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‘quantum phases of matter”

qguantum mechanics is surprising, in all directions
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ground states of two-spin systems
classical spin S = (5%,5Y,5%) c R® |S| =
ferromagnetic interaction annferromagne’nc interaction

E=-51-59 K K E =518 l f

mﬁmfelv manygs, mﬁmfelv many g.8.
quantum spin (operators) §- (SX g ,57)

5%, SY] =i8%, ... S = S(S +1) S=1,1,2,...
terromagnetic interaction | antiferromagnetic interaction
H=-8-85 H=28,-8,
DT onin triplet (D) = 1011}/ V2
DI spin singlet
(DI +1DIN}/V2 | unique rotationally
infinitely many g.s.|  [hvariant ground state



quantum antiferromagnetic Heisenberg chain

one of the most standard and realistic models of
quantum many-body systems

A A A

H=2.;5 5n (8))* = s<s +1)
the only parameter is the spin S=3,1,3,2,...
what are the ground state and low energy excitations?

Haldane’s discovery nadane 1981, 1983, 1983
Bethe ansatz for S = L

half-odd integer S
unique gapless ground state

integer S
unique gapped ground state

unique ground state accompanied by a nonzero

enerqgy gap above the g.s. energy




S = 1 quantum spin chains

single spin S = (5%, 57, 5%) acts on C3

standard basis {|+),0),|—)}

5%10) = 0,

SN
.y

5-

_>_

0 1 0
1 0 1],
0 1 0

)

o)) -0

spin chain S, copy of S onj ez
antiferromagnetic Heisenberg chain

HHeis — Zj Sj ' Sj—l—l

expected to have a unique gapped g.s.
trivial model with a unique gapped g.s.

Hyy = ZJ(S?)Q

257) = ®;10);
Eg® =0

B =1



interpolating model: a phase transition
AF Heisenberg chain Hycis =Y. S; - S;4+1 Unique gapped g.s.

trivial model Hi =) ;(5%)

unique gapped g.8. &, [0);

interpolating model A — > {s8; SJH +(1—5)(5%)%}

enerqgy gap Elst

trivial
gap

EGS 7

s € 0,1]

” Haldane
= gap

" S plot by Emil Aagaard

is there a phase ’rransmon be’rween ’rhe two models?
but there are no broken symwmetries!!??



Haldane phase?

HG) = Z]{S S’j : S’j_|_1 + (1 — S)(SA?)Z} s € (0,1]
gapless (eritical) point?

“trivial phase” l “Haldane phase” S

—
0 unique gapped g.8. 1

no symwefry breaking  no symwetry breaking
cannot be distinguished by an order parameter




valence-hond picture ... o, s i v

0.8. of A, resembles the VBS (valence—bond SOIId) state

--------------------

________________________

® a spin wu’rhS_ 1/2
—o — W{H 1) =10} spinsinqlet

------

______

\0>|0>% Lf1oYo") + \a>|a> ool =1 ]

a prototypical example of a matrix product state (MPS)

exponential decaying correlation function

(S P T N N  C EarA I frustration free

[Dvgs) is the unique gapped g.8. of the artificial Hamiltonian
Haxir = D [8; 811+ %(S;-8,41)%}




exotic properties of the VBS model

expansion in the s’randard basls

--------------------

________________________

=2 | +0—+0—A O 0—+40 OO' F0—+0—- - )
hidden antiferromagnetic order

non—local string order param’rer

i’ =1 &z A
Ostring = — 1m0 (Dyms |57 €™ 741 5 52 @y pg) > 0
den Nijs, Rommelse 1989

qround states on the open chain

-------------------------

______________________________

four—fold degenera’re ground states
emergent S = 1/2 gapless modes at the edges



Haldane phase

‘exotic” properties of the VBS model turned out to be
universal features that characterize the “Haldane phase”

HE =3 {s8;- 811+ (1-15)(5%)?} sel0,1]
gapless (eritical) point?

“trivial phase” l “Haldane phase” s

—_—t >
0 unique gapped g.8. 1

no symwefry breaking  no symwetry breaking
cannot be distinguished by an order parameter

hidden antiferromagnetic order

"thi" weird den Nijs, Rommelse 1989
: emergent S = 1/2 at edges

Kennedy 1990
Hagiwara, Katsumata, Affleck, Halperin, Renard 1990




duality transformation

Z QX
UKT — HJ <k eXp[lﬂ-S S ] Kennedy, Tasaki 1992, Oshikawa 1992

antiferromagnetic model with continvous U(1) symmetry

HO =530 880+ (01— (597 seoq

_—
0 unique gapped g.s. 1

no symwefry breaking  no symwetry breaking

Ukt

—_—
0 four degenerate g.s.1

no symmetry breaking full symwmetry breaking

terromagnetic model with discrete 7, x 7, symwmetry
UKTH( )UKT _ SZ]L_—lL{ SX —|—1 1+ SY 17T(S —I—SJ_H)S;’_I_l SZSZ—|—1}
+(1 —s) ZJL:_L(SZ)2




duality and hidden symmetry breaking

Z QX
UKT T HJ <k eXp[lﬂ-S S ] Kennedy, Tasaki 1992, Oshikawa 1992

- o Ukt (ferromagnetic phase with full)
Haldane phase) sl | spontaneous breakdown of the]
~rigorous lonly) for 77, \diserete Z, x Z, symmetry |

the picture of the hidden Z, x 7, symwmetry breaking
explains all the exotic” propemes of the Haldane phase
the existence of a gap omnedy Tasad 72 £
the hidden antiferromagnetic order

four-fold (near) degeneracy in open chai

‘still, the exl(sgence of a phase transition even in the model
| H" " =sHaxrT + (1 — 8) Z (SZ) S € [O 1]
_could NOT be proved... J

._w”m——_,_;_—m—




symmetry protected topological (SPT) phases
HO =Y {585 8,51+ (1 - (592 se€0,1]
gapless (eritical) point

“trivial phase” i “Haldane phase” s

T e ——
0 unique gapped g.8. 1

ho symwetry breaking nggﬁymmefry breaking

dsfm:’r SPT hases Gu Wen 2009

there is always a phase transition if the interpolating

Hamiltonians have one of the following symmetries
o fime.—reversa' symme«rrv Pollmann, Turner, Berg, Oshikawa 2010, 2012

o 7,%x Z,symmetry (= rotations about x, y, z axes)

e bond-centered inversion symmetry
¢ Z2 X Z2 SYWIWIQ‘I’I’Y Fuji, Pollmann, Oshikawa 2015
(z rotation about z axis + site-centered inversion)




symmetry protected topologlcal (SPT) phases

H® =35{s8;-Si+1 qapless | general models
gapless (er ™odels

“trivial phase”

0
no symwmetry break|

there is always a phase transition if the interpolating

Hamiltonians have one of the following symmetries
o fime.—reversa' symme«rrv Pollmann, Turner, Berg, Oshikawa 2010, 2012

o 7,%x Z,symmetry (= rotations about x, y, z axes)

e bond-centered inversion symmetry
¢ Z2 X Z2 SYWIWIQ‘I’I’Y Fuji, Pollmann, Oshikawa 2015
(z rotation about z axis + site-centered inversion)



topological indices

gapless (eritical) point

“trivial phase” l “Haldane phase” S
Y7 VA e e
O md(H®) =14 oy d(A®)=-1 1
the two phases should be distinguished by a “topological

index” Ind € H*(G, U(1)) (G is the symwetry group)

“topological” index is defined for a unique gapped ground
state on the infinite chain, and is invariant under a

smooth modification of the model with symwetry G
Wla‘l'l’lx pl’OdUO‘l' Sfafes Pollmann, Turner, Berg, Oshikawa 2010, 2012

U(1) invariant unique gapped ground states tasawizo1s
general unique gapped ground states ogata 2020

Ind(H;,) = 1 i, = HO
Ind(ﬁAKLT) = —1

caleulations showed



summary of part 1: Haldane gap and SPT
phases - before the summer of 2024

M general picture of SPT phases
A well-defined indices and index theorem

MVBS wmodel provides a rigorous example of the
Haldane gap and ’ropologlcallv nontrivial ground state

HAKLT — Z {S SJ+1 T 3 (S SJ—I—l) }

————————————————————

________________________

fhe existence of a g.5. phase transition in the model l
' H/(S> = SHAKLT —+ (1 — 8) Z (SZ) S & [O 1] J

\was rigorously established rasaki2o18, ogata 2020

e ——————— e —_ == . _

“nothing rigorous was proved about the]
anhferromagnefw Heisenberg chain! J

\a__‘__ _— e — e —— e p—
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the goal of part 2

fwo conjectures about the S = 1 antiferromagnetic
Heisenberg chain

HHeis — Zj S'j ' S’j—l—l

“Haldane conjecture” (probably very difficult)

(1) it has a unique gapped ground state
(2) it belongs to a nontrivial SPT phase

we assume (1) and rigorously justify (2)
proof is elementary!
« standard Lieh-Mattis-type technique
+ ¢lementary index theorem by Tasaki

Hal Tasaki, Ground state of the antiferromagnetic Heisenberg chain is
topologically nontrivial if gapped, Phys. Rev. Lett, coming soon (2025).
arXiv:2407.17041
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index theorem for U(1) invariant chains
S = 1 systewm on a finite chain {—L,...,L} Tasaki 2018, 2025

—L —2 -1 0 1 2 L

short-ranged Hamiltonian
HL —Zf_ Lh —I—AHL

U(1) invariant )
05T e 0% = [T, Sty =31 5
invariant under site-centered inversion
UlH Ug=H, Ua®;__,lo5); =&, lo—;);
unique gapped ground state |27°)
Elst — ESS > AF >0 forany L > Ly

e ————————— E=———— s — —=3

‘Theorem: there is a well-defined index ind(A) € {1, — 1) Jl
*fhaf is invariant under a continvous modification of the g.s.



the index and simple examples
twist operator U7 = exp[-i3y;__, 0,57

J
0; Bloch 1940's, Lieb, Schultz, Mattis 1961, Affleck Lieb 1986

20 |- .

// : () _ ’ s - .
0, T+aj, —LZ<5<ZI

//

/

A

.
- I'

R[N |--emee

a > (0 6—127'('Sj —1

Ind(H) = limgo limLToo<<I>(L}S|[A]1(-Ja)\<I>%S> c{1,—-1}
I —

trivial model He =3;(5.)? 126 = ®;10);
(@GS0 19GS) =1 Ind(H) = 1

r

VBS state (®vps|U'Y|®yps) ~ —1 Ind(Haxnr) = —1

Nakamura, Todo 2002

o)

\\,

 this proves the existence of a g.s. phase transition \}
_inthewmodel A" = sHaxur +(1—s)Hy s€[0,1] )

- I ——— === Tasaki 2018



proof of the index theorem 1/3

Lemma: U( 1) invariance + unique gapped g.s. imply |
| \/1 AFQ < |<<I>GS\U<“>|<I>GS>\ <1 for rany L > L /Jj

—_— e - =

0
7 S — ((I)GS|U(O‘) PGS)

Lieb-Schultz-Mat+tis type |

_——

variational estimate — L
|\Ifga)> U(O‘)‘(I)GS> _ 6_123——L 6§O‘)S |q)GS>

for U(1) invariant Hamiltonian
(U 0y — ESS < Ca C >0
energy increase per bond o o?

because
the length of the twisted range « o'

if 4, has a unique gapped g.s, | ') must be close to | ©FS)

o)y |2 o ~ (v
(@FS|TN* > 1 - Lo (@F0) = (@550 |0FS)




proof of the index theorem 2/3

Lemma; invariance under site-centered inversion implies)

| .
| <(I)GS|U( )|(I)GS> cR

- — — — —_— e — - = = — _—— — — = _— = — _ _—

inversion of the twist operator
U(a) — ! ZJ_ L QJ(Q)SZ oL

UT U(O‘)USI _ N 08 o HEE (2r-00)5) ((}'(O‘))T
(a) p(e)

invariance of the Hamiltonian U A, U, = A,
the unique g.s. must be invariant U,;|0¢S) = +|0%5)

(BFS|UL|0FS) = (@GS|ULULY Uy 9GSy = (9FS U1V |0FS)*



proof of the index theorem 3/3

Lemma: U(1) invariance * unique gapped g.s. implies |
V1 e s @006 < 1 foramy L 1y Jl

e ———— ——— —_— —— =

Lemma: invariance under Site-centered inversion i implies)
" <(I)GS‘U(Q)‘(I)GS> c R J

e e s e e ——————— —— ———— —  — — = —_— = - - _ P _

Ind(lﬁ]) = sign éle (@GS\U(O‘)\@GS> c{l,—-1}
I — D

for a fixed « € (0,52), o (@F°107"125°) does not

change the sigh when the g.s. is continvously modified
the index is a topological invariant!

we also see
Ind(H) = limgo limmoo@)%S\Uéa)@(L}S} c{l,—1}
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main theorem
—'ﬁ—‘(ﬁ'—&ﬁ'—‘é‘ﬁtﬁ—aﬁ'%—}

—2 —1 1 2 L
AF Heisenberg model on the ﬁm’re open ¢hain {—L, ---, L)}

ngls — Zf:—lL Sj ' Sj+1 — h(SZ—L T Si)
EPS, E;* the ground state and the 1st excited energies

highly nontrivial and unproven

assumption; there are constants 2 > 0, AE > 0, and L,
such that £/ — EZ> > AE torany L > L,

expected hold with AE ~ 0.41 and hl

————————————————————

______________________________

— _:—:—-\

Theorem Ind(Hyy,;,) I8 well- deﬁned and equals ~1]

—_— = —=———— — — = B



proof of the main theorem 1/2

s = L1 g5 h(SZ 457
‘Lemma; A< has a | unique around state | c1>25> q
it satisfies (ZL §) 106%) = | of%) J

- \&==L S

proof: standard Perron- Frobemus argumem as in the
proof of the Lieb-Mattis theorem

U(a) _ 6_1 23— LQJ(O‘)S 0;,
277 | o S o
w ) IS —
Gja =Tt aj, —IZ<j<I /
2, ]z, . - i

lima o (®GS|U L |@ES) = (@GS |elm 2i=-1 57 |pES) = ¢im = —1



proof of the main theorem 2/2

limg o (®FS| UL |BFS) = —1

Lemma: U(l) invariance * unique gapped g.s. implies |
\/1 AEO‘ < ‘<‘I’GS\U(Q)|‘I’GS>| <1 for any L 2 Lo J!

—— e e — —_—

1| Lemma invariance under sife-cenfered inversion implies)
"i <(I)GS|U(a) ‘(I)GS> cR J

- = —— — — =

1< <(I)GS‘U(<X)|(I)GS> \/1 C g
foranya > Oand L > L,

letting L 1 oo with sufficiently small « > 0, we have
Ind(Hieis) = lima o im o0 (PG| T [06S) = —1




corollaries of the theorem

Hieis =527 80800 — h(S7%, +5%)

pll
assumption: 71 has a unique gapped ground state
with a gap uniforminL > [,

- —————-—\

Theorm Ind(HHe1s) is well deﬁned and equals — 1

—_——

[ a gapless edge excitation in the half—-mﬁmfe chain

A the existence of a g.s. phase transition in the
interpolating model

H® =3 {s8;- 8,114 (1—5)(5%)?} se[0,1]
Imd(H,) — 1 sowme singular point ) — 1

X \ X S
- 2y

U frivial phase? Haldane phase? 1




index theorem mathematically precise form
fTheorem Let A® = I 1Y with s € [0,1] ‘where each
| h<S> is short-ranged and U(1) invariant ,

‘ n‘ ind(H?) = 1 and ind(H") = — 1, there exists s, € (0,1] |

at which the g.s. undergoes a phase transition in ’rhe sense
that either (i) 70 does not have a locally unique gapped |
9.8., (i) the energy gap approaches zero as s — s, , (iii) the ’

l g.8. of 0 has no site-inversion symwmetry, or (iv) the g.s is
\dlscom‘muous at s = )

\‘

t

Deflmtlon astate o : 2[ — C isag.s of H lff ‘
w(VI[H,V]) > 0 forany V € %, }
‘astate w is alocally unique gapped g.s. iff thereis y > 0 "
s’r a)(v‘f[H VD) > yo(V'V) for any vV € A, with J
a)(V)

_——— = E— = — = g —



unconditional results

valid without any unproven assumptions
Athe S = 1 AF Helsenberq cham may have

¢ 1007 H

+ topologically nom‘rlwal unique gapped ground sfa’re
¢ gapless or degenerate ground state(s)

M a phase transition in the interpolating model

in case the assumption does NOT hold, 7. is singular
there exists a phase transition (at least) at s = 1

H® =3 {s8;- 8,114 (1—5)(5%)?} se[0,1]

Imd(H,) — 1 some singular point

4 \ S
——————————————————

U {rivial phase? 1




some fechnical remarks

[ the symwmetry of the finite chain model
mies =571 8,841 — W87, + 5%)

o “Time<reversal symme’rry L ——
: 22 X Z, SYMMZTE wsabou’rx y, z axes)
ad-cenTered inversion svmme Ty ———

¢ ZQ X ZQ SVWlWlefI’V Fuji, Pollmann, Oshikawa 2015
(7 rotation about z axis * site-centered inversion)

other symwetries should be restored as L 1 o

[ 0gata index
most general index, which works for any symmetry
classes that can host SPT phases

defined in terms of projective representation of the
symmetry group on L 1 co ground sates

we still do not know how to determine Indo,.ca(Hreis)




summary of part 2: S = 1 AF Heisenberg
chain is topologically nontrivial if gapped
Mwe proved that the S = 1 AF Heisenberg chain has

a nontrivial topological index, under the assumption
that the model has a unique gapped ground state

Mwe rigorously ruled out the possibility that the
S = 1 AF Heisenberg chain has a unique gapped ground
state that is topologically trivial

[ we established the existence of a phase transition
in the model that interpolates 4. and H,,

[ all the results extend to models with odd S

I the first nontrivial rigorous results on topological
properties of the (realistic) AF Heisenberg chain



remaining issues

M clarify the relation of our index to projective
representations and to the Ogata index

A develop a similar elementary index theory for
general symwetries without U(1) (related problewm:
constructive proof of the generalized LSM theorew)

A prove similar conditional results on "realistic”
models that exhibit fopological property

Ijustify the assumption = “Haldane conjecture” by
developing a new strategy
computer-aided proof by a new finite-size eriterion?



Haldane’s discovery led to the valence-bond picture,
matrix product states, tensor networks, symmetry
protected topological phases, and much more

still, our understanding of the Heisenberg chain is
incomplete, and there still remains much wmore to
learn

there must be more surprises to come!




