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Index for
projective representation
of a symmetry group




Representation and

projective representation of a group
G a finite group (for the symwmetry of the model)

representation
vhitary U, (withg € G)st. U. =1 and U,U, = Uy,

projective representation

vhitary U, (withg € Gl st. U. =1 and U,U = »(g,h) Ugn

p(g,h) € U(1) :=={z € C||z| =1}

associativity U;(U,Ux) = (U;U,)U;, implies

p(g, h) o(f, gh)
w(f,9)p(fg,h)

© is a Z-cocyecle
Z2(G,U(1)) the set of all Z-cocyeles »: G x G — U(1)

Remark: we can treat proj. reps. with antivniatary operators




Index for a projective representation

projective representation
vnitary U, (withg € G)st. U. =1 and U,Un = (g, h) Ugn
equivalent projective representation

U, =9()U, 9¥(9) €UQ1):={2€C||z]| =1}

e ~¢ itf ¢ (g,h) = q’bgf();i()h) »(g,h) with some ¥(9)
second group cohomology H2(G,U(1)) = Z%(G,U(1))/ ~
< abelian group

H2(G,U(1)) > ind characterizes an equivalence class of
the projective representations of G



Index for a projective representation

projective representation
vnitary U, (withg € G)st. U. =1 and U,Un = (g, h) Ugn

H?(G,U(1)) > ind characterizes an equivalence class of
the projective representations of G

the indices can be added!

two projective representations
EasEE

i ug 'up,” = ¢1(g,h) uélh) ind;
fuéz) ug)ug) = a(g, h) uSB inds

ind = ind; + ind,



Important example z, x z,

G=Z2XZ2={E‘:,X,Y,Z}
}{Zzygzzzze Xy =yVX =2 NG Oy = A X — X&— ¥

Hz(Zz X Zg, ( )) = Zg {0 1} = ind
proj. rep. on a single spin S = (8*,587,5%) S*=S8(S+1)
(=1 U, =exp|—inS? | 9€ {x,y,2}
UU, =U, UU,=U, UU=TU,

infeger spin (s =1,2,...) genvine representation
(LY =1 .U, =U,U,

half-odd-integer spin (s =1,2,...) g, h € {x,y,2}

(U,)2 =-I UyUp=-UpU, g#h .
" nontrivial proj. rep.

ind = i S
1 §=1,% ... nontrivial



Toward index for
a unique gapped
ground state




General quantum spin chain

h; Hilbert space at site j € Z dim(h;) < do

local operator = operator that acts nontrivially
on ®,csh; with finite s c Z

*algebra 2 = {all local operators}
G symwetry group (finite group)

u?) ynitary on b;
projective representation with index ind; € H?(G,U(1))

*_automorphism on 2A

=,(4) = (®;_ v )A®7 L ud)
for g € G and a local operator A

s | P | ey |

Zg O Zp = Sgh



G-invariant Hamiltonian

and a unique gappedg.s.

G-invariant short ranged Hamiltonian 5 =", h;

h; = k3 acts only on @ x_ji<r, b
Z4(h;) =h;foranyjcz and g€ G

| AE = O(1)

basic assumption: the ground state w of H is unique and

accompanied by a nonzero energy gap

B — (O
w(A) = lim oo (Pag, APgs

Pef: a stateis a linear funetion w : %4 — C such that

w(l) =1andw(A*A) > o0forany A e &

Pef: wis a g.s. if w(A*[H, A]) > 0 for any local operator A

Pef: a unique g.s. wis accompanied by a nonzero gap if there
is v > 0 and w(A*[H, A4]) > yw(A*A) for any A s1. w(4) =0



G-Invari

ant Hamiltonian

and a unique gapped g.s.

G-invariant short ranged Hamiltonian 5 =", h;
h; = k3 acts only on @ x_ji<r, b

Eg(hj) o hj

basic assu
accompan’-

Pef: a state
w(I) = 1anc

foranyjcz and g € G

mpﬂon the around etad-~
if H\®) = E\®)

ASEmalexpression

| AE = O(1)

of H is unique and

(@\A*H, A)\®) 20 implies (@GES’,A%!FS

M>E

(@|A*A|®)
— ﬂﬂ"fﬁem

| sueh that

Def: wisag.s. if w(}&*[H A]) > o for any local operator A

Pef: a unique g.8. wis accompanied by a nonzero gap if there
isy > 0 and w(A*[H, A]) > yw(A*A) for any A 8. w(4) =0



Example: Z. x Z, invariant spin chains

S; = (S5,55,5%) j €L (85,50 = 16,653, ..
G = Z2 X Zz = {B,X,Y,Z} ué}) =T Hf(;rj) - exp[—waf]

., _ Jo thespinat jis aninteger
7|1 the spin at jis a half-odd-integer
w-rotations about the three axes

—

= X X y y Z __ Qz
e e e Si— 05— 5

e

o o O (R A
Zy x Z> invariant models with a unique gapped g.8. (S=1)
Hakur = 30;{S; - Sjt1+ 3(85 - 8541)°}  Hirivial = 32;(57)"




index for a unique gapped ground state

We want define an index for a G-invariant unique gapped
ground state w on infinite chain
W ge G

1‘ransformaﬂon correspondmg fo g *

T invariant .

fictitious cut” at site; .

g -G
’rhe state resfrw’red on ’rhe half-mﬁm’re cham may exh|b|t
nontrivial transtormation property —— hdex Tail
J




Easy example dimerized state
Zo X Lo nvariant H =) _. , Sa; - ngﬂ with S =1

23 Hw>2j+1 T |~L>23 ‘T>23~|~1
V2

unique gapped g.8. ®cs = ®

JEZL
e Zy X Z3 invariant
invariant
—1 0 1 2 3 4
Ind- should be 0

=, free S = 1/2 spin at the edge

. ® g ® O @ it
—1 0 1 2 3 4
Ind; should be 1



Examples in ZQ X ZQ lnvar lant Zz X Zo invariant

=1 chains b, = span([0);, 1), 1-);)
H=3,(5)°  unique gapped 9.8. ocs = &,z [0);
0) 0) 0) 0) 0)
Ind; should be 0

AKLT model H = ZjeZ{Sj rejpiiiees %(Sj : Sj—|—l)2}
unique gapped g.s. = VBS state

‘effecfive S = 1/2 edge spin

Ind, should be 1



How should we define such an index
for a unique gapped g.s.?

a large but finite system

—@ @ * o @ * 4 » @ @ i @ @ & @ B o

J -_ L

examine tfranstormation property of this part

Ind; = Y ;_;indx  indy index for the single spin at site
does not reflect the property of the g.s.!

we always have Ind,; = 0 for Z, x Z, symwmetric S = 1chain
0) 0) 10) 0) 10)

)y Oy Oy )



Index for matrix product states

matrix product states (MPS) = finitely correlated states
G-invariant injective MPS Pannes, Nachtergasle, Wernek 1989,

= M M e
matrices transformas M* — M7 = ¢, U,M°U?,
—&D)— @D M —— M - M —
g
— UMU*——— UMU*- UMU*—— UMU*—— UMU*—
— M MU* M — M M —
U /U

transformation property in the half chain
U, proj.rep. of G — desirable index Ind € H2(G, U(1))

Pollmann, Turner, Berg, Oshikawa 2010 Fannes, Nachtergaele, Werner 1992
Perez-Garcia, Wolf, Sanz, Verstraete, and Cirac 2008 Matsui 2001



Index for the VBS state z. x z. invariant state

Pnllmann, Turner, Berg, Oshikawa 2010

il Tasakl 2020 (my buul()

‘VBS) T Zﬂ'l ,...,JLZU,:H:‘l..”

n-rotation about the z-axis
u = expl-inS]  wlo); =(-1)7l0); o =0,1
(®j=1u”)IVBS) =
— Zgl _____ et TriM7 . M7 (—1)255‘ (01 i )
— 251,---,51,:0:::1 TI'[MHI e MJL] ‘0'1, L ,JL>

M = (1) ~U,M°U; o =0,%1 With v.=(7 9)
similarly we get v.=(% ) v=( ) w-(3 ?)

nontrivial projective representation of z, x z, Ind =1



Index for the VBS state z. x z. invariant state

Pnllmann, Turner, Berg, Oshikawa 2010
.Tasaki 2020 (my bunl()

a4 a0
'VBS) = Zﬂrl,...,JL:U,_“l Tr[l\/l‘:’r1 M‘TL] Ol 0L

FEaauinl!|ERER) AERER A Seaati S

' . _.(—% 0> T —%) i _(0 VUF)
n-rotation about the z-axis

u(”—exp[—msz] ulo); = (~1)lo); o =0,1

g1 Jr.
_Egh AR RN TV \/

e = (—1)°M° = —uU, iaddCillll operafors for =12

similarly we get v.=(% ) v=( ) w-(3 ?)
nontrivial projective representationof z, xz, Ind=1



Ogataindex



Ogata index for a general G-invariant
unique gapped ground state

Ogata 2018 (Matsui 2001, 2013)
definition of index md% € H%(G, U(1)) for any G-invariant
unique gapped g.s. (more generally, pure split state)

fietitious ‘cut” at site; .

= TE . 5 2 B e s - L il = - P} o

9%

characferlzes fhe fransformaﬂon proper’ry of the g .
restricted on the halt-infinite chain- @) c ~@, c

ﬂj(ﬂl )y e B(H )

operator algebraic formulation i (9L) ""i:"""""""""
representation on the type | factor e demmrerm

illustration by Chisato Naruse



basic properties of Ogata index

G-invariant unique gapped ground state » Site j € Z
> well defined index Indy € H?(G, U(1))

r

J

> identical to the index of Pollmann, Turner, Berg, and
Oshikawa for MPS (matrix product states)

> invariant under smooth modification of G-invariant
models with a unique gapped ground state

Ogata 2018



properties of Ogata index: additivity

IIl dw Ogata, Tachikawa, Tasaki 2020

transformation property of the ground state
restricted to the left half-infinite chain

Ind i Ogata 2019




properties of Ogata index: additivity

Ind} = ind; + Ind?,

IIl dw Ogata, Tachikawa, Tasaki 2020

BiaT e gpin s

Xj\ s
io d ndj — x ’(he spv had

Ogata 2019




properties of Ogata index: inversion

spatial inversion
e

Ind? = —Ind7_;

w Ind;‘-"

Ind“" — Ind —Ind""

Strivial W sddtivity




graphic notation and
summary of the properties

i; = ind; € H*(G,U(1)) index for spin at j
I; = Ind} € H*(G,U(1))
Ogata index forwrestricted to{s,7 +1,...}




Classification of
symmetry protected
topological (SPT)
phases




SPT phases of unique gapped g.s.

Hy, H1 G-invariant Hamiltonians of the same spin chain
with unique gapped ground states wo, w;

definition
the two models belong to the same SPT phase protected by

the symwetry G iff there exists a fawmily of G-invariant
Hawmiltonians z.with 0 < s < 1sueh that

H,has a unique gapped g.8. ws for each s
ws depends smoothly on s

Indy € H?(G,U(1)) index for a unique gapped g.s. w

essential theorem ogata 2018

Theorem: If Ind%° +# Indy*, then the two wmodels belong to
different SPT phases protected by the symmetry G
Indg determines Ind for all j becavse Ind% = ind; + Ind%, ,



example: Z, x z.invariant S = 1 chains

Theorem: If Inds° # Indy?, then the two models belong to
different SPT phases protected by the symwmetry G

H=73..,(57)% unique gapped g.8. cs = ®,cz[0);

‘o "'® & 'e e’
0 0 0 0 0

the two models (ground states) belong to distinct SPT
phases protected by Z, x Z,symmetry

AKLT model H# =3",.,{S; - Sj+1 + 5(S; - Sj+1)?}
unique gapped g.s. = VBS state
1 1 1 1 1 1

0 0 0 0 0



example: Z, x Z,invariant S = 1/2 chains

Theorem: If Inds° # Indy?, then the two models belong to
different SPT phases protected by the symwmetry G

Hy = Zjegf; Szj ' ng_H by = ® ‘T>2j H'>2j+1 + H’>2j ‘T>2j+1

JEZL \/i
1 0 1 0 1 0 1
1 I 1 1 1 1

the two models (ground states) belong to distinct SPT
phases protected by Z, x Z,symmetry

Hy =37 82_1- S o= ® 1) 25-1N)25 — N)2j—1[1)2;

JEZL \@
B a0 g

1 1 1 1 1 1



general classification by Ogata

for any G-invariant (not necessarily translation
invariant) quantum spin chains, SPT phases protected by

G are classified by a single index Ind; € H?*(G,U(1))

r— —ﬁ
example: Z, x Z, invariant spin chain with site-dep. spins
2 12 3pA 12 1/2

Ind¥ at each site can either be

Indg determines Ind: for all j becavse Ind% = ind; + Ind¥,



general classification by Ogata

for any G-invariant (not necessarily translation
invariant) quantuwm spin chains, SPT phases protected by

G are classified by a single index Indy € H2(G,U(1))
a strict extension of the known classifications

Polimann, Turner, Berg, Oshikawa 2010

works for injective MPS (matrix produet states)
translation invariance is required

Chen, Gu, Wen 2011

classification of RG fixed points
some uniformity is assumed

Remark: it is possible that different
“phases” have the same index




Full SPT order



the concept of full SPT (symmetry

protected topological) order

G-invariant unique gapped ground state w has full SPT
order if and only if Ind; # ofor anyj € z

Ogata, Tasaki (in preparation)

: . 0) . 0) : 0) : 0) : no full SPT order
dls’rmc’f SPT phases s=1
1 1 1 &

1 0 1 0 1 0 1

. D o o * @ o— 1o full SPT order

dlsfmc’r SPT phases s=1/2

po L 1Y 0 o 1 0 ] 0 . nofull OPT qrdei



full SPT order and entanglement

G-invariant unique gapped ground state w has full SPT
order if and only if Ind? # ofor anyj c z

S« entanglement entropy bef;vegn{. ..,j—1}and {j,...}

Theorem: I has full SPT order then 55 > log2"

for any j c z
entanglement enforced by symwetry!

Pollmann, Turner, Berg, Oshikawa 2010

S D e

—r
ot



a hecessary condition for full SPT order

G-invariant unique gapped ground state w has full SPT
order if and only if Indy # 0for any; € z

Ogata, Tasaki (in preparation

Theorem; If H2(G, U(1)) = {0, 1} then full SPT order is
possible only for a spin ¢chain withind, = ofor all j € Z

1 1 1 1 1 1

0 0 0 0 0 0 0

Ind; = ind; + Ind}, 4
We find Haldane phase (protected by on-site symmetry)
only for integer spins!

Remark: In a translationally invariant model with ANY
symwmetry, full SPT order is possible only whenind; = 0 for
alli € Z (Lieb-Schultz-Mattis type theorewm)




half-infinite chains
spin system on the half-infinite chain z,. = {0,1,.. .}

G-invariant vnique gapped ground state w
—_—
Inds —( Ind? = ind; + Ind},,
Ind; = —3 ;_ Omd,a;J g = 1. 20
we know all the Ogata indices completely!

model with H*(G,U(1)) = {0,1} |
ind; =0 forall j=0,1,... —¥ Indy =0forallj=0,1,...

integer spin chain _ _
lndo——lahdmd —Oforallj—l B ,___J
integer spin chain with - Ind"" =1forall j =1,2,.
a half-odd-integer spin at the hnundary

e



enforcement of full SPT order by symmetry
SPT-LSM theorem *'an9: Shens: A, Lu 2019

Haruki Watanabe, private communication
Ogata, Tasaki (in preparation)

simplest example: unique gaped ground state invariant
under G = Zs x Zg c SU(3)

H*(G,U(1)) = Z5 = {0,1, 2}
_assume inversion invariance
; A
1 2 ] 1) ] ) ]
[=2—_Jem=> J=1
the ground state must have full SPT order
1 2 1 2 1 2
1 2 1 y) ] 2 1
SU(3) AKLT state _;@"@;L@"iﬁ_: S ade

33=653 303=653 . ea . e



enforcement of full SPT order by symmetry
OPT-LSM theorew “iane: Cheng, Qi, Lu 2019

Haruki Watanabe, private communication
Ogata, Tasaki (in preparation)

simplest example: unique gaped ground state invariant
under G = Z3 x Z3 c SU(3)

HQ(G! U(]')) = Zg = {07 11 2} 8 ] " &
assSume inversion invariance

x5 "
I:#__I___,_-;_.:-.. .,
P '."""'U"H.
o g,
,

- A

e

L,

ir ar
g '
e I_ [ Lo,

1 2 1 2 1 2 1
[=2—T~=> [=1

the ground state must have full SPT order

'something nontrivial is guaranteed to take place in this
"spin” system .
| non-unique g.s., gapless g.s., or full SPT order




enforcement of full SPT order by symmetry

Jiang, Cheng, Qi, Lu 2019
Haruki Watanabe, private communication

Ogata, Tasaki (in preparation)

Theorem: Let s € H2(G, U(1))be such that 25 +# 0, and
consider a “spin chain” withind; = 20 for even j and
ind; = —20 for odd j, and assume that the model is invariant

under inversion about the origin. Then the ground state of
the model has full SPT order if it is unique and gapped.

o —0 o —0 o —0 o
e e ——

—20 20 —20 20 —20 20 —20

inversion symmetry can be replaced by symmetry under
{translation * ind —» —ind }



Summary of parts 1 and 2

M Haldane’s discovery in 1983 about unique gapped
g.8. in spin chains has lead to the notion of symwmetry
protected topological (SPT) phases

M 0gata index is defined for any G-invariant unique
gapped g.s., and characterizes the transformation
property of the g.s. restricted on the half-infinite chain

[ 0gata index provides us with a classification of SPT
phases in quantuwm spin chains protected by symwmetry
G that strictly extends the classifications of Pollmann-
Turner-Berg-Oshikawa and Chen-Gu-Wen

M the classification suggests a natural notion of full
SPT order
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