrete expression and an upper bound
for Θ(t) for baths with (6).

To treat thermodynamic cycles of period τ , we consider
the case λ(0) = λ(τ), and assume P0 = Pτ , which is
always realized by running the cycle sufficiently many
times. We then define the total entropy production (in
the baths) during a cycle by

∆S :=

∫ τ

0
dtσtot(t) =

∫ τ

0
dt

n∑

ν=1

βνJν(t), (14)

where the contribution from H(Pt) vanished because of
the cyclicity. It is essential that ∆S is written only in
terms of the currents, which are measurable quantities.
By integrating (12) over t, and using the Schwarz in-
equality, we readily obtain (2), whose implications have
already been discussed, with Θ̄ := τ−1

∫ τ
0 dtΘ(t).

Derivation.— We study the Markov jump process ob-
tained by faithfully discretizing the continuous master
equation (4). We prove an inequality corresponding to
(12), from which (12) follows as a continuum limit. The
mathematically minded reader should understand that
we interpret (4) as a continuum limit of the master equa-
tion (15).
As usual we decompose the whole phase space into

small 6N -dimensional parallelepipeds whose size in the
v-directions is ε and that in the r-directions is ε′. Each
cell is represented by X at its center.
We now regard X as a discrete variable, and denote

by Eλ
X the corresponding energy. The probability pt,X

to find the system in X at t obeys the master equation

d

dt
pt,X =

∑

Y

Rλ(t)
XY pt,Y , (15)

which is obtained as a discretization of (4). See C of [42]
for the (standard) discretization procedure.
As in (5), the transition rate is decomposed as Rλ

XY =

R0,λ
XY +

∑n
ν=1

∑N
i=1 R

ν,i,λ
XY =

∑
µ R

µ,λ
XY , where µ = 0 or

µ = (ν, i) with ν = 1, . . . , n and i = 1, . . . , N . The tran-
sition rate for each µ satisfies Rµ,λ

XY ≥ 0 for X ̸= Y and∑
X Rµ,λ

XY = 0. For the deterministic part, we assume

that
∑

Y R0,λ
XY = 0, which means that the uniform distri-

bution is invariant under R0,λ
XY . This property is always

satisfied in the faithful discretization of a dynamics which
preserves the phase space volume. For the dissipation of
the i-th particle from the ν-th bath, we assume the in-
variance of the corresponding canonical distribution, i.e.,∑

Y Rν,i,λ
XY e−βνE

λ
Y = 0.

We decompose the heat current into contributions from
each particle as Jν(t) =

∑N
i=1 Jν,i(t), where

Jν,i(t) := −
∑

X,Y

Eλ(t)
X Rν,i,λ(t)

XY pt,Y = −
∑

X,Y

Ki
XRν,i,λ(t)

XY pt,Y ,

(16)
with Ki

X := mi|vi|2/2. We here noted that the dissi-
pative dynamics changes only the velocity. We also de-
compose the change in the Shannon entropy H(p) :=

|JH(t)|+ |JL(t)| 
p
⇥(t)�(t)

核心となる不等式 

熱機関から 
熱浴への熱流

時刻 t でのエントロピー生成率 
(「無駄」の発生率)

仕事率がゼロでないと、熱流がゼロでなく、必然
的に「無駄」が生じて、効率が低下する 
この無駄は(熱伝導率が有限である限り)どのよう
な工夫をしても決して取り除けない

improved  
Shiraishi-Saito bound
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まとめ 
一般的な熱機関(外燃機関)について、効率と仕
事率が満たすトレードオフ関係を導出した
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外燃機関では熱浴と熱機関の間の熱のやり取
りに伴って必然的に散逸(無駄)が生じる
内燃機関であればこのような無駄は生じない

詳細にご興味があれば、動画 Part 2（英語）
と論文をご覧ください 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