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Representation and

projective representation of a group
G a finite group (for the symmetry of the model)

representation
unitary U, (withg € G)st. U. =1 and U,U, = Uy

projective representation

vnitary U, (withg € G)st. U. =1 and U,Ur = ¢(g,h) Ugs

p(g,h) € U(1) :={z € C||z| =1}

associativity U;(U,U,) = (U;U,)U;, implies

v(g, h) p(f, gh)
o(f,9) o(fg,h)

© is a Z-cocyecle
Z2(G,U(1)) the set of all 2-cocyeles »: G x G — U(1)

Remark: we can treat proj. reps. with antivniatary operators

=1 forany f.9,h€G



Index for a projective representation

projective representation
vnitary U, (withg € G)st. U. =1 and U,Usn = »(g,h) Ugn
equivalent projective representation

U,=v(9)U, ¥(g) €UQ1):={z€C||z|=1}

oo oM

UUp, = ¢'(9,h) Uy, ¢'(9,h) =

second group cohomology H?(G,U(1)) = Z%(G,U(1))/ ~
< abelian group

H2(G,U(1)) > ind characterizes an equivalence class of
the projective representations of G



Index for a prajective representation

projective representation
vnitary U, (withg € G)st. U. =1 and U,Usn = »(g,h) Ugn

H2(G,U(1)) >ind characterizes an equivalence class of
the projective representations of G

the indices can be added!

two projective representations
(i} (1 ()

’u,gl) ug ‘uy = p1(g, ) ind;
u§,2> ug )ug) = p2(9,h) u, ( ) inds

U, =us" @u$®  proj. rep with ©(g, k) = 1(g, h) 2(g, b)

ind = ind; + ind



Important example z, x z,

G = Zz X Z2 {e X y,Z}

x2—y —gl—e Xy=yxX=z YZ=Zy=X ZX=XZ=Y

HZ(ZQ X Zz,U(l)) = 1oy = {O, 1} S ind
proj. rep. on a single spin S = (S*,5¥,5%) S?=S5(S+1)
Us=1 U,=exp[—inS9] 9E€{x¥,2}
LU =0, UU=U. UGl =U

integer spin (s =1,2,...) denvine representation
(= ILfn = Thl

half-odd-integer spin (s = -;- T nhERY

(Ug)2 =1 U,Up = AU g#h
" nontrivial proj. rep.

, 0 S=1,2,... trivial
g — ki g N
1 S=1,%... nontrivial
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General quantum spin chain

h; Hilbert space at site j € Z dim(h;) < do
G finite group that describes the global on-site symwmetry

u) ynitary on b;
projective representation with index ind; € H2(G,U(1))

transformation of operator Abyg € G
24(A) = (®f——L uéj))A(®JL——L ugj))
G-mvananf short ranged Hamiltonian H =3, h;

unique gapped ground sfafe

=, (Hyy

assume the model has a unique ground sate w
accompanied by a nonzero energy gap | AE = O(1)




Example: Z. x Z, invariant spin chains

S; = (S%,57,58%) j€Z 185,50 =085, ...
G = ZZ X ZZ = {e7X7YaZ} ’U,((g]) = I Ugj) = GXp[—’Lﬂ'SjQ]

m-rotations about the three axes
AR R = =5 St 3 =5
e e S;’ s S;’ 5T =y =5

= X X y y z z
B, B8 &8 5o

Heisenberg Hamiltonian H =3 S; - S;,.is invariant

Conjecture (Haldane): the model has a unique gapped
ground state only when S is an integer
Half-odd-integral S cases are proved (LSM theorem)

Lieb, Shultz, Mattis 1961, Affleck, Lieb 1986




index for a unique gapped ground state

We want define an index for a G-invariant unique gapped

ground state w on infinite chain
W ge G

fransformanon correspondmg fo g *

T invariant .

fietitious ‘cut” at site; .
R i e, d

g G
fhe state resfncfed on fhe half—-mﬁmte cham may eXhlbl‘l’
nontrivial transformation property —— index Tnd.
)




Easy example dimerized state
Zs x Zy invariant H = > icz 925+ S2j41 with S = %

Y2541 — N2 )21

unique gapped g.5. ®cs = (X M2l

jez V2
invariant
=24]) 0 1 2 3 4
Ind, should be 0

=, free S = 1/2 spin at the edge

—1 0 1 2 3 4

Ind; Should be 1




Examples inZ, x Z, invariant

S =1 chains h; = span(|0);, [+);,1-);)
H=3,(5)°  unique gapped g.8. cs = ®.; [0);
0) 0) 0) 0) 0)
Ind,; should be 0

AKLT model H = Zjez{sj T EES %(Sj : Sj—|—1)2}
unique gapped g.s. = VBS state

effective S = 1/2 edge spin

74

Ind,; should be 1



How do we define such an index
for a unique gapped g.s.7

a large but finite system
-9 @ @ ® @ @ ; @ & ® & & L & @ z @—

examine transformation property of this part

Ind; = Y",_.indc  indyindex for the single spin at site
does not reflect the property of the g.s.!

we always have Ind; = 0 for Z, x Z, symmetric S = 1chain
0) 0) 0) 0) 0)
el @il @il @il @l @



Index for matrix product states

matrix product states (MPS) = finitely correlated states

= ¥ ZESS: & Fannes, Nachtergaele, Werner 1989, 1992
G-invariant injective MPS i
@y =D0 | < TrM7 .. M7 |llay, i ar)

matrices transformas M° — U M°U;

— -~ M M M M —
Lo

— UMU* - UMU* UMU* UuMu* —— UMU* —-

— M MU* UM - M - M —
z/

transformation property in the half chain
U, proj. rep. of G —p meaningful index Ind € H*(G,U(1))

Polilmann, Turner, Berg, Oshikawa 2010 Fannes, Nachtergaele, Werner 199?
Perez-Garcia, Wolf, Sanz, Verstraete, and Cirac 2008 Matsui 2001



Ogata index for a general G-invariant
unique gapped ground state

Ogata 2018 (Matsui 2001, 2013)

index Ind?’ € H?(G, U(1)) for any G-invariant unique gapped
g.s. (more generally, pure split state)

fietitious cut” at site; .

- < [ o ' e : Rl - . _——
o~ . > -~ - - 3

9#

characferlzes fhe fransformaﬂon properfv of fhe g .
restricted on the half-infinite chain  ~ @) cm@) < sowy)

m;(2%A;)" = B(H,)
operator algebraic formulation (%)
proj. rep. on the von Neumann algebra el

R

70 (2A5)"

icommutant
f 1 von Neumann

algebra



basic properties of Ogata index

G-invariant unique gapped ground state »  Site j € Z
> unique well defined index Indy € H*(G, U(1))

-

J

» coincides with the index of Pollmann, Turner, Berg, and
Oshikawa for MPS (matrix produet states)

» invariant under smooth modification of G-invariant
models with a unique gapped ground state

Ogata 2018



properties of Ogata index: additivity

iasagiemesp w
Ind‘7 _ lndj _r Indj+1 - dw Ogata, Tachikawa, Tasaki 2020
J

transformation property of the ground state
restricted to the left half-infinite chain

Il’ld D Ogata 2019




properties of Ogata index: inversion

spatial inversion ; — —j Wb
Ind? = —Indy_,

Ind“’ — Ind —Ind“’

Cteivial R sdtivity



graphic notation and
summary of the properties
i; = ind; € H*(G,U(1)) index for spin at ;

I; = Ind} € H*(G,U(1))
Ogata index forwrestricted to{s,7 +1,...}
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Lieb-Schultz-Mattis (LSM) type theorems

No-go theorems which state that certain quantum many-
body systems CANNOT have a unique gapped ground state

symmetry —— low energy properties

the original theorem and its extensions
U(1) invariance is essential

Lieb, Shultz, Mattis 1961, Affleck, Lieb 1986
Oshikawa, Yamanaka, Affleck 1997
Oshikawa 2000, Hastings 2004, Nachtergaele, Sims 2007
Bachmann, Bols, De Roeck, Fraas 2019

%’

recent “extensions” : :
similar no-go statements for models without continvous

symmetry, but with some discrete symwmetry

Chen, Gu, Wen 2011
Fuji 2016
Watanabe, Po, Vishwanath, Zaletel 2015
Po, Watanabe,Jian, Zaletel 2017

Ogata, Tasaki 2019, Ogata, Tachikawa, Tasaki 2020



Strategies of the proofs

or iginal Strategy Lieb, shuitz, Mattis 1961, Affleck, Lieb 1986
explicit construetion of low—lymg sfa’res by using

gradual U(l) twist”

new strategy

T ——————

32 unique gapped ground state — a condmon

a condition = no unique gapped ground state
Oshikawa 2000
make full use of Ogata index



models with translational symmetry
quantum spin chain with a translation invariant and

G-invariant short ranged Hawiltonian

assume that the ground state w is unique and accompanied
by a nonzero gap




models with translational symmetry
quantuwm spin chain with a translation invariant and

G-invariant short ranged Hawiltonian

assume that the ground state w is unique and accompanied
by a nonzero gap

TREOREM: If a quantum spin chain with translation

invariant and G-invariant short ranged Hawiltonian has
a unique gapped g.8., it must be that ind; = ofor any j € z

————k ﬁ
LSM type no-go theorem
COROLLARY: A quantum spin chain with translation

invariant and G-invariant short ranged Hawmiltonian with
ind,; # 0 ¢ah hever have a unique gapped g.s.

I — Chen, sm”
Watanabe, Po, Vishwanath, Zaletel

when G=2Z; xZ;  ind; #0 «—> §; =13




models with inversion symmetry

quantum spin chain with a G-invariant short ranged

Hawiltonian that is invariant under inversion about the
origin

translation invariance is not assumed

assume that the ground state w is unique and accompanied
by a nonzero gap

—I1 =19+ 14 19 = —21

THEOREM: If a quantum spin chain with G-invariant and
reflection invariant short ranged Hawiltonian has a unique
gapped g.s., it must be that ind, € 2H?(G, U(1))




models with inversion symmetry

THEOREM: If a quantum spin chain with G-invariant and
reflection invariant short ranged Hawiltonian has a unique
gapped g.s., it must be that ind, € 2H?(G,U(1))

LSM type no-go theorem

COROLLARY: A quantuwm spin chain withind, ¢ 2H%(G,U(1))

and G-invariant short ranged Hawiltonian which is

invariant under reflection around the origin can never
have a unique gapped ground state

ﬁ

md0¢2H2GU ) &> Sp =

t\DIOO

2t
’ 29

l\DI»—t

BoatiST ot Sy SIS Sy

Fuji 2016, Po, Watanabe, Jian, Zaletel 2017



more complicated symmeiry

quantum spin chain with a G-invariant short ranged
Hamiltonian that is invariant under { translation *+ a

fixed automorphiswm a of G }

assume that the ground state w is unique and accompanied
by a nonzero gap
it I I, I T, T

a simple example in which a flips
the sign of the indices
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Classification of unique gapped g.s.

Hy, H G-invariant Hawiltonians of the same spin chain
wo, w1 UNIque gapped ground states

definition
woald w;are smoothly connected if and only if there exists
a family of Hamiltonians 7,witho < s < 1 such that

H;has a unique gapped g.s. ws for each s
ws depends smoothly on s

Conjecture: Any unique gapped ground states of the same

spin chain are smoothly connected
Chen, Gu, Wen 2011

Theorem: This is true for matrix produet states
Ogata 2017

There is only one phase!



Classification of unique gapped g.s.

Hy, H, G-invariant Hamiltonians of the same spin chain
wo,w: UNIque gapped ground states

definition
wo ad w1 are smoothly connected via G-symwetric models if

and only if there exists a family of G-invariant

Hawmiltonians 7, witho < s < 1 such that
Hhas a unique gapped g.s. ws for each s ,
ws depends smoothly on s

the classification of the

equivalence classes (SPT phases)
is given by the index

Ind e B2(G,U(1)  JLLD

Pollmann, Turner, Berg, Oshikawa 2010

Gu, Wen 2009
c:en,ec?u, Wen 2011 el JUUE -




Classification of unique gapped g.s.

Hy, H, G-invariant Hamiltonians of the same spin chain
wo, w1 UNique gapped ground states

definition
wo ad w; are smoothly connected via G-symwetric models if

and only if there exists a family of G-invariant
Hawiltonians 7 witho < s < 1 sueh that

Hshas a unique gapped g.8. ws for each s
ws depends smoothly on s

Ind¥ € H*(G, U(1)) index for a unique gapped g.8. w
essential theorem ogata 2018

Theorem: If Ind%° # Ind%", then w, and w; can never be
smoothly connected via G-symmetric models

Ind; determines Ind for all j becavse Ind$ = ind; + Ind¥,



example: z, x z,invariant S = 1 chains

Theorem: If Inds° # Ind%, then w, and w; can never be
smoothly connected via G-symwmetric models

H=3%,,(5) uniquegapped 9.8. ®cs = ®;cz10);

‘D 'S ' 'S '®’
0 0 0 0 0

these ground states are never connected smoothly via
Zo % ZoSymmetric models

AKLT model # =3, ,{S; - Sj11 +3(S; - Sj11)%}
unique gapped g.s. = VBS state

0 0 0 0 0



example: Z, x Z,invariant S = 1/2 chains
Theorem: If Inds° # Ind%*, then w, and w; can never be
smoothly connected via G-symwmetric models

C TR R BUET S R i

jez V2
1 0 1 0 1 0 I
1 1 1 1 1 1

these ground states are never connected smoothly via
Zo X Z,Symmetric models

SV (NRUSETR et 811y

H, ZZJEZ Soi_1:52; ON :®| )2j—1l >23\/§| )2j—1[1)2;
JEZL

i 0 ‘.....1.....,‘ 0 & 1 o 0 ® '1 : 0 p

1 1 1 1 1 1



general classification by Ogata

for any G-invariant quantuwm spin chains (withouvt
translation invariance) unique gapped ground states are
classified by a single index mdv € H2(G, U(1))

example: Z, x Z, invariant spin chain with site-dep. spins
2 g 12 3 1 20 e 1/2

Indy at each site can either be
gy 80 0 e

0 0 1 1 0 1 0 1 0 1

or
1 1 1 0 1 1 0 0 1 1

B o 10 0 0T
Ind; determines Ind¢ for all j becavse Indy = ind; + Ind¥,,




general classification by Ogata

for any G-invariant quantuwm spin chains (withouvt
translation invariance) unique gapped ground states are
classified by a single index mdv € H2(G, UQ1))

a strict extension of the known classifications

Polimann, Turner, Berg, Oshikawa 2010

works for injective MPS (matrix product states)
translation invariance is required »

Chen, Gu, Wen 2011

classification of RG fixed points R
some uniformity is assumed ;

Remark: it is possible that different
“phases” have the same index

-



the concept of full SPT (symmetry

protected topological) order

definition
G-invariant unique gapped ground state w has full SPT
order if and only if Indy # o0for anyj c z

S« entanglement entropy between{...,; —1}and {j,...}

Ogata 2018
Theorem: If. has full SPTO then 5¢ > log2for any j c z

entanglement enforced by symmetry!

Polilmann, Turner, Berg, Oshikawa 2010

S D e

~
~



a necessary condition for full SPT order

G-invariant unique gapped ground state « has full SPT
order if and only if Indy # ofor anyj c

Theorem: If H2(G, U(1)) = {0, 1} then full SPTO is possible
only for a spin chain withind, = o for all j € z

1 1 1 1 1 1

0 0 0 0 0 0 0

Ind? = ind; + Ind7,
We find Haldane phase (protected by on-site symwmetry)
only for integer spins!

Remark: In a translationally invariant model full SPTO is
possible only when ind; = 0 for all j ¢ z (LSM theorem)



enforcement of full SPT order
SPT-LSM theorem Jiang, Cheng, Qi, Lu 2019

Haruki Watanabe, private communication

simplest example: unique gaped ground state invariant
under G = Z; x Zg c SU(3)

H*(G,U(1)) =Zs = {0, 1, 2}
——assume inversion invariance

1 2 1 2 1 2 1
[=2—-T——> =1

the ground state has full SPT order

) 5 1 > 1 5
1 > 1 > 1 > 1
SUG) AKWT state g 4 g G g m i AT

33=653 33=653 . g S B e e



enforcement of full SPT order

Jiang, Cheng, Qi, Lu 2019
Haruki Watanabe, private communication

Theorem: Let - € H2(G, U(1))be such that 2o + 0, and
consider a “spin chain” withind; = 20 for even j and
ind; = —20 for odd j, and assume that the model is invariant

under inversion about the origin. Then the ground state of
the model has full SPT order if it is unique and gapped.

o =14 o e § o —r o

—20 20 —20 20 —20 20 —20

inversion symmetry can be replaced by symwetry under
{translation + ind - —ind }
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General quantum spin chain

h; Hilbert space at site j € Z dim(h;) < do

C*algebra 2 = {all local operators}

G symwetry group (finite group)
u) ynitary on b;
projective representation with index ind; € H2(G,U(1))
*_automorphism on 2
S = (R S uNAMB el
for g € G and a local operator A

o s ey |

—g O =Sh = =gh



G-invariant Hamiltonian
and a unique gapped g.s. |

G-invariant short ranged Hamiltonian # =3, _, b,
j = h3 acts only on &, i<, bk

Zq(h;) =h;foranyjcz and g € G

basic assumption: the ground state w of H is unique and
accompanied by a nonzero energy gap

B — o
w(A) = li (@5 ADL)

M 7100

Def: a stateis a linear funetionw : A — C such that
w(I) =1andw(A*A) >0forany A ¢ &
Pef: wisa g.s. if w(A*[H, A]) > 0 for any local operator A

Petf: a unique g.8. wis accompanied by a nonzero gap if there
i$y > 0 and w(A*[H, A]) > yw(A*A) for any A st. w(4) =0



GNS Hilbert space for half infinite chain

J

C*-algebra of local operators on the half-infinite chain
2, = {all local operators on {j,57 +1,...}} jEZ
w; restriction of the ground statew on 2L, .
‘ ]
% and w; NS construetion 5, o o5

representation «; : 2A; — B(#;)
wi(A) = (Q;,7;(A)Q;) {m;(A)Q;| A € A;}is dense In H;

noting the G-invariance w,(E,(A)) = w,(A), we can define
unitary U, onH,;by U, 7;(4) Q; = n;(E,(A)) Q; for A € A,

hut.. U, Uy =U,, genvine rep. = trivial proj. rep.
this is not yet what we want!



von Neumann algebra for half infinite chain

J o

7(2( - , 7(.2[.”:"; ’3
i (2) bwommufan’r' i (%) y .

=)

representation of M von Neumann 7= <8

the C* algebra algebra

o P \ 4— the set of all bounded
i ) C B operators on A,

when w is a unique gapped ground state 7;(2,)"is a
type-l factor, which is the most well-behaved von

Neumann algebra Matsui 2013 5
then =; ()" = B(H,)tor some Hilbert space #,

illustration by Chisato Naruse



praj. rep. on half infinite chain w.c. 20

J
m;(A,)" = B(#;) for some Hilbert space #,
one can construet a projective rep. U,of G on A,
the corresponding index Ind, € H2(G, U(1))

rough idea of the construction
m;(24;) is invariant under the action of U, (-)U;

define *-avtomorphism ', on B(#;) by
Ly(X) = Uy o™ (X) Uy) (%) — B(H;)
it holds that I, =,

Wigner's theorem guarantees that there is a unitary U,
oh 7, such that r,(x) = U, X U;



Summary

M 0gata index is defined for any G-invariant unique
gapped a.s., and characterizes the transformation
property of the g.s. restricted on the half-infinite chain

Mwith Ogata index, we have unified simple proofs of
the generalized Lieb-Schultz-Mattis theorems for
quantum spin chains with only discrete symwmetry

M 0gata index provides us with a classification of

G-invariant unique gapped g.8. in quantum spin chains
that strictly extends the classifications of Pollmann-
Turner-Berg-Oshikawa and Chen-Gu-Wen

[ the new classification suggest the natural notion of
full symmetry protected topological order
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