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General quantum spin chain

h; Hilbert space at site j € Z dim(h;) < do

C*algebra 2 = {all local operators}

G symwetry group (finite group)
u) ynitary on b;
projective representation with index ind; € H*(G,U(1))
*_automorphism on 2
24(A) = (®f=—L “éj))A(®f=—L ’“’éj))*
for g € G and a local operator A
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G-invariant Hamiltonian
and a unique gapped g.s. |

G-invariant short ranged Hamiltonian H = >, h;
h; = b} acts only on &;.ix_ii<r, bk

=,(hj)=h;foranyj cZ and g € G

basic assumption: the ground state w of H is unique and
accompanied by a nonzero energy gap

I — e
w(A) = limp1o0(BGe, ADGY )

M 7,100

Pef: a stateis a linear functionw : 2 — C such that
w(l) =1andw(A*A) > o0forany A e &
Def: wis a g.8. if w(A*[H, A]) > 0 for any local operator A

Pef: a unique g.s. wis accompanied by a nonzero gap if there
is v > 0 and w(A*[H, A4]) > yw(A*A) for any A s1. w(4) =0



GNS Hilbert space for half infinite chain

]

c*-algebra of local operators on the half-infinite chain
2A,; = {all local operators on {j,5 +1,...}} ] E€Z
w; restriction of the ground statew on 2. 5
. o
), and W GNS c-onmmwsfrucnoh- > (Hja Use QJ)

representation =; : A; — B(H,)
wi(A) = (9, m;(A4) Q)  {m;(A4)Q; | A € ;1S dense in H;

noting the G-invariance w;(2,(4)) = w;(A), we can define
nitary U, on by U, ;(A) Q; = m;(2,(A)) Q, for A € 2,

but.. U,Un =Ugn genuine rep. = trivial proj. rep.
this is not yet what we want!



von Neumann algebra for half infinite chain
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von Neumann 5=

‘representation of B
algebra

the C* algebra

() oLy B 4— The set of all bounded
;i (A5) C 7;(2A;)" C B(H;) operators on %,

when w is a unique gapped ground state 7;(2,)"is a
type-l factor, which is the most well-behaved von

Neumann algebra matsui 2013 :
then =;(2,)” = B(#,)for some Hilbert space #,

illustration by Chisato Naruse



praj. rep. on half infinite chain mc. 0

7
;i (A;)" = B(H;) for some Hilbert space #,
one can construct a projective rep. U,of G on #,;
the corresponding index Ind; € H2(G,U(1))

rough idea of the construction
m;(2;) is invariant under the action of U, (-)U;

define *-automorphism I'; on B(#,) by
[y(X) = o(Uy ™1 (X) Uy) ;i (%) — B(H;)
it holds that r,r', =T

Wigner’s theorem guarantees that there is a unitary U,
on 7, sueh that r,(X) = U, X U
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