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Schnyder et al., 2009; Ryu et al., 2010!. The classes of

equivalent Hamiltonians are determined by specifying

the symmetry class and the dimensionality. The symme-

try class depends on the presence or absence of T sym-

metry "8! with !2 = ±1 and/or particle-hole symmetry

"15! with "2 = ±1. There are ten distinct classes, which

are closely related to the classification of random matri-

ces of Altland and Zirnbauer "1997!. The topological

classifications, given by Z, Z2, or 0, show a regular pat-

tern as a function of symmetry class and dimensionality

and can be arranged into the Periodic Table of topologi-

cal insulators and superconductors shown in Table I.

The quantum Hall state "class A, no symmetry; d=2!,

the Z2 topological insulators "class AII, !2 =−1; d=2,3!,

and the Z2 and Z topological superconductors "class D,

"2 =1; d=1,2! described above are entries in the Peri-

odic Table. There are also other nontrivial entries de-

scribing different topological superconducting and su-

perfluid phases. Each nontrivial phase is predicted via

the bulk-boundary correspondence to have gapless

boundary states. One notable example is superfluid

3HeB "Volovik, 2003; Roy, 2008; Schnyder et al., 2008;

Nagato, Higashitani, and Nagai, 2009; Qi, Hughes, et al.,

2009; Volovik, 2009!, in "class DIII, !2 =−1, "2 =+1; d

=3! which has a Z classification along with gapless 2D

Majorana fermion modes on its surface. A generaliza-

tion of the quantum Hall state introduced by Zhang and

Hu "2001! corresponds to the d=4 entry in class A or

AII. There are also other entries in physical dimensions

that have yet to be filled by realistic systems. The search

is on to discover such phases.

III. QUANTUM SPIN HALL INSULATOR

The 2D topological insulator is known as a quantum

spin Hall insulator. This state was originally theorized to

exist in graphene "Kane and Mele, 2005a! and in 2D

semiconductor systems with a uniform strain gradient

"Bernevig and Zhang, 2006!. It was subsequently pre-

dicted to exist "Bernevig, Hughes, and Zhang, 2006! and

was then observed "König et al., 2007! in HgCdTe quan-

tum well structures. In Sec. III.A we introduce the phys-

ics of this state in the model graphene system and de-

scribe its novel edge states. Section III.B reviews the

experiments, which have also been the subject of the

review article by König et al. "2008!.

A. Model system: Graphene

In Sec. II.B.2 we argued that the degeneracy at the

Dirac point in graphene is protected by inversion and T

symmetry. That argument ignored the spin of the elec-

trons. The spin-orbit interaction allows a new mass term

in Eq. "3! with respect to all of graphene’s symmetries.

In the simplest picture, the intrinsic spin-orbit interac-

tion commutes with the electron spin Sz, so the Hamil-

tonian decouples into two independent Hamiltonians for

the up and down spins. The resulting theory is simply

two copies of the model of Haldane "1988! with opposite

signs of the Hall conductivity for up and down spins.

This does not violate T symmetry because time reversal

flips both the spin and #xy. In an applied electric field,

the up and down spins have Hall currents that flow in

opposite directions. The Hall conductivity is thus zero,

but there is a quantized spin Hall conductivity, defined

by Jx
↑ −Jx

↓ =#xy
s Ey with #xy

s =e /2$—a quantum spin Hall

effect. Related ideas were mentioned in earlier work on

the planar state of 3He films "Volovik and Yakovenko,

1989!. Since it is two copies of a quantum Hall state, the

quantum spin Hall state must have gapless edge states

"Fig. 5!.

TABLE I. Periodic table of topological insulators and superconductors. The ten symmetry classes are labeled using the notation

of Altland and Zirnbauer "1997! "AZ! and are specified by presence or absence of T symmetry !, particle-hole symmetry ", and

chiral symmetry %="!. ±1 and 0 denote the presence and absence of symmetry, with ±1 specifying the value of !2 and "2. As

a function of symmetry and space dimensionality d, the topological classifications "Z, Z2, and 0! show a regular pattern that repeats

when d→d+8.
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new rigorous index theory for a class of 1D topological 

insulators including the SSH model (class D)

establishes the existence of a (symmetry protected) 

topological phase transition in the infinite system

establishes the existence of a gapless edge mode 
when the topological index is nonzero

proof is very elementary and simple!!



topological index 
in the SSH model



Su-Schrieffer-Heeger (SSH) model
Su, Schrieffer, Heeger 1979
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s 2 [0, 1]

ĤSSH
s =

∑

j∈Z

{
(1− s)(ĉ†2j ĉ2j+1 + h.c.) + s(ĉ†2j−1ĉ2j + h.c.)

}

ĤSSH
0 =

∑

j

(ĉ†2j ĉ2j+1 + h.c.)

ĤSSH
1 =

∑

j

(ĉ†2j−1ĉ2j + h.c.)

|ΦGS,0〉 =
(∏

j

ĉ†2j − ĉ†2j+1√
2

)
|Φvac〉

|ΦGS,1〉 =
(∏

j

ĉ†2j−1 − ĉ†2j√
2

)
|Φvac〉

ε
2L∑

j=1

ϕj ĉ
†
j|Φvac〉 = ĤSSH

s

2L∑

j=1

ϕj ĉ
†
j|Φvac〉






ε ϕ2j = sϕ2j−1 + (1− s)ϕ2j+1

ε ϕ2j+1 = (1− s)ϕ2j + sϕ2j+2






ϕ2j =
1√
L
eikj u0

ϕ2j+1 =
1√
L
eikj u1

k ∈ K = {2π
L n |n = 0, . . . , L− 1}

ε



u0

u1



 =



 0 α∗(k)

α(k) 0







u0

u1





α(k) = (1− s) + s eik

ε±(k) = ±|α(k)| = ±
√
s2 + (1− s)2 + 2s(1− s) cos k

α(k) = {(1− s) + s cos k}+ i s sin k

1

model parameter
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ĤSSH
0 =

∑

j
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ĉ†2j − ĉ†2j+1√
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s = 0

<latexit sha1_base64="eEVFNWs8m9felZTuqNmxdyhdg9A=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxov2ANpTNdtMu3WzC7kQooT/BiwdFvPqLvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9GCuvV654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezUyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTplGwI3uLLy6R5VvUuquf355XaTR5HEY7gGE7Bg0uowR3UoQEMBvAMr/DmSOfFeXc+5q0FJ585hD9wPn8A00eNgg==</latexit>

s = 1

trivial

nontrivial



Zak phase as a topological index

ε±(k) = ±|α(k)| = ±
√
s2 + (1− s)2 + 2s(1− s) cos k

α(k) = {(1− s) + s cos k}+ i s sin k

w =






0 s ∈ [0, 12)

1 s ∈ (12 , 1]

w =
1

2π

∫ 2π

0

dk θ′(k)

α(k) = |α(k)| eiθ(k)






ϕ(k,±)
2j = 1√

L
eikj u±

0 (k)

ϕ(k,±)
2j+1 = 1√

L
eikj u±

1 (k)

u±(k) =



u±
0 (k)

u±
1 (k)



 =
1√
2




α∗(k)
|α(k)|

±1



 =
1√
2



e−iθ(k)

±1





〈
u−(k),

d

dk
u−(k)

〉
= − i

2
θ′(k)

ν :=
i

π

∫ 2π

0

dk
〈
u−(k),

d

dk
u−(k)

〉
=






0 s ∈ [0, 12)

1 s ∈ (12 , 1]

|ΦGS〉 =
(∏

k∈K

â†k

)
|Φvac〉

â†k =
1√
L

L∑

j=1

eikj{u−
0 (k) ĉ

†
2j + u−

1 (k) ĉ
†
2j+1}

u−(k)

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1)

]

2

Zak phase (Berry phase in the Brillouin zone) Zak 1989

<latexit sha1_base64="GDYkfYCYlvg2pbX3x1IQXvrZdWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLuEKEcSLx4xyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzTRGP6QjyYecUWOlB++q0i+W3LK7AFknXkZKkKHRL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGdb8lMs4MSjZctEwEcREZP43GXCFzIipJZQpbm8lbEwVZcamU7AheKsvr5NWpexdl6v31VK9lsWRhzM4h0vw4AbqcAcNaAKDETzDK7w5wnlx3p2PZWvOyWZO4Q+czx9X940p</latexit>

1/2
<latexit sha1_base64="lG4HTk/5WA/DzkBD1MIgs+5+B6o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeQWMsw==</latexit>

0
<latexit sha1_base64="r6olBFY4nIrDJ2gU4SV9goCWpBM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeomMtA==</latexit>

1

<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s
critical pointunique gapped g.s. unique gapped g.s.

trivial nontrivial

Zak phase and the expectation value of
<latexit sha1_base64="dKzEuIlPutSL/IfdAeXqS0YackI=">AAACD3icbVC7TsMwFL0pr1JegY4sFhUSU5UgBIwVLIxFog+pjSrHdVqrdhLZDqiK8gcsfER/gIUBhFhZ2fgb3DYDtBzJukfn3Kvre/yYM6Ud59sqrKyurW8UN0tb2zu7e/b+QVNFiSS0QSIeybaPFeUspA3NNKftWFIsfE5b/uh66rfuqVQsCu/0OKaewIOQBYxgbaTILsMEhoBBQwoNyKBn6gQkCEBGewAGytSsZ1ecqjMDWiZuTiqQo96zv7r9iCSChppwrFTHdWLtpVhqRjjNSt1E0RiTER7QjqEhFlR56eyeDB0bpY+CSJoXajRTf0+kWCg1Fr7pFFgP1aI3Ff/zOokOLr2UhXGiaUjmi4KEIx2haTiozyQlmo8NwUQy81dEhlhiok2EJROCu3jyMmmeVt3z6tntWaV2lcdRhEM4ghNw4QJqcAN1EzWBR3iGV3iznqwX6936mLcWrHymDH9gff4AVyqWkg==</latexit>
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i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1)

]
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L
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†
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†
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∆ = 2π/L
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〈
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〉
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1−∆

〈
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dk
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âk
)(∏
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b̂†k′
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( ∏
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)
|ΦGS〉

#
∏

k∈K

exp
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−∆

〈
u−(k),

d

dk
u−(k)

〉]
# exp

[
−
∫ 2π

0

dk
〈
u−(k),

d

dk
u−(k)

〉]

= eiπν

〈ΦGS|Ûtwist|ΦGS〉 = 〈ΦGS|
(∏

k∈K

âk
)(∏

k′∈K

b̂†k′
)
|ΦGS〉 = 〈ΦGS|

( ∏

k,k′∈K

{âk, b̂†k′}
)
|ΦGS〉

#
∏

k∈K

exp
[
−∆

〈
u−(k),

d

dk
u−(k)

〉]
# exp

[
−
∫ 2π

0

dk
〈
u−(k),

d

dk
u−(k)

〉]
= eiπν

ν =






0 s ∈ [0, 12)

1 s ∈ (12 , 1]

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1)

]

3

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

4

Bloch (Bohm 1949), Lieb,Schultz, Mattis 1961

the twist (or the flux-insertion) operator



models  
and main results



general model

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0;

2π if x ≥ x1 = x0 + %− 2r0,

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]
.

4

interacting possibly disordered model of spinless fermions 
at half-filling with Hamiltonian

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0;

2π if x ≥ x1 = x0 + %− 2r0,

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]
.

4

<latexit sha1_base64="CEjdo3RAzoAQLEVDsxjNEvb8oO8=">AAACIXicbVBNS8NAEJ3Ur1q/oh71ECyCBymJFPUiFL14rGI/oA1ls92222w2YXcjlJC/4kX8J148KNKb+Gfctjlo6yw7vHlvht15XsSoVLb9ZeSWlldW1/LrhY3Nre0dc3evLsNYYFLDIQtF00OSMMpJTVHFSDMSBAUeIw3Pv5nojUciJA35gxpFxA1Qn9MexUhpKjQPQUEHEhjCKfiQwlVW+7oe6voFKHCdA0BaGYCnTwL3kHbMol2yp2EtAicDRcii2jHH7W6I44BwhRmSsuXYkXITJBTFjKSFdixJhLCP+qSlIUcBkW4y3TC1jjXTtXqh0Jcra8r+nkhQIOUo8HRngNRAzmsT8j+tFavepZtQHsWKcDx7qBczS4XWxC6rSwXBio00QFhQ/VcLD5BAWGlTC9oEZ37lRVA/KznnpfJduVi5zuzIwwEcwQk4cAEVuIUq1ADDE7zCO3wYz8ab8WmMZ605I5vZhz9hfP8AfRyahg==</latexit>

tj,k = tk,j 2 R
<latexit sha1_base64="WwG8DzR8dMhNRgXxA66zRMLVEJE=">AAAB8HicbVDLSgNBEOyNrxhfUY9eFoPgQcKuBPUiBL14jGAekixhdjKbjJmZXWZ6hbDkK7x4UMSrn+PNv3HyOGi0oKGo6qa7K0wEN+h5X05uaXlldS2/XtjY3NreKe7uNUycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4fXEbz4ybXis7nCUsECSvuIRpwStdI/d7OFkOL70usWSV/amcP8Sf05KMEetW/zs9GKaSqaQCmJM2/cSDDKikVPBxoVOalhC6JD0WdtSRSQzQTY9eOweWaXnRrG2pdCdqj8nMiKNGcnQdkqCA7PoTcT/vHaK0UWQcZWkyBSdLYpS4WLsTr53e1wzimJkCaGa21tdOiCaULQZFWwI/uLLf0njtOyflSu3lVL1ah5HHg7gEI7Bh3Oowg3UoA4UJDzBC7w62nl23pz3WWvOmc/swy84H99LspAW</latexit>

tj,k = 0 if          is even or <latexit sha1_base64="3rreoV+TP4yGDrDtTBkAfwpzBow=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiMaB6QhDA76U3GzM4uM7NCWPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dfiy4Nq777eRWVtfWN/Kbha3tnd294v5BQ0eJYlhnkYhUy6caBZdYN9wIbMUKaegLbPqjm6nffEKleSQfzDjGbkgHkgecUWOl+8ezUa9YcsvuDGSZeBkpQYZar/jV6UcsCVEaJqjWbc+NTTelynAmcFLoJBpjykZ0gG1LJQ1Rd9PZqRNyYpU+CSJlSxoyU39PpDTUehz6tjOkZqgXvan4n9dOTHDVTbmME4OSzRcFiSAmItO/SZ8rZEaMLaFMcXsrYUOqKDM2nYINwVt8eZk0zsveRblyVylVr7M48nAEx3AKHlxCFW6hBnVgMIBneIU3RzgvzrvzMW/NOdnMIfyB8/kDBTiNow==</latexit>j � k
<latexit sha1_base64="/0LNz8euZh2xtixiUQZYOV0o7zE=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiMYB6QLGF20puMmX0wMyuENQd/RRAPinj1N7z5N06SPWhiQdNFVTfTU14suNK2/W3llpZXVtfy64WNza3tneLuXkNFiWRYZ5GIZMujCgUPsa65FtiKJdLAE9j0hlcTv3mPUvEovNWjGN2A9kPuc0a1kQQ8wB2cwND0Z+gDAgEJXbC7xZJdtqcgi8TJSAky1LrFr04vYkmAoWaCKtV27Fi7KZWaM4HjQidRGFM2pH1sGxrSAJWbTu8fkyOj9IgfSVOhJlP190ZKA6VGgWcmA6oHat6biP957UT7F27KwzjRGLLZQ34iiI7IJAzS4xKZFiNDKJPc3ErYgErKtImsYEJw5r+8SBqnZeesXLmplKqXWRx5OIBDOAYHzqEK11CDOjAT8RO8wpv1aL1Y79bHbDRnZTv78AfW5w+mtZID</latexit>

|j � k| � r0
hopping

<latexit sha1_base64="sQkjvHpuJrAGK8jlgJvZQ5sKlFI=">AAACIXicbVBNS8NAEJ34WetX1KMegkXwICWRol6EohePVewHtKVstpt2m80m7G4KJeSveBH/iRcPivQm/hm3bQ7aOssOb96bYXeeGzEqlW1/GUvLK6tr67mN/ObW9s6uubdfk2EsMKnikIWi4SJJGOWkqqhipBEJggKXkbrr3070+pAISUP+qEYRaQeox6lHMVKaCs0jGEIHEhjAGfiQwnVW+7oe6PoFKHCdA0CgoA+uPgk8QNoxC3bRnoa1CJwMFCCLSscct7ohjgPCFWZIyqZjR6qdIKEoZiTNt2JJIoR91CNNDTkKiGwn0w1T60QzXcsLhb5cWVP290SCAilHgas7A6T6cl6bkP9pzVh5V+2E8ihWhOPZQ17MLBVaE7usLhUEKzbSAGFB9V8t3EcCYaVNzWsTnPmVF0HtvOhcFEv3pUL5JrMjB4dwDKfgwCWU4Q4qUAUMT/AK7/BhPBtvxqcxnrUuGdnMAfwJ4/sHg+Saig==</latexit>

vj,k = vk,j 2 R
<latexit sha1_base64="dIu6O40iUx8V9mKE6jHiJeRPi2M=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKepFKHrxWMF+SLuUbJptY5PskmQLZemv8OJBEa/+HG/+G9N2D9r6YODx3gwz84KYM21c99vJrayurW/kNwtb2zu7e8X9g4aOEkVonUQ8Uq0Aa8qZpHXDDKetWFEsAk6bwfB26jdHVGkWyQczjqkvcF+ykBFsrPQ46qZPZ8PJtdstltyyOwNaJl5GSpCh1i1+dXoRSQSVhnCsddtzY+OnWBlGOJ0UOommMSZD3KdtSyUWVPvp7OAJOrFKD4WRsiUNmqm/J1IstB6LwHYKbAZ60ZuK/3ntxIRXfspknBgqyXxRmHBkIjT9HvWYosTwsSWYKGZvRWSAFSbGZlSwIXiLLy+TxnnZuyhX7iul6k0WRx6O4BhOwYNLqMId1KAOBAQ8wyu8Ocp5cd6dj3lrzslmDuEPnM8fTsqQGA==</latexit>

vj,k = 0 if <latexit sha1_base64="/0LNz8euZh2xtixiUQZYOV0o7zE=">AAAB/3icbVDLSgNBEOyNrxhfUY9eBoPgxbArQT0GvXiMYB6QLGF20puMmX0wMyuENQd/RRAPinj1N7z5N06SPWhiQdNFVTfTU14suNK2/W3llpZXVtfy64WNza3tneLuXkNFiWRYZ5GIZMujCgUPsa65FtiKJdLAE9j0hlcTv3mPUvEovNWjGN2A9kPuc0a1kQQ8wB2cwND0Z+gDAgEJXbC7xZJdtqcgi8TJSAky1LrFr04vYkmAoWaCKtV27Fi7KZWaM4HjQidRGFM2pH1sGxrSAJWbTu8fkyOj9IgfSVOhJlP190ZKA6VGgWcmA6oHat6biP957UT7F27KwzjRGLLZQ34iiI7IJAzS4xKZFiNDKJPc3ErYgErKtImsYEJw5r+8SBqnZeesXLmplKqXWRx5OIBDOAYHzqEK11CDOjAT8RO8wpv1aL1Y79bHbDRnZTv78AfW5w+mtZID</latexit>|j � k| � r0
interaction

<latexit sha1_base64="mAmctbqkcvRTOB9v3Nyz47VtPns=">AAACCXicbVC7TsMwFL0pr1JeAUYWiwqJAVUJqoCxgoWxSPQhtVXluE5r6jiR7VSqQlcWvoONhQGEWPkDNv4GN80ALUe60vE598r3Hi/iTGnH+bZyS8srq2v59cLG5tb2jr27V1dhLAmtkZCHsulhRTkTtKaZ5rQZSYoDj9OGN7ya+o0RlYqF4laPI9oJcF8wnxGsjRTaNtzDCLqQwB2cwBAm5v0EHCigVHe6dtEpOSnQInEzUoQM1a791e6FJA6o0IRjpVquE+lOgqVmhNNJoR0rGmEyxH3aMlTggKpOkl4yQUdG6SE/lKaERqn6eyLBgVLjwDOdAdYDNe9Nxf+8Vqz9i07CRBRrKsjsIz/mSIdoGgvqMUmJ5mNDMJHM7IrIAEtMtAmvYEJw509eJPXTkntWKt+Ui5XLLI48HMAhHIML51CBa6hCDQg8wDO8wpv1aL1Y79bHrDVnZTP78AfW5w86CJRV</latexit>

|vj,k|  v0

constants<latexit sha1_base64="FcYAfl6xmMDmjfs0uynjO+dyoO8=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBg5REinosevFYwdpCGsJmu2mXbnbD7qRQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6WCG3Ddb6e0tr6xuVXeruzs7u0fVA+PnozKNGVtqoTS3YgYJrhkbeAgWDfVjCSRYJ1odDfzO2OmDVfyESYpCxIykDzmlICVfB26F2BrHLphtebW3TnwKvEKUkMFWmH1q9dXNEuYBCqIMb7nphDkRAOngk0rvcywlNARGTDfUkkSZoJ8fvIUn1mlj2OlbUnAc/X3RE4SYyZJZDsTAkOz7M3E/zw/g/gmyLlMM2CSLhbFmcCg8Ox/3OeaURATSwjV3N6K6ZBoQsGmVLEheMsvr5Kny7p3VW88NGrN2yKOMjpBp+gceegaNdE9aqE2okihZ/SK3hxwXpx352PRWnKKmWP0B87nD9WIkFI=</latexit>r0, t0, v0

<latexit sha1_base64="XxQyX1hB6ZMDM13ZKq18Ny33sUQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdDWMow==</latexit>

0
<latexit sha1_base64="M6Cnmdl/c5LIx7D4JM1Eq/xJ4fs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdbmMpA==</latexit>

1
<latexit sha1_base64="aW0F2K6oODiElDNnfKU/hvYbTLY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gNQT0GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSsreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR0US27FXYBsEm9FSrBCY1D86g9jlkYoDRNU657nJsbPqDKcCZwV+qnGhLIJHWHPUkkj1H62OHRGrqwyJGGsbElDFurviYxGWk+jwHZG1Iz1ujcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynYELz1lzdJu1rxriu1Zq1UL6/iyMMFXEIZPLiBOtxDA1rAAOEZXuHNeXRenHfnY9mac1Yz5/AHzucPdz2MpQ==</latexit>

2
<latexit sha1_base64="zJ+2d8PJUJpiob/Tws3ms8cQqvc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaVqEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46pfLLkVdwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtC4r3nWl2qiWauUsjjycwTmUwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHjBjKY=</latexit>

3



an important corollary

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0;

2π if x ≥ x1 = x0 + %− 2r0,

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]
.

4

and          belong to different phases within this
<latexit sha1_base64="QCfEilOQoVMcdvfkkxgowNR/Xbo=">AAACD3icbZC7TsMwFIZPyq2UW6Aji0WFxFQlqALGChbGIuhFakPluE5r1Ykj20Gqor4BCw/RF2BhACFWVjbeBrfNAC3HsvTp/8+RfX4/5kxpx/m2ciura+sb+c3C1vbO7p69f9BQIpGE1ongQrZ8rChnEa1rpjltxZLi0Oe06Q+vpn7zgUrFRHSnRzH1QtyPWMAI1kYSdhEmMAAMGlK4hjF0wYF7wxOQEAKCW3OM3rVLTtmZFVoGN4MSZFXr2l+dniBJSCNNOFaq7Tqx9lIsNSOcjgudRNEYkyHu07bBCIdUeelsnzE6NkoPBUKaG2k0U39PpDhUahT6pjPEeqAWvan4n9dOdHDhpSyKE00jMn8oSDjSAk3DQT0mKdF8ZAATycxfERlgiYk2ERZMCO7iysvQOC27Z+XKTaVUvcziyMMhHMEJuHAOVRNnDepA4BGe4RXerCfrxXq3PuatOSubKcKfsj5/ABjdlcY=</latexit>

Ĥ
SSH

0

<latexit sha1_base64="Jw96VFO47vNqRriMyJC/Uf8zuAA=">AAACD3icbZC7TsMwFIZPyq2UW6Aji0WFxFQlqALGChbGIuhFakPluE5r1Ykj20Gqor4BCw/RF2BhACFWVjbeBrfNAC3HsvTp/8+RfX4/5kxpx/m2ciura+sb+c3C1vbO7p69f9BQIpGE1ongQrZ8rChnEa1rpjltxZLi0Oe06Q+vpn7zgUrFRHSnRzH1QtyPWMAI1kYSdhEmMAAMGlK4hjF0wYV7wxOQEAKCW3OM3rVLTtmZFVoGN4MSZFXr2l+dniBJSCNNOFaq7Tqx9lIsNSOcjgudRNEYkyHu07bBCIdUeelsnzE6NkoPBUKaG2k0U39PpDhUahT6pjPEeqAWvan4n9dOdHDhpSyKE00jMn8oSDjSAk3DQT0mKdF8ZAATycxfERlgiYk2ERZMCO7iysvQOC27Z+XKTaVUvcziyMMhHMGJifYcqibOGtSBwCM8wyu8WU/Wi/Vufcxbc1Y2U4Q/ZX3+ABp1lcc=</latexit>

Ĥ
SSH

1

class of models

any path of Hamiltonians (with              ) in this class 
<latexit sha1_base64="1mxXq48jPfVKZDYXif4HBnatxsc=">AAAB+XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx6MVjBfsBbSib7aZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0vLLy8M8PMPkEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/P6+0J10bE6gmnCfcjOlQiFIyijQS8wggoIGTwADPog+mXK27VXYisGy83FcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrraIRN362uHxGLmwyIGGs7VNIFunviYxGxkyjwHZGFEdmtTYP/6t1Uwxv/UyoJEWu2HJRmEqCMZljIAOhOUM5tYYyLeythI2opgwtrJKF4K1+ed20rqredbX2WKvU73IcRTiDc7gED26gbpE2oAkMJvBsQb85mfPivDsfy9aCk8+cwh85nz/SK5Ey</latexit>

Ĥs

<latexit sha1_base64="woajIRBdARKxvtNPJuuzWvhiwzU=">AAAB+XicbZBNSwMxEIZn61etX1WPXoJF8CBlV4p6LHrxWMHawnYp2XTahmazS5ItlKX/xIsHRbz6T7z5b0zbPWjrC4GXd2aYyRMmgmvjut9OYW19Y3OruF3a2d3bPygfHj3pOFUMmywWsWqHVKPgEpuGG4HtRCGNQoGtcHQ3q7fGqDSP5aOZJBhEdCB5nzNqbMRBwytwkOCDCxfgQdAtV9yqOxdZNV5uKpCr0S1/dXoxSyOUhgmqte+5iQkyqgxnAqelTqoxoWxEB+hbK2mEOsjml0/JmU16pB8r+6Qh8/T3REYjrSdRaDsjaoZ6uTYL/6v5qenfBBmXSWpQssWifiqIickMA+lxhcyIiTWUKW5vJWxIFWXGwipZCN7yl1fN02XVu6rWHmqV+m2OowgncArnFuQ11OEeGtAEBmN4tpjfnMx5cd6dj0VrwclnjuGPnM8frEaQcg==</latexit>

s 2 [0, 1]
<latexit sha1_base64="VWgrEGE4cjcFMU/lNZM0EppjvIw=">AAACI3icbZDLSgMxFIbPeK31NupShGARXJUZKepGKLpxWdFeoB1LJs20ocnMkGSEMvRd3PRV3LhQihsXvotpOwtte0Lg4//PITm/H3OmtON8Wyura+sbm7mt/PbO7t6+fXBYU1EiCa2SiEey4WNFOQtpVTPNaSOWFAuf07rfv5v49RcqFYvCJz2IqSdwN2QBI1gbKbJPYAQ9wKAhhXsYQhtcuFmiPRsegQQBCB7NMXrbLjhFZ1poEdwMCpBVpW2PW52IJIKGmnCsVNN1Yu2lWGpGOB3mW4miMSZ93KVNgyEWVHnpdMchOjNKBwWRNDfUaKr+nUixUGogfNMpsO6peW8iLvOaiQ6uvZSFcaJpSGYPBQlHOkKTwFCHSUo0HxjARDLzV0R6WGKiTax5E4I7v/Ii1C6K7mWx9FAqlG+zOHJwDKdwbqK9grKJswJVIPAKb/ABn9bIerfG1tesdcXKZo7gX1k/v6k8mnQ=</latexit>

Ĥ1 = Ĥ
SSH

1

<latexit sha1_base64="s3y/4Swv6BKHNh32Z706pV/2FRE=">AAACI3icbZDLSgMxFIbPeK31NupShGARXJUZKepGKLpxWdFeoB1LJs20ocnMkGSEMvRd3PRV3LhQihsXvotpOwtte0Lg4//PITm/H3OmtON8Wyura+sbm7mt/PbO7t6+fXBYU1EiCa2SiEey4WNFOQtpVTPNaSOWFAuf07rfv5v49RcqFYvCJz2IqSdwN2QBI1gbKbJPYAQ9wKAhhXsYQhscuFmiPRsegQQBCB7NMXrbLjhFZ1poEdwMCpBVpW2PW52IJIKGmnCsVNN1Yu2lWGpGOB3mW4miMSZ93KVNgyEWVHnpdMchOjNKBwWRNDfUaKr+nUixUGogfNMpsO6peW8iLvOaiQ6uvZSFcaJpSGYPBQlHOkKTwFCHSUo0HxjARDLzV0R6WGKiTax5E4I7v/Ii1C6K7mWx9FAqlG+zOHJwDKdwDi5cQdnEWYEqEHiFN/iAT2tkvVtj62vWumJlM0fwr6yfX6X4mnI=</latexit>

Ĥ0 = Ĥ
SSH

0
such that                   and

must go through a phase transition point with
either non-unique g.s., gapless g.s., or discontinuity

<latexit sha1_base64="1mxXq48jPfVKZDYXif4HBnatxsc=">AAAB+XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx6MVjBfsBbSib7aZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0vLLy8M8PMPkEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/P6+0J10bE6gmnCfcjOlQiFIyijQS8wggoIGTwADPog+mXK27VXYisGy83FcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrraIRN362uHxGLmwyIGGs7VNIFunviYxGxkyjwHZGFEdmtTYP/6t1Uwxv/UyoJEWu2HJRmEqCMZljIAOhOUM5tYYyLeythI2opgwtrJKF4K1+ed20rqredbX2WKvU73IcRTiDc7gED26gbpE2oAkMJvBsQb85mfPivDsfy9aCk8+cwh85nz/SK5Ey</latexit>

Ĥs

<latexit sha1_base64="GDYkfYCYlvg2pbX3x1IQXvrZdWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLuEKEcSLx4xyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzTRGP6QjyYecUWOlB++q0i+W3LK7AFknXkZKkKHRL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGdb8lMs4MSjZctEwEcREZP43GXCFzIipJZQpbm8lbEwVZcamU7AheKsvr5NWpexdl6v31VK9lsWRhzM4h0vw4AbqcAcNaAKDETzDK7w5wnlx3p2PZWvOyWZO4Q+czx9X940p</latexit>

1/2
<latexit sha1_base64="lG4HTk/5WA/DzkBD1MIgs+5+B6o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeQWMsw==</latexit>

0
<latexit sha1_base64="r6olBFY4nIrDJ2gU4SV9goCWpBM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeomMtA==</latexit>

1

unique gapped g.s. unique gapped g.s.



strategy of the proof
no band structure!

unique gapped g.s. unique gapped g.s.

 the model has no translation invariance

 the model has interactions
the ground state is not a Slater determinant,  
but an intractable many-body state!!

 we shall study phase transitions rigorously
we must treat infinite systems!!!

we define a      valued index in terms of the expectation 
value of the local twist operator in a unique gapped 
ground state on the infinite chain

<latexit sha1_base64="6VmFjhmwpajhKLpGSMUNCwzGrtk=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi6LblxWsA9sh5JJM21okhmSjFDGLvwVQVwo4tbfcOffmLaz0NZzuXA4515yc4KYM21c99vJrayurW/kNwtb2zu7e8X9g6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bwehq6rfuqdIskrdmHFNf4IFkISPYWInDMwjAYGAIga0U7mACPaj0iiW37M6AlomXkRJkqPeKX91+RBJBpSEca93x3Nj4KVaGEU4nhW6iaYzJCA9ox1KJBdV+Ort/gk6s0kdhpGxLg2bq740UC63HIrCTApuhXvSm4n9eJzHhhZ8yGSeGSjJ/KEw4MhGahoH6TFFi+NgSTBSztyIyxAoTYyMr2BC8xS8vk2al7J2VqzfVUu0yiyMPR3AMp+DBOdTgGurQAAIP8ASv8OY8Oi/Ou/MxH8052c4h/IHz+QNNMJJt</latexit>Z2

Tasaki 2018



symmetry of the models

linear *-automorphism <latexit sha1_base64="ydeICkO8I6iBEtakepZ/QWFRcdY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FD3qsYD+gXcpsmm1Dk90lyQpl6d/w4kERPfpnvPlvTNs9aOsbBh7vzZDJCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0c3Ubz0ypXkcPZhxwnyJg4iHnKKxUggfcAsI0hb2yhW36s5AlomXkwrkqPfKX91+TFPJIkMFat3x3MT4GSrDqWCTUjfVLEE6wgHrWBqhZNrPZjdPyIlV+iSMle3IkJn6eyNDqfVYBnZSohnqRW8q/ud1UhNe+RmPktSwiM4fClNBTEymAZA+V4waMbYEqeL2VkKHqJAaG1PJhuAtfnmZNM+q3kX1/P68UrvO4yjCERzDKXhwCTW4gzo0gEICT/ACr07qPDtvzvt8tODkO4fwB87nD70Kj40=</latexit>�
<latexit sha1_base64="36WrcYIbnUP7TT9bTKTKZrg8Py4=">AAACR3icfVA9T8MwEL2Ur1K+AowsERUSXUqCKmBBKmKAsUj0Q2pD5ThOa9VxIttBqqL+HP4JCysbf4GFAYQYcdsM0CLuZN279+5k+3kxo1LZ9ouRW1hcWl7JrxbW1jc2t8ztnYaMEoFJHUcsEi0PScIoJ3VFFSOtWBAUeow0vcHlWG/eEyFpxG/VMCZuiHqcBhQjpanIPIIHuAIEoU4Eh7rr66oghQsYwZ3ufd33dBIQUILzf+dLsxtds2iX7UlY88DJQBGyqHXN544f4SQkXGGGpGw7dqzcFAlFMSOjQieRJEZ4gHqkrSFHIZFuOvFhZB1oxreCSOjDlTVhf26kKJRyGHp6MkSqL2e1MfmX1k5UcOamlMeJIhxPLwoSZqnIGptq+VQQrNhQA4QF1W+1cB8JhJW2vqBNcGa/PA8ax2XnpFy5qRSr1cyOPOzBvjbZgVOowjXUoA4YHuEV3uHDeDLejE/jazqaM7KdXfgVOeMbPtGiPw==</latexit>

�(Â†) = �(Â)†
<latexit sha1_base64="JH5axdnNmeNeks0lkZN2eCYWBQA=">AAACU3icfVHLSgMxFL0zVq3V6qhLN8Ei2E2ZkfrYCFUXuqxgH9AOJZOmNjTzIMkIZejn+D8iuPBH3LjQdDqL2qo3hHvuOfeS5MSLOJPKtt8NcyW3urae3yhsbhW3d6zdvaYMY0Fog4Q8FG0PS8pZQBuKKU7bkaDY9zhteaObqd56okKyMHhQ44i6Pn4M2IARrDQVWqfwDLeAwdcLw7GuhjorSOAKJnPVta7KcPlvd/lPNZ3uWSW7YqeBloGTgRJkUe9Zr91+SGKfBopwLGXHsSPlJlgoRjidFLqxpBEmI/xIOxoG2KfSTVJPJuhIM300CIXegUIpOz+RYF/Kse/pTh+roVzUpuRvWidWgws3YUEUKxqQ2UGDmCMVoqnBqM8EJYqPNcBEMH1XRIZYYKL0NxS0Cc7ik5dB86TinFWq99VSrZbZkYcDONSmOnAONbiDOjSAwAt8wJcBxpvxaZpmbtZqGtnMPvwIs/gN2uSh6w==</latexit>

�(ÂB̂) = �(Â)�(B̂)

<latexit sha1_base64="VP9JTzFjauPBXzB9zqVJDqlm04U="></latexit>

�(ĉj) = (�1)j ĉ†j
<latexit sha1_base64="VZ2WMVe96F9Q27qL2PEUd4D1cbs=">AAACI3icbVDLSgMxFL1TX7W+Rl2KMFgEXVhmpKgboehClxXsA9pSMmmmjU0yQ5IRytB/cdNfceNCKW5c+C+m7Sy09YSQk3PuJbnHjxhV2nW/rMzS8srqWnY9t7G5tb1j7+5VVRhLTCo4ZKGs+0gRRgWpaKoZqUeSIO4zUvP7txO/9kykoqF41IOItDjqChpQjLSRQvsQRnAHCLhZCE7MrWdODQkIGEIbnuAUrsGDs0WnbefdgjuFs0i8lOQhRbltj5udEMecCI0ZUqrhuZFuJUhqihkZ5pqxIhHCfdQlDUMF4kS1kumMQ+fYKB0nCKXZQjtT9XdHgrhSA+6bSo50T817E/E/rxHr4KqVUBHFmgg8eyiImaNDZxKY06GSYM0GhiAsqfmrg3tIIqxNrDkTgjc/8iKpnhe8i0LxoZgv3aRxZOEAjkzgHlxCCe6hDBXA8AKv8A4f1sh6s8bW56w0Y6U9+/AH1vcPtNSagQ==</latexit>

�(n̂j) = 1� n̂j

<latexit sha1_base64="BULbSWqCdOQ0QL3L16WjdZwaqVE=">AAACF3icbVDLSgMxFL3js9bXqAsXboJF0E2ZkaJuhKILXVawD2iHkkkzbWgmMyQZoQz9Czd+gD/hxoUibnXn35i2s7CtJ4ScnHMvyT1+zJnSjvNjLSwuLa+s5tby6xubW9v2zm5NRYkktEoiHsmGjxXlTNCqZprTRiwpDn1O637/euTXH6hULBL3ehBTL8RdwQJGsDZSZO/DM9wAhtAsDMfm1jOnhhRuYQgncDmttO2CU3TGQPPEzUgBMlTa9nerE5EkpEITjpVquk6svRRLzQinw3wrUTTGpI+7tGmowCFVXjqea4iOjNJBQSTNFhqN1b8dKQ6VGoS+qQyx7qlZbyT+5zUTHVx4KRNxoqkgk4eChCMdoVFIqMMkJZoPDMFEMvNXRHpYYqJNlHkTgjs78jypnRbds2LprlQoX2Vx5OAADk3ILpxD2cRZgSoQeIQXeIN368l6tT6sz0npgpX17MEUrK9fI2mX0w==</latexit>

�(Ĥ) = Ĥ

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0;

2π if x ≥ x1 = x0 + %− 2r0,

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]
.

4

<latexit sha1_base64="BOcmIRGOzThwatzC1WeT34fXrZI=">AAAB63icbVA9SwNBEJ3zM8avqKXNYhBsjHchaMqAjYVFBPMByRH2NnvJkt29Y3dPCEf+go2FIrb+ITv/jXvJFZr4YODx3gwz84KYM21c99tZW9/Y3Nou7BR39/YPDktHx20dJYrQFol4pLoB1pQzSVuGGU67saJYBJx2gslt5neeqNIsko9mGlNf4JFkISPYZNLl/VV1UCq7FXcOtEq8nJQhR3NQ+uoPI5IIKg3hWOue58bGT7EyjHA6K/YTTWNMJnhEe5ZKLKj20/mtM3RulSEKI2VLGjRXf0+kWGg9FYHtFNiM9bKXif95vcSEdT9lMk4MlWSxKEw4MhHKHkdDpigxfGoJJorZWxEZY4WJsfEUbQje8surpF2teNeV2kOt3KjncRTgFM7gAjy4gQbcQRNaQGAMz/AKb45wXpx352PRuubkMyfwB87nD+q8jXs=</latexit>

�L/2
<latexit sha1_base64="7V73/bpxyIRz7zsngPxJVdgmABU=">AAAB6nicbVA9SwNBEJ3zM8avqKXNYhCs4l0ImjJgY2ER0XxAcoS9zV6yZG/v2J0TQshPsLFQxNZfZOe/cZNcoYkPBh7vzTAzL0ikMOi6387a+sbm1nZuJ7+7t39wWDg6bpo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjczv/XEtRGxesRxwv2IDpQIBaNopYe7y3KvUHRL7hxklXgZKUKGeq/w1e3HLI24QiapMR3PTdCfUI2CST7Nd1PDE8pGdMA7lioaceNP5qdOyblV+iSMtS2FZK7+npjQyJhxFNjOiOLQLHsz8T+vk2JY9SdCJSlyxRaLwlQSjMnsb9IXmjOUY0so08LeStiQasrQppO3IXjLL6+SZrnkXZUq95VirZrFkYNTOIML8OAaanALdWgAgwE8wyu8OdJ5cd6dj0XrmpPNnMAfOJ8/gRmNRA==</latexit>

L/2

<latexit sha1_base64="cw6hzdhPwBngvwa6lhzHe1AF48U=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHMzAphyW948aCIHv0Zb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3H6k2TMkHO0loKPBQspgRbJ0UwwcoEEBhCLhfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OYpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs0CQAOmKbF84ggmmrlbERlhjYl1MZVcCMHyy6ukdVENLqu1+1qlfpPHUYQTOIVzCOAK6nAHDWgCgQSe4AVevdR79t6890VrwctnjuEPvM8f9/6Psw==</latexit>! ground state    on the infinite chain
<latexit sha1_base64="TIoYntq4Shw1q54mlxyxbIwp740=">AAACH3icbZBLSwMxFIXP+La+qi67CRZBN2VGRF2KLnThQtFWodaSSdM2mMkMSUYoY/+JGxf+ETcuFBF3/Temj4WvA4Ev595Lck+YSGGs7/e8sfGJyanpmdnc3PzC4lJ+eaVi4lQzXmaxjPVVSA2XQvGyFVbyq0RzGoWSX4a3h/365R3XRsTqwnYSXotoS4mmYNQ6K84XcI8nnKINgRtk2MAJNtFF3fETNCIQHOHcOf0bhUILEryeL/olfyDyF4IRFDHSaT3/ed2IWRpxZZmkxlQDP7G1jGormOTd3HVqeELZLW3xqkNFI25q2WC/Lll3ToM0Y+2OsmTgfp/IaGRMJwpdZ0Rt2/yu9c3/atXUNvdqmVBJarliw4eaqSQ2Jv2wSENozqzsOKBMC/dXwtpUU2ZdpDkXQvB75b9Q2SoFO6Xts+3i/sEojhkUsOaiDrCLfRy7+MtgeMAzXvHmPXov3rv3MWwd80Yzq/ghr/cF7oyZrQ==</latexit>

|�(L)
GS i

<latexit sha1_base64="2OQU0U7C7uVWbft8Jwl9D9YUo5g=">AAACN3icbVDLTgIxFL2DL8TXqEs3E4lRN2TGEHVjgrrQJSbySGBCOqVAQzudtB0TMuFz/AM3/oY73bjQGLf+gQVmIeC9ae65556btieIGFXadV+tzMLi0vJKdjW3tr6xuWVv71SViCUmFSyYkPUAKcJoSCqaakbqkSSIB4zUgv71aF57IFJREd7rQUR8jroh7VCMtKGEfQiPIIADgS4gODLdjanc5KTrmaohgUsYwrHJizn9lKJl592COw5nHngpyEMa5Zb90mwLHHMSasyQUg3PjbSfIKkpZmSYa8aKRAj3UZc0DAwRJ8pPxv8eOgeGaTsdIc0JtTNm/24kiCs14IFRcqR7anY2Iv+bNWLdOfcTGkaxJiGeXNSJmaOFMzLRaVNJsGYDAxCW1LzVwT0kEdbG6pwxwZv98jyonhS800LxrpgvXaV2ZGEP9o2pHpxBCW6hDBXA8ARv8AGf1rP1bn1Z3xNpxkp3dmEqrJ9fOoqe8w==</latexit>

!(�(Â)) = !(Â)

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

Ĥ =
∑

j,k

tj,k ĉ
†
j ĉk +

1

2

∑

j,k

vj,k(n̂j − 1
2)(n̂k − 1

2)

Ĥ ′ =
∑

j,k∈Z
(j $=k)

t′j,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

Ĥ+ =
∑

j,k≥0

(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k≥0

(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0

2π if x ≥ x1 = x0 + %− 2r0

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]

4

particle number conservation            U(1) symmetry
invariant under particle-hole transformation  
+ gauge transformation on one of the sublattices

the ground state on a finite chain
infinite volume limit

unique g.s. is   -invariant<latexit sha1_base64="ydeICkO8I6iBEtakepZ/QWFRcdY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FD3qsYD+gXcpsmm1Dk90lyQpl6d/w4kERPfpnvPlvTNs9aOsbBh7vzZDJCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0c3Ubz0ypXkcPZhxwnyJg4iHnKKxUggfcAsI0hb2yhW36s5AlomXkwrkqPfKX91+TFPJIkMFat3x3MT4GSrDqWCTUjfVLEE6wgHrWBqhZNrPZjdPyIlV+iSMle3IkJn6eyNDqfVYBnZSohnqRW8q/ud1UhNe+RmPktSwiM4fClNBTEymAZA+V4waMbYEqeL2VkKHqJAaG1PJhuAtfnmZNM+q3kX1/P68UrvO4yjCERzDKXhwCTW4gzo0gEICT/ACr07qPDtvzvt8tODkO4fwB87nD70Kj40=</latexit>�



general twist operator
function <latexit sha1_base64="4jew2uB0QyUZ7ttU5Bk2i1UfnD0="></latexit>✓ : R ! S1 = [0, 2⇡)

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0

2π if x ≥ x1 = x0 + %− 2r0

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]

4

<latexit sha1_base64="JZFAZyQxbXjklOudta7FvMqfvbE="></latexit>

�(Û✓) = Û †
✓

<latexit sha1_base64="w5vyNOEBpFcreiDxrugkpzE7R20="></latexit>

!(Û✓) 2 R
<latexit sha1_base64="2OQU0U7C7uVWbft8Jwl9D9YUo5g=">AAACN3icbVDLTgIxFL2DL8TXqEs3E4lRN2TGEHVjgrrQJSbySGBCOqVAQzudtB0TMuFz/AM3/oY73bjQGLf+gQVmIeC9ae65556btieIGFXadV+tzMLi0vJKdjW3tr6xuWVv71SViCUmFSyYkPUAKcJoSCqaakbqkSSIB4zUgv71aF57IFJREd7rQUR8jroh7VCMtKGEfQiPIIADgS4gODLdjanc5KTrmaohgUsYwrHJizn9lKJl592COw5nHngpyEMa5Zb90mwLHHMSasyQUg3PjbSfIKkpZmSYa8aKRAj3UZc0DAwRJ8pPxv8eOgeGaTsdIc0JtTNm/24kiCs14IFRcqR7anY2Iv+bNWLdOfcTGkaxJiGeXNSJmaOFMzLRaVNJsGYDAxCW1LzVwT0kEdbG6pwxwZv98jyonhS800LxrpgvXaV2ZGEP9o2pHpxBCW6hDBXA8ARv8AGf1rP1bn1Z3xNpxkp3dmEqrJ9fOoqe8w==</latexit>

!(�(Â)) = !(Â)

<latexit sha1_base64="3YaUrtTw/yPo0FvoZj/R3HhF0lA=">AAACE3icbZC9TsMwEMcv5auUrwBiYomoELBUCaqAsYKFsUj0Q2qjynGd1qrjRLaDqELfgYVH6CuwMIAQKwsbb4ObZoCWs3z663d3su/vRYxKZdvfRm5hcWl5Jb9aWFvf2Nwyt3fqMowFJjUcslA0PSQJo5zUFFWMNCNBUOAx0vAGV5N6444ISUN+q4YRcQPU49SnGCmNQnMPHmAMCvpAdEZwBMdwDycpZZqNoadpoA/qmEW7ZKdhzQsnE0XIotoxv9rdEMcB4QozJGXLsSPlJkgoihkZFdqxJBHCA9QjLS05Coh0k3SnkXWoSdfyQ6EvV1ZKf08kKJByGHi6M0CqL2drE/hfrRUr/8JNKI9iRTiePuTHzFKhNTHI6lJBsGJDLRAWVP/Vwn0kEFbaxoI2wZldeV7UT0vOWal8Uy5WLjM78rAPB9pcB86hAtdQhRpgeIRneIU348l4Md6Nj2lrzshmduFPGJ8/is2XFA==</latexit>

|✓0(x)|  �

<latexit sha1_base64="IU0zdtj7mJQ89FDEC6xA3oO7Y4Q=">AAAB+XicbZDLSgMxFIbP1Futt6pLN8Ei6KbMSNEuC25cVrAXaIeSSU/b0ExmSDLFMvRN3LhQxK1v4s63MW1noa0HEn7+/xxy8gWx4Nq47reT29jc2t7J7xb29g8Oj4rHJ00dJYphg0UiUu2AahRcYsNwI7AdK6RhILAVjO/meWuCSvNIPpppjH5Ih5IPOKPGWhxewcAI0N4ULuEJrnrFklt2F0XWhZeJEmRV7xW/uv2IJSFKwwTVuuO5sfFTqgxnAmeFbqIxpmxMh9ixUtIQtZ8uNp+RC+v0ySBS9khDFu7viZSGWk/DwHaG1Iz0ajY3/8s6iRlU/ZTLODEo2fKhQSKIicgcA+lzhcyIqRWUKW53JWxEFWXGwipYCN7ql9dF87rs3ZQrD5VSrZrhyMMZnFuQHtxCDe6hDg1gMIFnC/rNSZ0X5935WLbmnGzmFP6U8/kDJQuQuA==</latexit>

✓(x)

<latexit sha1_base64="8+kpiB5SLOxdws5pnBwcfjd7vyI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+2y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+qenl3WanX8jiKcAKncA4eXEMdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMKGI2e</latexit>x0
<latexit sha1_base64="BPpOiQWWpqOaM2un9jwiYemFY5g=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48V7Qe0oWy2m3bpZhN2J2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GNzO//ci1EbF6wEnC/YgOlQgFo2il+6e+1y9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw5qfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8SloXVe+qenl3WanX8jiKcAKncA4eXEMdbqEBTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QMLnI2f</latexit>x1

<latexit sha1_base64="etaiMywXBI11hkxi6eFO7rcyOrA=">AAAB73icbVA9SwNBEJ2NXzF+RS1tFoNgFe5C0JQBG8sI5gOSI+zt7SVL9vbO3T0hHPkTNhaK2Fj4d+z8N26SKzTxwcDjvRlm5vmJ4No4zjcqbGxube8Ud0t7+weHR+Xjk46OU0VZm8YiVj2faCa4ZG3DjWC9RDES+YJ1/cnN3O8+MqV5LO/NNGFeREaSh5wSY6UAavABCfBhueJUnQXwOnFzUoEcrWH5axDENI2YNFQQrfuukxgvI8pwKtisNEg1SwidkBHrWypJxLSXLe6d4QurBDiMlS1p8EL9PZGRSOtp5NvOiJixXvXm4n9ePzVhw8u4TFLDJF0uClOBTYznz+OAK0aNmFpCqOL2VkzHRBFqbEQlG4K7+vI66dSq7lW1flevNBt5HEU4g3O4BBeuoQm30II2UBDwBC/wih7QM3pD78vWAspnTuEP0OcP2MiOhQ==</latexit>

2⇡

<latexit sha1_base64="SEV7OinJ4QBR9SPWMcrxGWX7Yp0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx4xyCOBlcwOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1FipXn/0esWSW3bnIKvEy0gJMtR6xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0nzouxdliv3lVL1JosjDydwCufgwRVU4Q5q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz/UrI2D</latexit>

S1 <latexit sha1_base64="t+VpXHaLHAl4OReo7AHF4KPIXI4=">AAAB/3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIUXFVdOOygn1AO5RMmmlDM8mQZMRSu/BXBHGhiFt/w51/YzqdhbYeuHByzr3cmxPEnGnjut9Obml5ZXUtv17Y2Nza3inu7jW0TBShdSK5VK0Aa8qZoHXDDKetWFEcBZw2g+HV1G/eUaWZFLdmFFM/wn3BQkawsRKHe7iw1QUXnsGABJS+vG6x5JbdFGiReBkpQYZat/jV6UmSRFQYwrHWbc+NjT/GyjDC6aTQSTSNMRniPm1bKnBEtT9O75+gI6v0UCiVLWFQqv6eGONI61EU2M4Im4Ge96bif147MeG5P2YiTgwVZLYoTDgyEk3DQD2mKDF8ZAkmitlbERlghYmxkRVsCN78lxdJ46TsnZYrN5VS9TKLIw8HcAjH4MEZVOEaalAHAg/wBK/w5jw6L8678zFrzTnZzD78gfP5A27ZkeA=</latexit>x : x0 ! x1

<latexit sha1_base64="aQVwgLrhn7MZQpyjtVNi3EGvZTw=">AAAB+XicbZDLSgMxFIbP1Futt6pLN8Ei6KbMSFGXRTcuK9gLtEPJpGkbmskMyZliGfomblwo4tY3cefbmLaz0NYDCT//fw45+YJYCoOu++3k1tY3Nrfy24Wd3b39g+LhUcNEiWa8ziIZ6VZADZdC8ToKlLwVa07DQPJmMLqb5c0x10ZE6hEnMfdDOlCiLxhFawl4BYQhcHtTOIcnuOgWS27ZnRdZFV4mSpBVrVv86vQiloRcIZPUmLbnxuinVKNgkk8LncTwmLIRHfC2lYqG3PjpfPMpObNOj/QjbY9CMnd/T6Q0NGYSBrYzpDg0y9nM/C9rJ9i/8VOh4gS5YouH+okkGJEZBtITmjOUEyso08LuStiQasrQwipYCN7yl1dF47LsXZUrD5VS9TbDkYcTOLUgPbiGKtxDDerAYAzPFvSbkzovzrvzsWjNOdnMMfwp5/MHKA2Qwg==</latexit>

✓(x) wraps around     once as
local twist operator Affleck, Lieb 1986

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0

2π if x ≥ x1 = x0 + %− 2r0

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]

exp[i 2π (n̂2j + n̂2j+1 − 1)] = 1

4

is local because

<latexit sha1_base64="VZ2WMVe96F9Q27qL2PEUd4D1cbs=">AAACI3icbVDLSgMxFL1TX7W+Rl2KMFgEXVhmpKgboehClxXsA9pSMmmmjU0yQ5IRytB/cdNfceNCKW5c+C+m7Sy09YSQk3PuJbnHjxhV2nW/rMzS8srqWnY9t7G5tb1j7+5VVRhLTCo4ZKGs+0gRRgWpaKoZqUeSIO4zUvP7txO/9kykoqF41IOItDjqChpQjLSRQvsQRnAHCLhZCE7MrWdODQkIGEIbnuAUrsGDs0WnbefdgjuFs0i8lOQhRbltj5udEMecCI0ZUqrhuZFuJUhqihkZ5pqxIhHCfdQlDUMF4kS1kumMQ+fYKB0nCKXZQjtT9XdHgrhSA+6bSo50T817E/E/rxHr4KqVUBHFmgg8eyiImaNDZxKY06GSYM0GhiAsqfmrg3tIIqxNrDkTgjc/8iKpnhe8i0LxoZgv3aRxZOEAjkzgHlxCCe6hDBXA8AKv8A4f1sh6s8bW56w0Y6U9+/AH1vcPtNSagQ==</latexit>

�(n̂j) = 1� n̂j

reality is essential

<latexit sha1_base64="ZmR2L4Ybacg8YgBeC5wE88icRzw=">AAACC3icbVC7SgNBFL0bXzG+Ngo2NotBEMSwG0RthBAbywTMA5IlzE5mkyGzD2ZmxbCkt/EzLLWxUMRSf8DOxm9xdpNCo2cY7uGce5m5xwkZFdI0P7XM3PzC4lJ2Obeyura+oec3GyKIOCZ1HLCAtxwkCKM+qUsqGWmFnCDPYaTpDM8Tv3lFuKCBfylHIbE91PepSzGSSgr0PFxDFyw4S6sJB3AHBJg6h1ACnmhdvWAWzRTGX2JNSaG8Xfui95W3alf/6PQCHHnEl5ghIdqWGUo7RlxSzMg414kECREeoj5pK+ojjwg7TncZG3tK6RluwNX1pZGqPydi5Akx8hzV6SE5ELNeIv7ntSPpntox9cNIEh9PHnIjZsjASIIxepQTLNlIEYQ5VX818ABxhKWKL6dCsGZX/ksapaJ1XDyqWYVyBSbIwg7swr6K+ATKcAFVqAOGG3iAJ3jWbrVH7UV7nbRmtOnMFvyC9v4NW42XXg==</latexit>

x1 = x0 + `� 2r0

<latexit sha1_base64="rUpygHrvXICsI3QANa8WXvEHA/U=">AAACDXicbVC7SgNBFL0bXzG+1lgKshgEbcKuiNoIIQGxjGAekCxhdjKbDJmdXWZmxbDkB2ws8wX2NhaK2Nrb2folTh6FJp5hLodz7mXmHi9iVCrb/jJSC4tLyyvp1cza+sbmlrmdrcowFphUcMhCUfeQJIxyUlFUMVKPBEGBx0jN65VGfu2WCElDfqP6EXED1OHUpxgpLYVmFh5BQReIrggO4Q6O4EJrRaDQ0YdpnrTMnJ23x7DmiTMlucLlcO+7VB2WW+Znsx3iOCBcYYakbDh2pNwECUUxI4NMM5YkQriHOqShKUcBkW4y3mZgHWilbfmh0Jcra6z+nkhQIGU/8HRngFRXznoj8T+vESv/3E0oj2JFOJ485MfMUqE1isZqU0GwYn1NEBZU/9XCXSQQVjrAjA7BmV15nlSP885p/uTayRWKMEEadmFfR+vAGRTgCspQAQz38AQv8Go8GM/Gm/E+aU0Z05kd+APj4wflXpjP</latexit>

✓(x) =

(
<latexit sha1_base64="7tBLpkco2zDzRNu+wBqLjVSi8To=">AAACB3icbZC7SgNBFIbPxluMl6wKNjaDQbAKuyJqGWJjmYC5QLKE2dnZZMjsxZlZMYR0Nj6IjSAWitgKPoGdjc/iZJNCE38Y+OY/5zBzfjfmTCrL+jIyC4tLyyvZ1dza+sZm3tzarssoEYTWSMQj0XSxpJyFtKaY4rQZC4oDl9OG2z8f1xvXVEgWhZdqEFMnwN2Q+Yxgpa3IzIMF93AFCWDwAMGNvnGgKXXA6pgFq2ilQvNgT6FQ2q1+s8fyR6Vjfra9iCQBDRXhWMqWbcXKGWKhGOF0lGsnksaY9HGXtjSGOKDSGaZ7jNCBdjzkR0KfUKHU/T0xxIGUg8DVnQFWPTlbG5v/1VqJ8s+cIQvjRNGQTB7yE45UhMahII8JShQfaMBEMP1XRHpYYKJ0dDkdgj278jzUj4r2SfG4ahdKZZgoC3uwD4dgwymU4AIqUAMCt/AAz/Bi3BlPxqvxNmnNGNOZHfgj4/0HueyXNA==</latexit>

0 x  x0

<latexit sha1_base64="BtOezQycUaTqAyKA0aUxYsSK5AU=">AAAB73icbZDLSsNAFIZP6q3GW9Wlm8EiuCpJEXUjFt24rGAv0IYymUzaoZNknJkIJfQl3LhQRBAXPol7N+LbOL0stPWHgY//P4c55/iCM6Ud59vKLSwuLa/kV+219Y3NrcL2Tl0lqSS0RhKeyKaPFeUspjXNNKdNISmOfE4bfv9ylDfuqFQsiW/0QFAvwt2YhYxgbawAyvAGAlinUHRKzlhoHtwpFM8/7DPx+mVXO4XPdpCQNKKxJhwr1XIdob0MS80Ip0O7nSoqMOnjLm0ZjHFElZeN5x2iA+MEKEykebFGY/d3R4YjpQaRbyojrHtqNhuZ/2WtVIenXsZikWoak8lHYcqRTtBoeRQwSYnmAwOYSGZmRaSHJSbanMg2R3BnV56HernkHpeOrt1i5QImysMe7MMhuHACFbiCKtSAAId7eIQn69Z6sJ6tl0lpzpr27MIfWe8/O7CRzQ==</latexit>

2⇡
<latexit sha1_base64="7q4vyhyVkAh3W+HUtK8S3g4dms4=">AAAB93icbZDJSgNBEIZr4hbjFhW8eGkMgqcwI6IeQ7x4TMAskITQ06lJmvQsdPeIw5AX8eLBBS8efAefwJsXn8XOctDEHxo+/qqiqn83Elxp2/6yMkvLK6tr2fXcxubW9k5+d6+uwlgyrLFQhLLpUoWCB1jTXAtsRhKp7wpsuMOrcb1xi1LxMLjRSYQdn/YD7nFGtbEGcAfP0AcEYqgLTjdfsIv2RGQRnBkUSgfVb/5W/qh085/tXshiHwPNBFWq5diR7qRUas4EjnLtWGFE2ZD2sWUwoD6qTjq5e0SOjdMjXijNCzSZuL8nUuorlfiu6fSpHqj52tj8r9aKtXfZSXkQxRoDNl3kxYLokIxDID0ukWmRGKBMcnMrYQMqKdMmqpwJwZn/8iLUT4vOefGs6hRKZZgqC4dwBCfgwAWU4BoqUAMGGu7hEZ6sxHqwXqzXaWvGms3swx9Z7z8IEpPa</latexit>

x � x1 <latexit sha1_base64="G99GO9pFauohk1LMewgRhr7flYU=">AAAB73icbVDJSgNBEK2JWxy3qEcvjUHwFGZE1IsY9OIxglkgGUJPT03SpGexu0cIIT/hxYMignjwS7x7Ef/GznLQ6IOCx3tVVNXzU8GVdpwvKzc3v7C4lF+2V1bX1jcKm1s1lWSSYZUlIpENnyoUPMaq5lpgI5VII19g3e9djPz6LUrFk/ha91P0ItqJecgZ1UYK4BUQBIh2oeiUnDHIX+JOSfHs3T5NXz7tSrvw0QoSlkUYayaoUk3XSbU3oFJzJnBotzKFKWU92sGmoTGNUHmD8b1DsmeUgISJNBVrMlZ/TgxopFQ/8k1nRHVXzXoj8T+vmenwxBvwOM00xmyyKMwE0QkZPU8CLpFp0TeEMsnNrYR1qaRMm4hsE4I7+/JfUjsouUelwyu3WD6HCfKwA7uwDy4cQxkuoQJVYCbWO3iAR+vGureerOdJa86azmzDL1hv34kikf8=</latexit>`

<latexit sha1_base64="XxQyX1hB6ZMDM13ZKq18Ny33sUQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdDWMow==</latexit>

0
<latexit sha1_base64="M6Cnmdl/c5LIx7D4JM1Eq/xJ4fs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdbmMpA==</latexit>

1
<latexit sha1_base64="aW0F2K6oODiElDNnfKU/hvYbTLY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gNQT0GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSsreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR0US27FXYBsEm9FSrBCY1D86g9jlkYoDRNU657nJsbPqDKcCZwV+qnGhLIJHWHPUkkj1H62OHRGrqwyJGGsbElDFurviYxGWk+jwHZG1Iz1ujcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynYELz1lzdJu1rxriu1Zq1UL6/iyMMFXEIZPLiBOtxDA1rAAOEZXuHNeXRenHfnY9mac1Yz5/AHzucPdz2MpQ==</latexit>

2
<latexit sha1_base64="zJ+2d8PJUJpiob/Tws3ms8cQqvc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaVqEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46pfLLkVdwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtC4r3nWl2qiWauUsjjycwTmUwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHjBjKY=</latexit>

3

<latexit sha1_base64="p8UzHeUvbUJMymFopUaUNwS7F6Q=">AAACA3icbVDLSgMxFL1TX7W+ql26GSyCCykzIuqy4MZlBfuAdiiZNNOGZjJDckcoQ0EEP0U3LhRx60+4EPwDv8GV6WOhrQcSTs65l5t7/FhwjY7zaWUWFpeWV7KrubX1jc2t/PZOTUeJoqxKIxGphk80E1yyKnIUrBErRkJfsLrfPx/59WumNI/kFQ5i5oWkK3nAKUEjSbiHHhBASKEKQ2ibNxqFmZu080Wn5IxhzxN3Sorlwsf37dfwsNLOv7c6EU1CJpEKonXTdWL0UqKQU8GGuVaiWUxon3RZ01BJQqa9dLzD0N43SscOImWORHus/u5ISaj1IPRNZUiwp2e9kfif10wwOPNSLuMEmaSTQUEibIzsUSB2hytGUQwMIVRx81eb9ogiFE1sOROCO7vyPKkdldyT0vGlWyyXYYIs7MIeHIALp1CGC6iYgCncwAM8wbN1Zz1aL9brpDRjTXsK8AfW2w+ht5gX</latexit>

Û✓

 

 
 



main theorem and the index
THEOREM: let    be a unique gapped ground state with 
energy gap             .  for any   -function with                     , 
          is nonzero, and its sign is independent of 

<latexit sha1_base64="cw6hzdhPwBngvwa6lhzHe1AF48U=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHMzAphyW948aCIHv0Zb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3H6k2TMkHO0loKPBQspgRbJ0UwwcoEEBhCLhfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OYpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs0CQAOmKbF84ggmmrlbERlhjYl1MZVcCMHyy6ukdVENLqu1+1qlfpPHUYQTOIVzCOAK6nAHDWgCgQSe4AVevdR79t6890VrwctnjuEPvM8f9/6Psw==</latexit>!
<latexit sha1_base64="KeIAVQB8u7eABePHHcH+2a4+l2U=">AAACG3icbZBLSwMxEMdnfdb6WvUkXoJF8FR3S1EPHooP8FjBPqBdSzbNtqHZB0lWKEu/hxePfg0vHhTxJHjw25hu96CtMwR++c8MyfzdiDOpLOvbmJtfWFxazq3kV9fWNzbNre26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiDi3G9cU+FZGFwq4YRdXzcC5jHCFZaCs1deIIeYPB1YriDkr5T4DrPNF2mrHQFwRUcaeqA1TELVtFKA82CnUEBsqh2zM92NySxTwNFOJayZVuRchIsFCOcjvLtWNIIkwHu0ZbGAPtUOkm62wgdaKWLvFDoEyiUqr8nEuxLOfRd3elj1ZfTtbH4X60VK+/USVgQxYoGZPKQF3OkQjQ2CnWZoETxoQZMBNN/RaSPBSZK25nXJtjTK89CvVS0j4vlm3Khcp7ZkYM92IdDsOEEKnANVagBgQd4hld4Mx6NF+Pd+Ji0zhnZzA78CePrBxGEmBs=</latexit>

�2` < �E/t0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓

<latexit sha1_base64="3WQhpBuZS1wk71kwXnMYimMmAuQ=">AAAB+3icbVDJSgNBEK2JW4xb1KOXxiB4CjMS1JMEF/AYwSyQDKGnU5O06Vno7hHDkF/xIqKIV3/Em39jJ5mDRh8UPN6roqqeFwuutG1/WbmFxaXllfxqYW19Y3OruL3TUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hxcRv3qNUPApv9ShGN6D9kPucUW2kO3iGS0AQoIECgSs4A7tbLNllewrylzgZKUGGWrf42elFLAkw1ExQpdqOHWs3pVJzJnBc6CQKY8qGtI9tQ0MaoHLT6e1jcmCUHvEjaSrUZKr+nEhpoNQo8ExnQPVAzXsT8T+vnWj/1E15GCcaQzZb5CeC6IhMgiA9LpFpMTKEMsnNrYQNqKRMm7gKJgRn/uW/pHFUdo7LlZtKqXqexZGHPdiHQ3DgBKpwDTWoA4MHeIQXeLXG1pP1Zr3PWnNWNrMLv2B9fANAaZCz</latexit>

�E > 0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓
<latexit sha1_base64="sHBtykOw/TGU4sBiSJFTl01OEKI=">AAACFXicbVBNS8NAEJ3U7/oVFbx4CRZBLyWRoh5FLx4rWBVqKJvttF26yYbdiVBC/4QXf4H/wYsHRbwK3vw3btsc/BrYnTfvzbA7L0qlMOT7n05panpmdm5+oby4tLyy6q6tXxqVaY4NrqTS1xEzKEWCDRIk8TrVyOJI4lXUPx3pV7eojVDJBQ1SDGPWTURHcEaWUu4mPICCGBC6wGDXVj2bCXJowBBatibLoL0Z7LXcil/1x+H9BUEBKlBEveV+3LQVz2JMiEtmTDPwUwpzpklwicPyTWYwZbzPuti0MGExmjAfbzX0dizT9jpK25OQN2a/T+QsNmYQR7YzZtQzv7UR+Z/WzKhzFOYiSTPChE8e6mTSI+WNLPLaQiMnObCAcS3sXz3eY5pxskaWrQnB75X/gsv9anBQrZ3XKscnhR3zsAXb1uIADuEYzqBuLeZwB4/wDC/OvfPkvDpvk9aSU8xswI9w3r8AujaXrg==</latexit>

!(Û✓)

remark: for the two extreme ground state of the SSH model, 
we recover the Zak phase as                 and <latexit sha1_base64="p5B4zvqI6YDPFC8+SLfUNp213BE=">AAACFXicbZDLSgMxFIbPeK31Niq4cRMsgqsyI0XdCEU3uqtgL9AOJZOmbWgmGZKMUIa+hBufwHdw40IRt4I738a0nYW2/hD4851zSM4fxpxp43nfzsLi0vLKam4tv76xubXt7uzWtEwUoVUiuVSNEGvKmaBVwwynjVhRHIWc1sPB1bhev6dKMynuzDCmQYR7gnUZwcYi6e5DCk+gIAIENyCgAyNoT5i0jEIPsL17ll6A13YLXtGbCM0bPzMFyFRpu1+tjiRJRIUhHGvd9L3YBClWhhFOR/lWommMyQD3aNNagSOqg3Sy1QgdWdJBXansEQZN6O+JFEdaD6PQdkbY9PVsbQz/qzUT0z0PUibixFBBpg91E46MROOIUIcpSgwfWoOJYvaviPSxwsTYIPM2BH925XlTOyn6p8XSbalQvsziyMEBHMIx+HAGZbiGClSBwAM8wyu8OY/Oi/PufExbF5xsZg/+yPn8Admnlx4=</latexit>Ind!0 = 0

<latexit sha1_base64="3PprgbS8D5tqkSuc4DVr6nziXSc=">AAACFXicbZDLSgMxFIbPeK31Niq4cRMsgqsyI0XdCEU3uqtgL9AOJZOmbWgmGZKMUIa+hBufwHdw40IRt4I738a0nYW2/hD4851zSM4fxpxp43nfzsLi0vLKam4tv76xubXt7uzWtEwUoVUiuVSNEGvKmaBVwwynjVhRHIWc1sPB1bhev6dKMynuzDCmQYR7gnUZwcYi6e5DCk+gIAIENyCgAyNoT5i0jEIPsL37ll6A33YLXtGbCM0bPzMFyFRpu1+tjiRJRIUhHGvd9L3YBClWhhFOR/lWommMyQD3aNNagSOqg3Sy1QgdWdJBXansEQZN6O+JFEdaD6PQdkbY9PVsbQz/qzUT0z0PUibixFBBpg91E46MROOIUIcpSgwfWoOJYvaviPSxwsTYIPM2BH925XlTOyn6p8XSbalQvsziyMEBHMKxDfMMynANFagCgQd4hld4cx6dF+fd+Zi2LjjZzB78kfP5A9y1lyA=</latexit>

Ind!1 = 1

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0

2π if x ≥ x1 = x0 + %− 2r0

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]

exp[i 2π (n̂2j + n̂2j+1 − 1)] = 1

Indω =






0 if ω(Ûθ) > 0

1 if ω(Ûθ) < 0

4

<latexit sha1_base64="Dpl9pLCtykXAlCwObuhviyvTwVc="></latexit>

Ind! 2 {0, 1} = Z2we define by

remark: it is believed that      is the correct classification<latexit sha1_base64="xgiSnZXBOKVkfcdB/D7wnyDT4rs=">AAAB/3icbVDLSgMxFL3js9ZXVXDjJlgEV2WmiLosdeOyBfvAtpRMmmlDk8yQZIQyduGvCOLCB27d+wXu3Pgtpo+Ftp7LhcM595Kb40ecaeO6X87C4tLyympqLb2+sbm1ndnZreowVoRWSMhDVfexppxJWjHMcFqPFMXC57Tm9y9Gfu2GKs1CeWUGEW0J3JUsYAQbK3F4AAEYDPTAt5XANQyhDfl2Juvm3DHQPPGmJFvYL3+zl+JHqZ35bHZCEgsqDeFY64bnRqaVYGUY4XSYbsaaRpj0cZc2LJVYUN1KxvcP0ZFVOigIlW1p0Fj9vZFgofVA+HZSYNPTs95I/M9rxCY4byVMRrGhkkweCmKOTIhGYaAOU5QYPrAEE8XsrYj0sMLE2MjSNgRv9svzpJrPeae5k7KXLRRhghQcwCEcgwdnUIBLKEEFCNzCPTzBs3PnPDqvzttkdMGZ7uzBHzjvPywolgs=</latexit>Z2

nontrivial

trivial



invariance of the index
family of Hamiltonians     with 

<latexit sha1_base64="1mxXq48jPfVKZDYXif4HBnatxsc=">AAAB+XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx6MVjBfsBbSib7aZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0vLLy8M8PMPkEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/P6+0J10bE6gmnCfcjOlQiFIyijQS8wggoIGTwADPog+mXK27VXYisGy83FcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrraIRN362uHxGLmwyIGGs7VNIFunviYxGxkyjwHZGFEdmtTYP/6t1Uwxv/UyoJEWu2HJRmEqCMZljIAOhOUM5tYYyLeythI2opgwtrJKF4K1+ed20rqredbX2WKvU73IcRTiDc7gED26gbpE2oAkMJvBsQb85mfPivDsfy9aCk8+cwh85nz/SK5Ey</latexit>

Ĥs

<latexit sha1_base64="woajIRBdARKxvtNPJuuzWvhiwzU=">AAAB+XicbZBNSwMxEIZn61etX1WPXoJF8CBlV4p6LHrxWMHawnYp2XTahmazS5ItlKX/xIsHRbz6T7z5b0zbPWjrC4GXd2aYyRMmgmvjut9OYW19Y3OruF3a2d3bPygfHj3pOFUMmywWsWqHVKPgEpuGG4HtRCGNQoGtcHQ3q7fGqDSP5aOZJBhEdCB5nzNqbMRBwytwkOCDCxfgQdAtV9yqOxdZNV5uKpCr0S1/dXoxSyOUhgmqte+5iQkyqgxnAqelTqoxoWxEB+hbK2mEOsjml0/JmU16pB8r+6Qh8/T3REYjrSdRaDsjaoZ6uTYL/6v5qenfBBmXSWpQssWifiqIickMA+lxhcyIiTWUKW5vJWxIFWXGwipZCN7yl1fN02XVu6rWHmqV+m2OowgncArnFuQ11OEeGtAEBmN4tpjfnMx5cd6dj0VrwclnjuGPnM8frEaQcg==</latexit>

s 2 [0, 1]

<latexit sha1_base64="aoqCw1KgGnMaaY9m4LzHDqD5hZ8=">AAACC3icbZC7SgNBFIbPeo3xttHSZjAI2oRdCWoZtbGMYC6QLGF2MkmGzM4sM7NCWNLb+Bi2NhaK2PoCdr6Nk2QLTfxh4OM/53Dm/GHMmTae9+0sLa+srq3nNvKbW9s7u25hr65logitEcmlaoZYU84ErRlmOG3GiuIo5LQRDq8n9cY9VZpJcWdGMQ0i3Besxwg21pJuAZ5AQgQU+oChAxqOrTOwbCCFSxjDSccteiVvKrQIfgZFyFTtuF/triRJRIUhHGvd8r3YBClWhhFOx/l2ommMyRD3acuiwBHVQTq9ZYyOrNNFPansEwZN3d8TKY60HkWh7YywGej52sT8r9ZKTO8iSJmIE0MFmS3qJRwZiSbBoC5TlBg+soCJYvaviAywwsTY+PI2BH/+5EWon5b8s1L5tlysXGVx5OAADm2oPpxDBW6gCjUg8ADP8ApvzqPz4rw7H7PWJSeb2Yc/cj5/AGXnlPM=</latexit>

!s(Â)
<latexit sha1_base64="cLmFBzNpe8NqVsv5jO2wCilxITk=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY+oF4+YyCOBDZkdBpgwO7uZ6dWQDf/hxYNGvfov3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxGN1O/+cC1EZG6x3HM/ZAOlOgLRtFKA3iHIVBASOEKJt1iyS27M5Bl4mWkBBlq3eJXpxexJOQKmaTGtD03Rj+lGgWTfFLoJIbHlI3ogLctVTTkxk9nV0/IiVV6pB9pWwrJTP09kdLQmHEY2M6Q4tAselPxP6+dYP/ST4WKE+SKzRf1E0kwItMISE9ozlCOLaFMC3srYUOqKUMbVMGG4C2+vEwaZ2XvvFy5q5Sq11kceTiCYzgFDy6gCrdQgzow0PAEL/DqPDrPzpvzMW/NOdnMIfyB8/kD6tmQMw==</latexit>

Âis continuous in   for any local operator<latexit sha1_base64="s8/qbN7E6idaeuA1LPI1k9/guPk=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpu6XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6l9Vas1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4ZONAA==</latexit>s

COROLLARY: the index         is independent of <latexit sha1_base64="LbPKy5rMaZccEv3bB3RAZQWalGM=">AAACEXicbZDLSgMxFIbP1Futt/GycxMsgqsyI0VdFt3oroK9QFtKJk3b0EwyJBmhDH0FNz6Db+DGhSJu3bnzbUyns9DWHwJ/vnMOyfmDiDNtPO/byS0tr6yu5dcLG5tb2zvu7l5dy1gRWiOSS9UMsKacCVozzHDajBTFYcBpIxhdTeuNe6o0k+LOjCPaCfFAsD4j2Fgk3QNI4AkUhIDgBgT0YALdlEnLKAwA27uGSdcteiUvFVo0fmaKkKnadb/aPUnikApDONa65XuR6SRYGUY4nRTasaYRJiM8oC1rBQ6p7iTpRhN0bEkP9aWyRxiU0t8TCQ61HoeB7QyxGer52hT+V2vFpn/RSZiIYkMFmT3UjzkyEk3jQT2mKDF8bA0mitm/IjLEChNjQyzYEPz5lRdN/bTkn5XKt+Vi5TKLIw+HcAQn4MM5VOAaqlADAg/wDK/w5jw6L8678zFrzTnZzD78kfP5A+bwls4=</latexit>Ind!s

<latexit sha1_base64="woajIRBdARKxvtNPJuuzWvhiwzU=">AAAB+XicbZBNSwMxEIZn61etX1WPXoJF8CBlV4p6LHrxWMHawnYp2XTahmazS5ItlKX/xIsHRbz6T7z5b0zbPWjrC4GXd2aYyRMmgmvjut9OYW19Y3OruF3a2d3bPygfHj3pOFUMmywWsWqHVKPgEpuGG4HtRCGNQoGtcHQ3q7fGqDSP5aOZJBhEdCB5nzNqbMRBwytwkOCDCxfgQdAtV9yqOxdZNV5uKpCr0S1/dXoxSyOUhgmqte+5iQkyqgxnAqelTqoxoWxEB+hbK2mEOsjml0/JmU16pB8r+6Qh8/T3REYjrSdRaDsjaoZ6uTYL/6v5qenfBBmXSWpQssWifiqIickMA+lxhcyIiTWUKW5vJWxIFWXGwipZCN7yl1fN02XVu6rWHmqV+m2OowgncArnFuQ11OEeGtAEBmN4tpjfnMx5cd6dj0VrwclnjuGPnM8frEaQcg==</latexit>

s 2 [0, 1]

proof: fix a   -function with
<latexit sha1_base64="rFRYfHhONwJthxBbugJf46ZGOEI=">AAACH3icbVDLSgMxFL3js9bXqMtugkVwVWdKURcuig9wWcE+oB1LJs20oZkHSUYoQ//EjQt/xI0LRcRd/8Z0OgttvZeQc8+5l+QeN+JMKsuaGEvLK6tr67mN/ObW9s6uubffkGEsCK2TkIei5WJJOQtoXTHFaSsSFPsup013eDXVm49USBYG92oUUcfH/YB5jGClqdAswAv0AYOvE8MDlHVNgeu80Og6xUorCG6gCxac6ErfXbNolaw00CKwM1CELGpd87vTC0ns00ARjqVs21aknAQLxQin43wnljTCZIj7tK1hgH0qnSTdb4yONNNDXij0CRRK2d8TCfalHPmu7vSxGsh5bUr+p7Vj5Z07CQuiWNGAzB7yYo5UiKZmoR4TlCg+0gATwfRfERlggYnSlua1Cfb8yougUS7Zp6XKXaVYvczsyEEBDuEYbDiDKtxCDepA4Ale4R0+jGfjzfg0vmatS0Y2cwB/wpj8AKK1mNA=</latexit>

�2` < �E0/t0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓
<latexit sha1_base64="U/QO49ZcfhxtsuTXYy8serQEDe8=">AAACIXicbZBNSwMxEIZn/az1a9WjHhaLoJeyK0U9Fr14VLAq1FKyadqGZpMlmRXK0r/iRfpPvHhQxJv4Z5zWHrT6QuDJOzMk88apkg7D8MObmZ2bX1gsLBWXV1bX1v2NzWtnMstFjRtl7G3MnFBSixpKVOI2tYIlsRI3ce9sVL+5F9ZJo6+wn4pGwjpatiVnSJbxd2AIBhIQ0AEGTXCwT06XGCGHGgzIGxJ3qQPJPaCbJg6bfiksh2MFfyGaQAkmumj673ctw7NEaOSKOVePwhQbObMouRKD4l3mRMp4j3VEnVCzRLhGPt5wEOyR0wraxtLRGIzdnxM5S5zrJzF1Jgy7bro2Mv+r1TNsnzRyqdMMhebfD7UzFaAJRnEFLWkFR9UnYNxK+mvAu8wyjhRqkUKIplf+C9eH5eioXLmslKqnkzgKsA27FHUEx1CFc7igqDk8wBO8wKv36D17b977d+uMN5nZgl/yPr8Arl6amg==</latexit>

!s(Û✓) 6= 0the theorem implies                  for any <latexit sha1_base64="woajIRBdARKxvtNPJuuzWvhiwzU=">AAAB+XicbZBNSwMxEIZn61etX1WPXoJF8CBlV4p6LHrxWMHawnYp2XTahmazS5ItlKX/xIsHRbz6T7z5b0zbPWjrC4GXd2aYyRMmgmvjut9OYW19Y3OruF3a2d3bPygfHj3pOFUMmywWsWqHVKPgEpuGG4HtRCGNQoGtcHQ3q7fGqDSP5aOZJBhEdCB5nzNqbMRBwytwkOCDCxfgQdAtV9yqOxdZNV5uKpCr0S1/dXoxSyOUhgmqte+5iQkyqgxnAqelTqoxoWxEB+hbK2mEOsjml0/JmU16pB8r+6Qh8/T3REYjrSdRaDsjaoZ6uTYL/6v5qenfBBmXSWpQssWifiqIickMA+lxhcyIiTWUKW5vJWxIFWXGwipZCN7yl1fN02XVu6rWHmqV+m2OowgncArnFuQ11OEeGtAEBmN4tpjfnMx5cd6dj0VrwclnjuGPnM8frEaQcg==</latexit>s 2 [0, 1]

cannot change the sign because of continuity
<latexit sha1_base64="oT9Obp1JV6C+xuLzGRsvUac1QL0=">AAACGXicbZA7SwNBEMfnfMb4OrURbA6DoE24k6CWoo1lBPOAeIS9zSZZ3Ls9dueEcORr2Fj7LWwsFLHUym/j5FH4Glj48ZtZducfpUpa9P1PZ2Z2bn5hsbBUXF5ZXVt3NzbrVmeGixrXSptmxKxQMhE1lKhEMzWCxZESjejmfNRv3ApjpU6ucJCKMGa9RHYlZ0hKu9vwABpiENADBm2wsE+mT4yQQw2G5B6I+zSBZA/abskv++Py/kIwhRJMq9p23687mmexSJArZm0r8FMMc2ZQciWGxevMipTxG9YTLcKExcKG+XizobdHpuN1taGToDe232/kLLZ2EEc0GTPs29+9kfyv18qwexLmMkkzFAmfPNTNlIfaG8XkdaQRHNWAgHEj6a8e7zPDOFKYRQoh+L3yX6gfloOjcuWyUjo9m8ZRgB3YpYgDOIZTuIAqRczhDh7hGV6ce+fJeXXeJqMzzvTOFvwo5+MLsEKYpg==</latexit>

!s(Û✓)

<latexit sha1_base64="Iqatu5fhxIfWwRsNmoLvJtEDDxk=">AAAB+XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx6MVjBfsBbSib7aZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0vLLy8M8PMPkEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/P6+0J10bE6gmnCfcjOlQiFIyijQS8wggoIGTwADPog9svV9yquxBZN15uKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyWelXmp4QtmYDnnXWkUjbvxscfmMXNhkQMJY26eQLNLfExmNjJlGge2MKI7Mam0e/lfrphje+plQSYpcseWiMJUEYzLHQAZCc4Zyag1lWthbCRtRTRlaWCULwVv98rppXVW962rtsVap3+U4inAG53AJHtxA3SJtQBMYTODZgn5zMufFeXc+lq0FJ585hT9yPn8AbJ+Q7w==</latexit>

Ĥ0

<latexit sha1_base64="2CaF0IS8l5pYlTxjtchvHsEOECY=">AAAB+XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx6MVjBfsBbSib7aZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0vLLy8M8PMPkEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/P6+0J10bE6gmnCfcjOlQiFIyijQS8wggoIGTwADPog9cvV9yquxBZN15uKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyWelXmp4QtmYDnnXWkUjbvxscfmMXNhkQMJY26eQLNLfExmNjJlGge2MKI7Mam0e/lfrphje+plQSYpcseWiMJUEYzLHQAZCc4Zyag1lWthbCRtRTRlaWCULwVv98rppXVW962rtsVap3+U4inAG53AJHtxA3SJtQBMYTODZgn5zMufFeXc+lq0FJ585hT9yPn8AbiOQ8A==</latexit>

Ĥ1

(in our class)

if                      there must be a phase transition!<latexit sha1_base64="wSNl0wjykZfvKLXV55FbPNYVNlE=">AAACQXicjZA/SwMxGMbfq/9q/Xfq6BIsgoOUOynqKLroVsGqUI+SS9+2obnkSHJCOfpx/BoufgM3dxcHRVxdTGsHtQ6+EHjye56Q5IlTwY0NgkevMDU9MztXnC8tLC4tr/iraxdGZZphnSmh9FVMDQousW65FXiVaqRJLPAy7h0P/csb1IYreW77KUYJ7Uje5oxah5S/AzncgoYECJyChBYMoDliyjGEDlC3Dxy9dS661H/yIQyafjmoBKMhkyIcizKMp9b0H65bimUJSssENaYRBqmNcqotZwIHpevMYEpZj3aw4aSkCZooHzUwIFuOtEhbabekJSP6/UROE2P6SeySCbVd89sbwr+8RmbbB1HOZZpZlOzronYmiFVkWCdpcY3Mir4TlGnu3kpYl2rKrCu95EoIf395UlzsVsK9SvWsWj48GtdRhA3YhG1X5D4cwgnUoA4M7uAJXuDVu/eevTfv/Sta8MZn1uHHeB+f0MSiNw==</latexit>Ind!0 6= Ind!1

THEOREM: let    be a unique gapped ground state with 
energy gap             .  for any   -function with                     , 
          is nonzero, and its sign is independent of 

<latexit sha1_base64="cw6hzdhPwBngvwa6lhzHe1AF48U=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHMzAphyW948aCIHv0Zb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3H6k2TMkHO0loKPBQspgRbJ0UwwcoEEBhCLhfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OYpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs0CQAOmKbF84ggmmrlbERlhjYl1MZVcCMHyy6ukdVENLqu1+1qlfpPHUYQTOIVzCOAK6nAHDWgCgQSe4AVevdR79t6890VrwctnjuEPvM8f9/6Psw==</latexit>!
<latexit sha1_base64="KeIAVQB8u7eABePHHcH+2a4+l2U=">AAACG3icbZBLSwMxEMdnfdb6WvUkXoJF8FR3S1EPHooP8FjBPqBdSzbNtqHZB0lWKEu/hxePfg0vHhTxJHjw25hu96CtMwR++c8MyfzdiDOpLOvbmJtfWFxazq3kV9fWNzbNre26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiDi3G9cU+FZGFwq4YRdXzcC5jHCFZaCs1deIIeYPB1YriDkr5T4DrPNF2mrHQFwRUcaeqA1TELVtFKA82CnUEBsqh2zM92NySxTwNFOJayZVuRchIsFCOcjvLtWNIIkwHu0ZbGAPtUOkm62wgdaKWLvFDoEyiUqr8nEuxLOfRd3elj1ZfTtbH4X60VK+/USVgQxYoGZPKQF3OkQjQ2CnWZoETxoQZMBNN/RaSPBSZK25nXJtjTK89CvVS0j4vlm3Khcp7ZkYM92IdDsOEEKnANVagBgQd4hld4Mx6NF+Pd+Ji0zhnZzA78CePrBxGEmBs=</latexit>

�2` < �E/t0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓

<latexit sha1_base64="3WQhpBuZS1wk71kwXnMYimMmAuQ=">AAAB+3icbVDJSgNBEK2JW4xb1KOXxiB4CjMS1JMEF/AYwSyQDKGnU5O06Vno7hHDkF/xIqKIV3/Em39jJ5mDRh8UPN6roqqeFwuutG1/WbmFxaXllfxqYW19Y3OruL3TUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hxcRv3qNUPApv9ShGN6D9kPucUW2kO3iGS0AQoIECgSs4A7tbLNllewrylzgZKUGGWrf42elFLAkw1ExQpdqOHWs3pVJzJnBc6CQKY8qGtI9tQ0MaoHLT6e1jcmCUHvEjaSrUZKr+nEhpoNQo8ExnQPVAzXsT8T+vnWj/1E15GCcaQzZb5CeC6IhMgiA9LpFpMTKEMsnNrYQNqKRMm7gKJgRn/uW/pHFUdo7LlZtKqXqexZGHPdiHQ3DgBKpwDTWoA4MHeIQXeLXG1pP1Zr3PWnNWNrMLv2B9fANAaZCz</latexit>

�E > 0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓
<latexit sha1_base64="sHBtykOw/TGU4sBiSJFTl01OEKI=">AAACFXicbVBNS8NAEJ3U7/oVFbx4CRZBLyWRoh5FLx4rWBVqKJvttF26yYbdiVBC/4QXf4H/wYsHRbwK3vw3btsc/BrYnTfvzbA7L0qlMOT7n05panpmdm5+oby4tLyy6q6tXxqVaY4NrqTS1xEzKEWCDRIk8TrVyOJI4lXUPx3pV7eojVDJBQ1SDGPWTURHcEaWUu4mPICCGBC6wGDXVj2bCXJowBBatibLoL0Z7LXcil/1x+H9BUEBKlBEveV+3LQVz2JMiEtmTDPwUwpzpklwicPyTWYwZbzPuti0MGExmjAfbzX0dizT9jpK25OQN2a/T+QsNmYQR7YzZtQzv7UR+Z/WzKhzFOYiSTPChE8e6mTSI+WNLPLaQiMnObCAcS3sXz3eY5pxskaWrQnB75X/gsv9anBQrZ3XKscnhR3zsAXb1uIADuEYzqBuLeZwB4/wDC/OvfPkvDpvk9aSU8xswI9w3r8AujaXrg==</latexit>

!(Û✓)

<latexit sha1_base64="YEJqptAwPr35DqUxhO85aUUgcq8=">AAAB93icbVDJSgNBEK2JW4xb1KOXxiB4CjMS1GPQi8cIZoFkCD2dnqRJL0N3jzCE/IgXDy549Ve8+Td2kjlo4oOCx3tVVNWLEs6M9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqWa0CZRXOlOhA3lTNKmZZbTTqIpFhGn7Wh8O/Pbj1QbpuSDzRIaCjyULGYEWyeN4A0UCKAwBAx9MP1yxa/6c6BVEuSkAjka/fJXb6BIKqi0hGNjuoGf2HCCtWWE02mplxqaYDLGQ9p1VGJBTTiZ3z1FZ04ZoFhpV9Kiufp7YoKFMZmIXKfAdmSWvZn4n9dNbXwdTphMUkslWSyKU46sQrMQ0IBpSizPHMFEM3crIiOsMbEuqpILIVh+eZW0LqrBZbV2X6vUb/I4inACp3AOAVxBHe6gAU0gYOEJXuDVy7xn7937WLQWvHzmGP7A+/wB0s6Qqw==</latexit>!s

<latexit sha1_base64="1mxXq48jPfVKZDYXif4HBnatxsc=">AAAB+XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx6MVjBfsBbSib7aZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0vLLy8M8PMPkEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/P6+0J10bE6gmnCfcjOlQiFIyijQS8wggoIGTwADPog+mXK27VXYisGy83FcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrraIRN362uHxGLmwyIGGs7VNIFunviYxGxkyjwHZGFEdmtTYP/6t1Uwxv/UyoJEWu2HJRmEqCMZljIAOhOUM5tYYyLeythI2opgwtrJKF4K1+ed20rqredbX2WKvU73IcRTiDc7gED26gbpE2oAkMJvBsQb85mfPivDsfy9aCk8+cwh85nz/SK5Ey</latexit>

Ĥs has a   -invariant unique gapped g.s.      with
energy gap

<latexit sha1_base64="ydeICkO8I6iBEtakepZ/QWFRcdY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FD3qsYD+gXcpsmm1Dk90lyQpl6d/w4kERPfpnvPlvTNs9aOsbBh7vzZDJCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0c3Ubz0ypXkcPZhxwnyJg4iHnKKxUggfcAsI0hb2yhW36s5AlomXkwrkqPfKX91+TFPJIkMFat3x3MT4GSrDqWCTUjfVLEE6wgHrWBqhZNrPZjdPyIlV+iSMle3IkJn6eyNDqfVYBnZSohnqRW8q/ud1UhNe+RmPktSwiM4fClNBTEymAZA+V4waMbYEqeL2VkKHqJAaG1PJhuAtfnmZNM+q3kX1/P68UrvO4yjCERzDKXhwCTW4gzo0gEICT/ACr07qPDtvzvt8tODkO4fwB87nD70Kj40=</latexit>

�
<latexit sha1_base64="PYURsE9pz/0CoFrR3VpmwvdvGXI=">AAACB3icbVC7SgNBFL3rM8ZHVgUbm8EgWIVdEbWSEBUsEzAPSJYwO5kkQ2Znl5lZISzpbPwQG0EsFLEV/AI7G7/FyaPQxANzOZxzL3fu8SPOlHacL2tufmFxaTm1kl5dW9/I2JtbFRXGktAyCXkoaz5WlDNBy5ppTmuRpDjwOa36vfOhX72hUrFQXOt+RL0AdwRrM4K1kUI7A/fQAWrqhakcNGBAcAlNcOAMnKaddXLOCGiWuBOSze+Uvtlj4aPYtD8brZDEARWacKxU3XUi7SVYakY4HaQbsaIRJj3coXVDBQ6o8pLRHQO0b5QWaofSPKHRSP09keBAqX7gm84A666a9obif1491u1TL2EiijUVZLyoHXOkQzQMBbWYpETzviGYSGb+ikgXS0y0iS5tQnCnT54llcOce5w7KrnZfAHGSMEu7MEBuHACebiCIpSBwC08wDO8WHfWk/VqvY1b56zJzDb8gfX+A0DmluE=</latexit>

� �E0 > 0
 

 



an important corollary

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0;

2π if x ≥ x1 = x0 + %− 2r0,

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]
.

4

and          belong to different phases within this
<latexit sha1_base64="QCfEilOQoVMcdvfkkxgowNR/Xbo=">AAACD3icbZC7TsMwFIZPyq2UW6Aji0WFxFQlqALGChbGIuhFakPluE5r1Ykj20Gqor4BCw/RF2BhACFWVjbeBrfNAC3HsvTp/8+RfX4/5kxpx/m2ciura+sb+c3C1vbO7p69f9BQIpGE1ongQrZ8rChnEa1rpjltxZLi0Oe06Q+vpn7zgUrFRHSnRzH1QtyPWMAI1kYSdhEmMAAMGlK4hjF0wYF7wxOQEAKCW3OM3rVLTtmZFVoGN4MSZFXr2l+dniBJSCNNOFaq7Tqx9lIsNSOcjgudRNEYkyHu07bBCIdUeelsnzE6NkoPBUKaG2k0U39PpDhUahT6pjPEeqAWvan4n9dOdHDhpSyKE00jMn8oSDjSAk3DQT0mKdF8ZAATycxfERlgiYk2ERZMCO7iysvQOC27Z+XKTaVUvcziyMMhHMEJuHAOVRNnDepA4BGe4RXerCfrxXq3PuatOSubKcKfsj5/ABjdlcY=</latexit>

Ĥ
SSH

0

<latexit sha1_base64="Jw96VFO47vNqRriMyJC/Uf8zuAA=">AAACD3icbZC7TsMwFIZPyq2UW6Aji0WFxFQlqALGChbGIuhFakPluE5r1Ykj20Gqor4BCw/RF2BhACFWVjbeBrfNAC3HsvTp/8+RfX4/5kxpx/m2ciura+sb+c3C1vbO7p69f9BQIpGE1ongQrZ8rChnEa1rpjltxZLi0Oe06Q+vpn7zgUrFRHSnRzH1QtyPWMAI1kYSdhEmMAAMGlK4hjF0wYV7wxOQEAKCW3OM3rVLTtmZFVoGN4MSZFXr2l+dniBJSCNNOFaq7Tqx9lIsNSOcjgudRNEYkyHu07bBCIdUeelsnzE6NkoPBUKaG2k0U39PpDhUahT6pjPEeqAWvan4n9dOdHDhpSyKE00jMn8oSDjSAk3DQT0mKdF8ZAATycxfERlgiYk2ERZMCO7iysvQOC27Z+XKTaVUvcziyMMhHMGJifYcqibOGtSBwCM8wyu8WU/Wi/Vufcxbc1Y2U4Q/ZX3+ABp1lcc=</latexit>

Ĥ
SSH

1

class of models

any path of Hamiltonians (with              ) in this class 
<latexit sha1_base64="1mxXq48jPfVKZDYXif4HBnatxsc=">AAAB+XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx6MVjBfsBbSib7aZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0vLLy8M8PMPkEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/P6+0J10bE6gmnCfcjOlQiFIyijQS8wggoIGTwADPog+mXK27VXYisGy83FcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrraIRN362uHxGLmwyIGGs7VNIFunviYxGxkyjwHZGFEdmtTYP/6t1Uwxv/UyoJEWu2HJRmEqCMZljIAOhOUM5tYYyLeythI2opgwtrJKF4K1+ed20rqredbX2WKvU73IcRTiDc7gED26gbpE2oAkMJvBsQb85mfPivDsfy9aCk8+cwh85nz/SK5Ey</latexit>

Ĥs

<latexit sha1_base64="woajIRBdARKxvtNPJuuzWvhiwzU=">AAAB+XicbZBNSwMxEIZn61etX1WPXoJF8CBlV4p6LHrxWMHawnYp2XTahmazS5ItlKX/xIsHRbz6T7z5b0zbPWjrC4GXd2aYyRMmgmvjut9OYW19Y3OruF3a2d3bPygfHj3pOFUMmywWsWqHVKPgEpuGG4HtRCGNQoGtcHQ3q7fGqDSP5aOZJBhEdCB5nzNqbMRBwytwkOCDCxfgQdAtV9yqOxdZNV5uKpCr0S1/dXoxSyOUhgmqte+5iQkyqgxnAqelTqoxoWxEB+hbK2mEOsjml0/JmU16pB8r+6Qh8/T3REYjrSdRaDsjaoZ6uTYL/6v5qenfBBmXSWpQssWifiqIickMA+lxhcyIiTWUKW5vJWxIFWXGwipZCN7yl1fN02XVu6rWHmqV+m2OowgncArnFuQ11OEeGtAEBmN4tpjfnMx5cd6dj0VrwclnjuGPnM8frEaQcg==</latexit>

s 2 [0, 1]
<latexit sha1_base64="VWgrEGE4cjcFMU/lNZM0EppjvIw=">AAACI3icbZDLSgMxFIbPeK31NupShGARXJUZKepGKLpxWdFeoB1LJs20ocnMkGSEMvRd3PRV3LhQihsXvotpOwtte0Lg4//PITm/H3OmtON8Wyura+sbm7mt/PbO7t6+fXBYU1EiCa2SiEey4WNFOQtpVTPNaSOWFAuf07rfv5v49RcqFYvCJz2IqSdwN2QBI1gbKbJPYAQ9wKAhhXsYQhtcuFmiPRsegQQBCB7NMXrbLjhFZ1poEdwMCpBVpW2PW52IJIKGmnCsVNN1Yu2lWGpGOB3mW4miMSZ93KVNgyEWVHnpdMchOjNKBwWRNDfUaKr+nUixUGogfNMpsO6peW8iLvOaiQ6uvZSFcaJpSGYPBQlHOkKTwFCHSUo0HxjARDLzV0R6WGKiTax5E4I7v/Ii1C6K7mWx9FAqlG+zOHJwDKdwbqK9grKJswJVIPAKb/ABn9bIerfG1tesdcXKZo7gX1k/v6k8mnQ=</latexit>

Ĥ1 = Ĥ
SSH

1

<latexit sha1_base64="s3y/4Swv6BKHNh32Z706pV/2FRE=">AAACI3icbZDLSgMxFIbPeK31NupShGARXJUZKepGKLpxWdFeoB1LJs20ocnMkGSEMvRd3PRV3LhQihsXvotpOwtte0Lg4//PITm/H3OmtON8Wyura+sbm7mt/PbO7t6+fXBYU1EiCa2SiEey4WNFOQtpVTPNaSOWFAuf07rfv5v49RcqFYvCJz2IqSdwN2QBI1gbKbJPYAQ9wKAhhXsYQhscuFmiPRsegQQBCB7NMXrbLjhFZ1poEdwMCpBVpW2PW52IJIKGmnCsVNN1Yu2lWGpGOB3mW4miMSZ93KVNgyEWVHnpdMchOjNKBwWRNDfUaKr+nUixUGogfNMpsO6peW8iLvOaiQ6uvZSFcaJpSGYPBQlHOkKTwFCHSUo0HxjARDLzV0R6WGKiTax5E4I7v/Ii1C6K7mWx9FAqlG+zOHJwDKdwDi5cQdnEWYEqEHiFN/iAT2tkvVtj62vWumJlM0fwr6yfX6X4mnI=</latexit>

Ĥ0 = Ĥ
SSH

0
such that                   and

must go through a phase transition point with
either non-unique g.s., gapless g.s., or discontinuity

<latexit sha1_base64="1mxXq48jPfVKZDYXif4HBnatxsc=">AAAB+XicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeqx6MVjBfsBbSib7aZdutmE3UmhhP4TLx4U8eo/8ea/cdvmoK0vLLy8M8PMPkEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuheBMFSt5JNKdRIHk7GN/P6+0J10bE6gmnCfcjOlQiFIyijQS8wggoIGTwADPog+mXK27VXYisGy83FcjV6Je/eoOYpRFXyCQ1puu5CfoZ1SiY5LNSLzU8oWxMh7xrraIRN362uHxGLmwyIGGs7VNIFunviYxGxkyjwHZGFEdmtTYP/6t1Uwxv/UyoJEWu2HJRmEqCMZljIAOhOUM5tYYyLeythI2opgwtrJKF4K1+ed20rqredbX2WKvU73IcRTiDc7gED26gbpE2oAkMJvBsQb85mfPivDsfy9aCk8+cwh85nz/SK5Ey</latexit>

Ĥs

<latexit sha1_base64="GDYkfYCYlvg2pbX3x1IQXvrZdWE=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxhLuEKEcSLx4xyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT27nffkKleSQfzTRGP6QjyYecUWOlB++q0i+W3LK7AFknXkZKkKHRL371BhFLQpSGCap113Nj46dUGc4Ezgq9RGNM2YSOsGuppCFqP12cOiMXVhmQYaRsSUMW6u+JlIZaT8PAdobUjPWqNxf/87qJGdb8lMs4MSjZctEwEcREZP43GXCFzIipJZQpbm8lbEwVZcamU7AheKsvr5NWpexdl6v31VK9lsWRhzM4h0vw4AbqcAcNaAKDETzDK7w5wnlx3p2PZWvOyWZO4Q+czx9X940p</latexit>

1/2
<latexit sha1_base64="lG4HTk/5WA/DzkBD1MIgs+5+B6o=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeQWMsw==</latexit>

0
<latexit sha1_base64="r6olBFY4nIrDJ2gU4SV9goCWpBM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNWHNz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m5INwVt9eZ20r6reTfW6eV2p1/I4inAG53AJHtxCHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDeomMtA==</latexit>

1

unique gapped g.s. unique gapped g.s.



proof of the main 
theorem 
a finite chain



proof for a finite chain (periodic b.c.)
THEOREM: let    be a unique gapped ground state with 
energy gap             .  for any   -function with                     , 
          is nonzero, and its sign is independent of 

<latexit sha1_base64="cw6hzdhPwBngvwa6lhzHe1AF48U=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHMzAphyW948aCIHv0Zb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3H6k2TMkHO0loKPBQspgRbJ0UwwcoEEBhCLhfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OYpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs0CQAOmKbF84ggmmrlbERlhjYl1MZVcCMHyy6ukdVENLqu1+1qlfpPHUYQTOIVzCOAK6nAHDWgCgQSe4AVevdR79t6890VrwctnjuEPvM8f9/6Psw==</latexit>!
<latexit sha1_base64="KeIAVQB8u7eABePHHcH+2a4+l2U=">AAACG3icbZBLSwMxEMdnfdb6WvUkXoJF8FR3S1EPHooP8FjBPqBdSzbNtqHZB0lWKEu/hxePfg0vHhTxJHjw25hu96CtMwR++c8MyfzdiDOpLOvbmJtfWFxazq3kV9fWNzbNre26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiDi3G9cU+FZGFwq4YRdXzcC5jHCFZaCs1deIIeYPB1YriDkr5T4DrPNF2mrHQFwRUcaeqA1TELVtFKA82CnUEBsqh2zM92NySxTwNFOJayZVuRchIsFCOcjvLtWNIIkwHu0ZbGAPtUOkm62wgdaKWLvFDoEyiUqr8nEuxLOfRd3elj1ZfTtbH4X60VK+/USVgQxYoGZPKQF3OkQjQ2CnWZoETxoQZMBNN/RaSPBSZK25nXJtjTK89CvVS0j4vlm3Khcp7ZkYM92IdDsOEEKnANVagBgQd4hld4Mx6NF+Pd+Ji0zhnZzA78CePrBxGEmBs=</latexit>

�2` < �E/t0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓

<latexit sha1_base64="3WQhpBuZS1wk71kwXnMYimMmAuQ=">AAAB+3icbVDJSgNBEK2JW4xb1KOXxiB4CjMS1JMEF/AYwSyQDKGnU5O06Vno7hHDkF/xIqKIV3/Em39jJ5mDRh8UPN6roqqeFwuutG1/WbmFxaXllfxqYW19Y3OruL3TUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hxcRv3qNUPApv9ShGN6D9kPucUW2kO3iGS0AQoIECgSs4A7tbLNllewrylzgZKUGGWrf42elFLAkw1ExQpdqOHWs3pVJzJnBc6CQKY8qGtI9tQ0MaoHLT6e1jcmCUHvEjaSrUZKr+nEhpoNQo8ExnQPVAzXsT8T+vnWj/1E15GCcaQzZb5CeC6IhMgiA9LpFpMTKEMsnNrYQNqKRMm7gKJgRn/uW/pHFUdo7LlZtKqXqexZGHPdiHQ3DgBKpwDTWoA4MHeIQXeLXG1pP1Zr3PWnNWNrMLv2B9fANAaZCz</latexit>

�E > 0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓
<latexit sha1_base64="sHBtykOw/TGU4sBiSJFTl01OEKI=">AAACFXicbVBNS8NAEJ3U7/oVFbx4CRZBLyWRoh5FLx4rWBVqKJvttF26yYbdiVBC/4QXf4H/wYsHRbwK3vw3btsc/BrYnTfvzbA7L0qlMOT7n05panpmdm5+oby4tLyy6q6tXxqVaY4NrqTS1xEzKEWCDRIk8TrVyOJI4lXUPx3pV7eojVDJBQ1SDGPWTURHcEaWUu4mPICCGBC6wGDXVj2bCXJowBBatibLoL0Z7LXcil/1x+H9BUEBKlBEveV+3LQVz2JMiEtmTDPwUwpzpklwicPyTWYwZbzPuti0MGExmjAfbzX0dizT9jpK25OQN2a/T+QsNmYQR7YzZtQzv7UR+Z/WzKhzFOYiSTPChE8e6mTSI+WNLPLaQiMnObCAcS3sXz3eY5pxskaWrQnB75X/gsv9anBQrZ3XKscnhR3zsAXb1uIADuEYzqBuLeZwB4/wDC/OvfPkvDpvk9aSU8xswI9w3r8AujaXrg==</latexit>

!(Û✓)

<latexit sha1_base64="bwSmhnXEKuIBsHsFBqnJLJvjFhM=">AAAB+XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi6kEwuIDHCGaBZAg9nZ6kSc9Cd00gDPkTLx4U8eqfePNTvNmZ5KCJDwoe71VRVc+LpdBo219Wbml5ZXUtv17Y2Nza3inu7tV1lCjGayySkWp6VHMpQl5DgZI3Y8Vp4Ene8AY3E78x5EqLKHzEUczdgPZC4QtG0UgCLuEFboGDBAQKBO46xZJdtjOQReLMSOnq289Q7RQ/292IJQEPkUmqdcuxY3RTqlAwyceFdqJ5TNmA9njL0JAGXLtpdvmYHBmlS/xImQqRZOrviZQGWo8Cz3QGFPt63puI/3mtBP0LNxVhnCAP2XSRn0iCEZnEQLpCcYZyZAhlSphbCetTRRmasAomBGf+5UVSPyk7Z+XTB6dUuYYp8nAAh3AMDpxDBe6hCjVgMIQnE/OrlVrP1pv1Pm3NWbOZffgD6+MHfzKUBw==</latexit>

< �E

<latexit sha1_base64="st1IdMtZ2Tt0VuZbZ9v6X1wc3V8="></latexit>

!(·) = h�GS| · |�GSi

<latexit sha1_base64="bdI827zqeYVCjtvViDJyGh60cX8=">AAACE3icbZDLSgMxFIbP1Futt6q4chNaBEEoMyLqsuhClxXtBdqhZNK0Dc1khiQjDGPfwYU+gq/gxoUibt2469uYTl1o6w+BL/85h+T8XsiZ0rY9sjJz8wuLS9nl3Mrq2vpGfnOrpoJIElolAQ9kw8OKciZoVTPNaSOUFPsep3VvcD6u12+pVCwQNzoOqevjnmBdRrA2VpDfgTt4ggr0gUEbEsMSfEBwAdcwTG8YBPSAA23ni3bJToVmwfmBYrnQOngYleNKO//V6gQk8qnQhGOlmo4dajfBUjPC6TDXihQNMRngHm0aFNinyk3SnYZozzgd1A2kOUKj1P09kWBfqdj3TKePdV9N18bmf7VmpLunbsJEGGkqyOShbsSRDtA4INRhkhLNYwOYSGb+ikgfS0y0iTFnQnCmV56F2mHJOS4dXTnF8hlMlIVdKMA+OHACZbg0kVeBwD08wyu8WY/Wi/VufUxaM9bPzDb8kfX5DfuYmlQ=</latexit>

|�GSi
<latexit sha1_base64="AvaFeDH7pVfcFb/Gk0rgx+MoD4c=">AAAB+3icbVDJSgNBEK2JW4xb1KOXxiB4CjMi6kmDC3iMYBZIQujp1CRteha6e8Qw5Fe8iCji1R/x5qd4szPJQRMfFDzeq6KqnhsJrrRtf1mZufmFxaXscm5ldW19I7+5VVVhLBlWWChCWXepQsEDrGiuBdYjidR3Bdbc/sXIr92jVDwMbvUgwpZPuwH3OKPaSHfwDJeAIEADBQJXcAp2O1+wi3YKMkucCSmcfXspyu38Z7MTstjHQDNBlWo4dqRbCZWaM4HDXDNWGFHWp11sGBpQH1UrSW8fkj2jdIgXSlOBJqn6eyKhvlID3zWdPtU9Ne2NxP+8Rqy9k1bCgyjWGLDxIi8WRIdkFATpcIlMi4EhlElubiWsRyVl2sSVMyE40y/PkupB0TkqHt44hdI5jJGFHdiFfXDgGEpwDWWoAIMHeIQXeLWG1pP1Zr2PWzPWZGYb/sD6+AEcGZRM</latexit>

�E > 0a unique ground state          with a gap 
<latexit sha1_base64="KeIAVQB8u7eABePHHcH+2a4+l2U=">AAACG3icbZBLSwMxEMdnfdb6WvUkXoJF8FR3S1EPHooP8FjBPqBdSzbNtqHZB0lWKEu/hxePfg0vHhTxJHjw25hu96CtMwR++c8MyfzdiDOpLOvbmJtfWFxazq3kV9fWNzbNre26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiDi3G9cU+FZGFwq4YRdXzcC5jHCFZaCs1deIIeYPB1YriDkr5T4DrPNF2mrHQFwRUcaeqA1TELVtFKA82CnUEBsqh2zM92NySxTwNFOJayZVuRchIsFCOcjvLtWNIIkwHu0ZbGAPtUOkm62wgdaKWLvFDoEyiUqr8nEuxLOfRd3elj1ZfTtbH4X60VK+/USVgQxYoGZPKQF3OkQjQ2CnWZoETxoQZMBNN/RaSPBSZK25nXJtjTK89CvVS0j4vlm3Khcp7ZkYM92IdDsOEEKnANVagBgQd4hld4Mx6NF+Pd+Ji0zhnZzA78CePrBxGEmBs=</latexit>

�2` < �E/t0take a   -function with     <latexit sha1_base64="pVvc5Ee7uFO+9LG/fQhuLFn080U=">AAAB83icbVDLSgMxFL1TX3V8VV26CRbBVZkRUTdi0Y3LCvYB7VAyaaYNzWRCkhHK0N9w40LxsfQ73LsR/8b0sdDWA/dyOOdecnNCyZk2nvft5BYWl5ZX8qvu2vrG5lZhe6emk1QRWiUJT1QjxJpyJmjVMMNpQyqK45DTeti/Gvn1O6o0S8StGUgaxLgrWMQINlaK4A0M9IDajtuFolfyxkDzxJ+S4sWHey5fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU1LBY6pDrLxzUN0YJUOihJlSxg0Vn9vZDjWehCHdjLGpqdnvZH4n9dMTXQWZEzI1FBBJg9FKUcmQaMAUIcpSgwfWIKJYvZWRHpYYWJsTK4NwZ/98jypHZX8k9LxjV8sX8IEediDfTgEH06hDNdQgSoQkHAPj/DkpM6D8+y8TkZzznRnF/7Aef8Ba7yS/g==</latexit>✓ 

<latexit sha1_base64="iq1pBM7B/2ImtA1Ubix1MFJ34Ms="></latexit>

h�GS|Û †
✓ ĤÛ✓|�GSi � EGS  t0�

2
`

standard Bloch, Lieb-Schultz-Mattis estimate 

<latexit sha1_base64="0iuA0oyQpG7apfhLNtqUECpLMZY="></latexit>

!(Û✓) 2 Rsince                  varies continuously when we modify 
  -function continuously, the sign cannot change<latexit sha1_base64="pVvc5Ee7uFO+9LG/fQhuLFn080U=">AAAB83icbVDLSgMxFL1TX3V8VV26CRbBVZkRUTdi0Y3LCvYB7VAyaaYNzWRCkhHK0N9w40LxsfQ73LsR/8b0sdDWA/dyOOdecnNCyZk2nvft5BYWl5ZX8qvu2vrG5lZhe6emk1QRWiUJT1QjxJpyJmjVMMNpQyqK45DTeti/Gvn1O6o0S8StGUgaxLgrWMQINlaK4A0M9IDajtuFolfyxkDzxJ+S4sWHey5fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU1LBY6pDrLxzUN0YJUOihJlSxg0Vn9vZDjWehCHdjLGpqdnvZH4n9dMTXQWZEzI1FBBJg9FKUcmQaMAUIcpSgwfWIKJYvZWRHpYYWJsTK4NwZ/98jypHZX8k9LxjV8sX8IEediDfTgEH06hDNdQgSoQkHAPj/DkpM6D8+y8TkZzznRnF/7Aef8Ba7yS/g==</latexit>✓
 

if                                          ,               is an excited state 
with excitation energy          .  so we see  

<latexit sha1_base64="uvGBANRerLMUk4VyZhSuvXLD5sM="></latexit>

Û✓|�GSi
<latexit sha1_base64="bwSmhnXEKuIBsHsFBqnJLJvjFhM=">AAAB+XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi6kEwuIDHCGaBZAg9nZ6kSc9Cd00gDPkTLx4U8eqfePNTvNmZ5KCJDwoe71VRVc+LpdBo219Wbml5ZXUtv17Y2Nza3inu7tV1lCjGayySkWp6VHMpQl5DgZI3Y8Vp4Ene8AY3E78x5EqLKHzEUczdgPZC4QtG0UgCLuEFboGDBAQKBO46xZJdtjOQReLMSOnq289Q7RQ/292IJQEPkUmqdcuxY3RTqlAwyceFdqJ5TNmA9njL0JAGXLtpdvmYHBmlS/xImQqRZOrviZQGWo8Cz3QGFPt63puI/3mtBP0LNxVhnCAP2XSRn0iCEZnEQLpCcYZyZAhlSphbCetTRRmasAomBGf+5UVSPyk7Z+XTB6dUuYYp8nAAh3AMDpxDBe6hCjVgMIQnE/OrlVrP1pv1Pm3NWbOZffgD6+MHfzKUBw==</latexit>

< �E

 
<latexit sha1_base64="L2DfHzH1yuA2F1jvBTNSnueUt+c="></latexit>

!(Û✓) = h�GS|Û✓|�GSi = 0
<latexit sha1_base64="u1vSbIvPl4k936ncutwncP5rHi4="></latexit>

!(Û✓) 6= 0



proof for a finite chain (periodic b.c.)
THEOREM: let    be a unique gapped ground state with 
energy gap             .  for any   -function with                     , 
          is nonzero, and its sign is independent of 

<latexit sha1_base64="cw6hzdhPwBngvwa6lhzHe1AF48U=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5idzCZD5rHMzAphyW948aCIHv0Zb/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3H6k2TMkHO0loKPBQspgRbJ0UwwcoEEBhCLhfrvhVfw60SoKcVCBHo1/+6g0USQWVlnBsTDfwExtmWFtGOJ2WeqmhCSZjPKRdRyUW1ITZ/OYpOnPKAMVKu5IWzdXfExkWxkxE5DoFtiOz7M3E/7xuauPrMGMySS2VZLEoTjmyCs0CQAOmKbF84ggmmrlbERlhjYl1MZVcCMHyy6ukdVENLqu1+1qlfpPHUYQTOIVzCOAK6nAHDWgCgQSe4AVevdR79t6890VrwctnjuEPvM8f9/6Psw==</latexit>!
<latexit sha1_base64="KeIAVQB8u7eABePHHcH+2a4+l2U=">AAACG3icbZBLSwMxEMdnfdb6WvUkXoJF8FR3S1EPHooP8FjBPqBdSzbNtqHZB0lWKEu/hxePfg0vHhTxJHjw25hu96CtMwR++c8MyfzdiDOpLOvbmJtfWFxazq3kV9fWNzbNre26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiDi3G9cU+FZGFwq4YRdXzcC5jHCFZaCs1deIIeYPB1YriDkr5T4DrPNF2mrHQFwRUcaeqA1TELVtFKA82CnUEBsqh2zM92NySxTwNFOJayZVuRchIsFCOcjvLtWNIIkwHu0ZbGAPtUOkm62wgdaKWLvFDoEyiUqr8nEuxLOfRd3elj1ZfTtbH4X60VK+/USVgQxYoGZPKQF3OkQjQ2CnWZoETxoQZMBNN/RaSPBSZK25nXJtjTK89CvVS0j4vlm3Khcp7ZkYM92IdDsOEEKnANVagBgQd4hld4Mx6NF+Pd+Ji0zhnZzA78CePrBxGEmBs=</latexit>

�2` < �E/t0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓

<latexit sha1_base64="3WQhpBuZS1wk71kwXnMYimMmAuQ=">AAAB+3icbVDJSgNBEK2JW4xb1KOXxiB4CjMS1JMEF/AYwSyQDKGnU5O06Vno7hHDkF/xIqKIV3/Em39jJ5mDRh8UPN6roqqeFwuutG1/WbmFxaXllfxqYW19Y3OruL3TUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hxcRv3qNUPApv9ShGN6D9kPucUW2kO3iGS0AQoIECgSs4A7tbLNllewrylzgZKUGGWrf42elFLAkw1ExQpdqOHWs3pVJzJnBc6CQKY8qGtI9tQ0MaoHLT6e1jcmCUHvEjaSrUZKr+nEhpoNQo8ExnQPVAzXsT8T+vnWj/1E15GCcaQzZb5CeC6IhMgiA9LpFpMTKEMsnNrYQNqKRMm7gKJgRn/uW/pHFUdo7LlZtKqXqexZGHPdiHQ3DgBKpwDTWoA4MHeIQXeLXG1pP1Zr3PWnNWNrMLv2B9fANAaZCz</latexit>

�E > 0
<latexit sha1_base64="jMgZgOVK1lb1pYSub+rheyr8UZA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbHZJZoWy9G948aCIHv0z3vw3pu0etPXBDI/3ZsjkBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz249cGxGrB5wk3I/oUIlQMIpWCuEDEEbAbaf9csWtunOQVeLlpAI5Gv3yV28QszTiCpmkxnQ9N0E/oxoFk3xa6qWGJ5SN6ZB3LVU04sbP5jdPyZlVBiSMtS2FZK7+3shoZMwkCuxkRHFklr2Z+J/XTTG89jOhkhS5YouHwlQSjMksADIQmjOUE0so08LeStiIasrQxlSyIXjLX14lrYuqd1mt3dcq9Zs8jiKcwCmcgwdXUIc7aEATGCTwBC/w6qTOs/PmvC9GC06+cwx/4Hz+AAvlj8A=</latexit>

✓
<latexit sha1_base64="sHBtykOw/TGU4sBiSJFTl01OEKI=">AAACFXicbVBNS8NAEJ3U7/oVFbx4CRZBLyWRoh5FLx4rWBVqKJvttF26yYbdiVBC/4QXf4H/wYsHRbwK3vw3btsc/BrYnTfvzbA7L0qlMOT7n05panpmdm5+oby4tLyy6q6tXxqVaY4NrqTS1xEzKEWCDRIk8TrVyOJI4lXUPx3pV7eojVDJBQ1SDGPWTURHcEaWUu4mPICCGBC6wGDXVj2bCXJowBBatibLoL0Z7LXcil/1x+H9BUEBKlBEveV+3LQVz2JMiEtmTDPwUwpzpklwicPyTWYwZbzPuti0MGExmjAfbzX0dizT9jpK25OQN2a/T+QsNmYQR7YzZtQzv7UR+Z/WzKhzFOYiSTPChE8e6mTSI+WNLPLaQiMnObCAcS3sXz3eY5pxskaWrQnB75X/gsv9anBQrZ3XKscnhR3zsAXb1uIADuEYzqBuLeZwB4/wDC/OvfPkvDpvk9aSU8xswI9w3r8AujaXrg==</latexit>

!(Û✓)

<latexit sha1_base64="bwSmhnXEKuIBsHsFBqnJLJvjFhM=">AAAB+XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi6kEwuIDHCGaBZAg9nZ6kSc9Cd00gDPkTLx4U8eqfePNTvNmZ5KCJDwoe71VRVc+LpdBo219Wbml5ZXUtv17Y2Nza3inu7tV1lCjGayySkWp6VHMpQl5DgZI3Y8Vp4Ene8AY3E78x5EqLKHzEUczdgPZC4QtG0UgCLuEFboGDBAQKBO46xZJdtjOQReLMSOnq289Q7RQ/292IJQEPkUmqdcuxY3RTqlAwyceFdqJ5TNmA9njL0JAGXLtpdvmYHBmlS/xImQqRZOrviZQGWo8Cz3QGFPt63puI/3mtBP0LNxVhnCAP2XSRn0iCEZnEQLpCcYZyZAhlSphbCetTRRmasAomBGf+5UVSPyk7Z+XTB6dUuYYp8nAAh3AMDpxDBe6hCjVgMIQnE/OrlVrP1pv1Pm3NWbOZffgD6+MHfzKUBw==</latexit>

< �E

<latexit sha1_base64="st1IdMtZ2Tt0VuZbZ9v6X1wc3V8="></latexit>

!(·) = h�GS| · |�GSi

<latexit sha1_base64="bdI827zqeYVCjtvViDJyGh60cX8=">AAACE3icbZDLSgMxFIbP1Futt6q4chNaBEEoMyLqsuhClxXtBdqhZNK0Dc1khiQjDGPfwYU+gq/gxoUibt2469uYTl1o6w+BL/85h+T8XsiZ0rY9sjJz8wuLS9nl3Mrq2vpGfnOrpoJIElolAQ9kw8OKciZoVTPNaSOUFPsep3VvcD6u12+pVCwQNzoOqevjnmBdRrA2VpDfgTt4ggr0gUEbEsMSfEBwAdcwTG8YBPSAA23ni3bJToVmwfmBYrnQOngYleNKO//V6gQk8qnQhGOlmo4dajfBUjPC6TDXihQNMRngHm0aFNinyk3SnYZozzgd1A2kOUKj1P09kWBfqdj3TKePdV9N18bmf7VmpLunbsJEGGkqyOShbsSRDtA4INRhkhLNYwOYSGb+ikgfS0y0iTFnQnCmV56F2mHJOS4dXTnF8hlMlIVdKMA+OHACZbg0kVeBwD08wyu8WY/Wi/VufUxaM9bPzDb8kfX5DfuYmlQ=</latexit>

|�GSi
<latexit sha1_base64="AvaFeDH7pVfcFb/Gk0rgx+MoD4c=">AAAB+3icbVDJSgNBEK2JW4xb1KOXxiB4CjMi6kmDC3iMYBZIQujp1CRteha6e8Qw5Fe8iCji1R/x5qd4szPJQRMfFDzeq6KqnhsJrrRtf1mZufmFxaXscm5ldW19I7+5VVVhLBlWWChCWXepQsEDrGiuBdYjidR3Bdbc/sXIr92jVDwMbvUgwpZPuwH3OKPaSHfwDJeAIEADBQJXcAp2O1+wi3YKMkucCSmcfXspyu38Z7MTstjHQDNBlWo4dqRbCZWaM4HDXDNWGFHWp11sGBpQH1UrSW8fkj2jdIgXSlOBJqn6eyKhvlID3zWdPtU9Ne2NxP+8Rqy9k1bCgyjWGLDxIi8WRIdkFATpcIlMi4EhlElubiWsRyVl2sSVMyE40y/PkupB0TkqHt44hdI5jJGFHdiFfXDgGEpwDWWoAIMHeIQXeLWG1pP1Zr2PWzPWZGYb/sD6+AEcGZRM</latexit>

�E > 0a unique ground state          with a gap 
<latexit sha1_base64="KeIAVQB8u7eABePHHcH+2a4+l2U=">AAACG3icbZBLSwMxEMdnfdb6WvUkXoJF8FR3S1EPHooP8FjBPqBdSzbNtqHZB0lWKEu/hxePfg0vHhTxJHjw25hu96CtMwR++c8MyfzdiDOpLOvbmJtfWFxazq3kV9fWNzbNre26DGNBaI2EPBRNF0vKWUBriilOm5Gg2Hc5bbiDi3G9cU+FZGFwq4YRdXzcC5jHCFZaCs1deIIeYPB1YriDkr5T4DrPNF2mrHQFwRUcaeqA1TELVtFKA82CnUEBsqh2zM92NySxTwNFOJayZVuRchIsFCOcjvLtWNIIkwHu0ZbGAPtUOkm62wgdaKWLvFDoEyiUqr8nEuxLOfRd3elj1ZfTtbH4X60VK+/USVgQxYoGZPKQF3OkQjQ2CnWZoETxoQZMBNN/RaSPBSZK25nXJtjTK89CvVS0j4vlm3Khcp7ZkYM92IdDsOEEKnANVagBgQd4hld4Mx6NF+Pd+Ji0zhnZzA78CePrBxGEmBs=</latexit>

�2` < �E/t0take a   -function with     <latexit sha1_base64="pVvc5Ee7uFO+9LG/fQhuLFn080U=">AAAB83icbVDLSgMxFL1TX3V8VV26CRbBVZkRUTdi0Y3LCvYB7VAyaaYNzWRCkhHK0N9w40LxsfQ73LsR/8b0sdDWA/dyOOdecnNCyZk2nvft5BYWl5ZX8qvu2vrG5lZhe6emk1QRWiUJT1QjxJpyJmjVMMNpQyqK45DTeti/Gvn1O6o0S8StGUgaxLgrWMQINlaK4A0M9IDajtuFolfyxkDzxJ+S4sWHey5fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU1LBY6pDrLxzUN0YJUOihJlSxg0Vn9vZDjWehCHdjLGpqdnvZH4n9dMTXQWZEzI1FBBJg9FKUcmQaMAUIcpSgwfWIKJYvZWRHpYYWJsTK4NwZ/98jypHZX8k9LxjV8sX8IEediDfTgEH06hDNdQgSoQkHAPj/DkpM6D8+y8TkZzznRnF/7Aef8Ba7yS/g==</latexit>✓ 

<latexit sha1_base64="iq1pBM7B/2ImtA1Ubix1MFJ34Ms="></latexit>

h�GS|Û †
✓ ĤÛ✓|�GSi � EGS  t0�

2
`

standard Bloch, Lieb-Schultz-Mattis estimate 

<latexit sha1_base64="0iuA0oyQpG7apfhLNtqUECpLMZY="></latexit>

!(Û✓) 2 Rsince                  varies continuously when we modify 
  -function continuously, the sign cannot change<latexit sha1_base64="pVvc5Ee7uFO+9LG/fQhuLFn080U=">AAAB83icbVDLSgMxFL1TX3V8VV26CRbBVZkRUTdi0Y3LCvYB7VAyaaYNzWRCkhHK0N9w40LxsfQ73LsR/8b0sdDWA/dyOOdecnNCyZk2nvft5BYWl5ZX8qvu2vrG5lZhe6emk1QRWiUJT1QjxJpyJmjVMMNpQyqK45DTeti/Gvn1O6o0S8StGUgaxLgrWMQINlaK4A0M9IDajtuFolfyxkDzxJ+S4sWHey5fvtxKu/DZ6iQkjakwhGOtm74nTZBhZRjhdOi2Uk0lJn3cpU1LBY6pDrLxzUN0YJUOihJlSxg0Vn9vZDjWehCHdjLGpqdnvZH4n9dMTXQWZEzI1FBBJg9FKUcmQaMAUIcpSgwfWIKJYvZWRHpYYWJsTK4NwZ/98jypHZX8k9LxjV8sX8IEediDfTgEH06hDNdQgSoQkHAPj/DkpM6D8+y8TkZzznRnF/7Aef8Ba7yS/g==</latexit>✓
 

<latexit sha1_base64="B+FhFNZ/Rtnea3fxE79Zbe11ydM="></latexit>

U✓ = (const)ei
P

j ✓j n̂j

<latexit sha1_base64="6teOUTA2kkYfypNjLEecKKLt3/I=">AAACG3icbZDNSgMxFIXv1P/xr+pK3AwWwVWZEVE3YtGNSwVrC+1YMmmmjc1khuSOUIe+hxtX4mu4caGIK0HEtzFtXWj1QsLHOfeS3BMkgmt03U8rNzY+MTk1PWPPzs0vLOaXls91nCrKyjQWsaoGRDPBJSsjR8GqiWIkCgSrBJ2jvl+5YkrzWJ5hN2F+RFqSh5wSNFKcXwUGF5ABh3vQkEIEDbg0fG10BGKobW40HRJ6A6/XyBfcojso5y9431A4eLL3k7sP+6SRf6s3Y5pGTCIVROua5yboZ0Qhp4L17HqqWUJoh7RYzaAkEdN+Ntit52wYpemEsTJHojNQf05kJNK6GwWmMyLY1qNeX/zPq6UY7vkZl0mKTNLhQ2EqHIydflBOkytGUXQNEKq4+atD20QRiiZO24Tgja78F863it5OcfvUK5QOYVjTsAbrsAke7EIJjuEEykDhBh7gCZ6tW+vRerFeh60563tmBX6V9f4FUPadLg==</latexit>

ei
P

j ⇣n̂j

and
<latexit sha1_base64="OiEAJ1bXJJFJLPt/iqhbkZOHDGY=">AAAB9XicbVDJSgNBEK2JWxy3qEcvg0HwFGZE1IsY9OIxglkgGUJPpydp0tMzdNcoYch/ePHgevUzvHsR/8bOctDog4LHe1VU1QsSwTW67peVm5tfWFzKL9srq2vrG4XNrZqOU0VZlcYiVo2AaCa4ZFXkKFgjUYxEgWD1oH8x8us3TGkey2scJMyPSFfykFOCRurCC/SAAEIGlzBsF4puyR3D+Uu8KSmevdunydOnXWkXPlqdmKYRk0gF0brpuQn6GVHIqWBDu5VqlhDaJ13WNFSSiGk/G189dPaM0nHCWJmS6IzVnxMZibQeRIHpjAj29Kw3Ev/zmimGJ37GZZIik3SyKEyFg7EzisDpcMUoioEhhCpubnVojyhC0QRlmxC82Zf/ktpByTsqHV55xfI5TJCHHdiFffDgGMomzgpUgYKCO3iAR+vWureerddJa86azmzDL1hv31Vpk3g=</latexit>

Ĥ
<latexit sha1_base64="bdI827zqeYVCjtvViDJyGh60cX8=">AAACE3icbZDLSgMxFIbP1Futt6q4chNaBEEoMyLqsuhClxXtBdqhZNK0Dc1khiQjDGPfwYU+gq/gxoUibt2469uYTl1o6w+BL/85h+T8XsiZ0rY9sjJz8wuLS9nl3Mrq2vpGfnOrpoJIElolAQ9kw8OKciZoVTPNaSOUFPsep3VvcD6u12+pVCwQNzoOqevjnmBdRrA2VpDfgTt4ggr0gUEbEsMSfEBwAdcwTG8YBPSAA23ni3bJToVmwfmBYrnQOngYleNKO//V6gQk8qnQhGOlmo4dajfBUjPC6TDXihQNMRngHm0aFNinyk3SnYZozzgd1A2kOUKj1P09kWBfqdj3TKePdV9N18bmf7VmpLunbsJEGGkqyOShbsSRDtA4INRhkhLNYwOYSGb+ikgfS0y0iTFnQnCmV56F2mHJOS4dXTnF8hlMlIVdKMA+OHACZbg0kVeBwD08wyu8WY/Wi/VufUxaM9bPzDb8kfX5DfuYmlQ=</latexit>

|�GSiare invariant under
uniform U(1) rotation

should change the expectation value of    
non-uniform rotation

<latexit sha1_base64="OiEAJ1bXJJFJLPt/iqhbkZOHDGY=">AAAB9XicbVDJSgNBEK2JWxy3qEcvg0HwFGZE1IsY9OIxglkgGUJPpydp0tMzdNcoYch/ePHgevUzvHsR/8bOctDog4LHe1VU1QsSwTW67peVm5tfWFzKL9srq2vrG4XNrZqOU0VZlcYiVo2AaCa4ZFXkKFgjUYxEgWD1oH8x8us3TGkey2scJMyPSFfykFOCRurCC/SAAEIGlzBsF4puyR3D+Uu8KSmevdunydOnXWkXPlqdmKYRk0gF0brpuQn6GVHIqWBDu5VqlhDaJ13WNFSSiGk/G189dPaM0nHCWJmS6IzVnxMZibQeRIHpjAj29Kw3Ev/zmimGJ37GZZIik3SyKEyFg7EzisDpcMUoioEhhCpubnVojyhC0QRlmxC82Zf/ktpByTsqHV55xfI5TJCHHdiFffDgGMomzgpUgYKCO3iAR+vWureerddJa86azmzDL1hv31Vpk3g=</latexit>

Ĥ

only by
<latexit sha1_base64="6Yd4vxYwGYOT9YKAgHNu9fCjAiw="></latexit>

⇠ (const)(✓0)2 ⇥ `

if                                          ,               is an excited state 
with excitation energy          .  so we see  

<latexit sha1_base64="uvGBANRerLMUk4VyZhSuvXLD5sM="></latexit>

Û✓|�GSi
<latexit sha1_base64="bwSmhnXEKuIBsHsFBqnJLJvjFhM=">AAAB+XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi6kEwuIDHCGaBZAg9nZ6kSc9Cd00gDPkTLx4U8eqfePNTvNmZ5KCJDwoe71VRVc+LpdBo219Wbml5ZXUtv17Y2Nza3inu7tV1lCjGayySkWp6VHMpQl5DgZI3Y8Vp4Ene8AY3E78x5EqLKHzEUczdgPZC4QtG0UgCLuEFboGDBAQKBO46xZJdtjOQReLMSOnq289Q7RQ/292IJQEPkUmqdcuxY3RTqlAwyceFdqJ5TNmA9njL0JAGXLtpdvmYHBmlS/xImQqRZOrviZQGWo8Cz3QGFPt63puI/3mtBP0LNxVhnCAP2XSRn0iCEZnEQLpCcYZyZAhlSphbCetTRRmasAomBGf+5UVSPyk7Z+XTB6dUuYYp8nAAh3AMDpxDBe6hCjVgMIQnE/OrlVrP1pv1Pm3NWbOZffgD6+MHfzKUBw==</latexit>

< �E

 
<latexit sha1_base64="L2DfHzH1yuA2F1jvBTNSnueUt+c="></latexit>

!(Û✓) = h�GS|Û✓|�GSi = 0
<latexit sha1_base64="u1vSbIvPl4k936ncutwncP5rHi4="></latexit>

!(Û✓) 6= 0



other theorems



duality of indices
<latexit sha1_base64="2JGhyUAkbI0MTdk49YcjHCtjUdg=">AAAB83icbVDJSgNBEK2JWxy3qEcvjUHwFGZE1IsY9OIxglkgGUJPpydp0tPTdPcIYchvePGguBz9Du9exL+xsxw08UHB470qquqFkjNtPO/byS0sLi2v5FfdtfWNza3C9k5NJ6kitEoSnqhGiDXlTNCqYYbThlQUxyGn9bB/NfLrd1RplohbM5A0iHFXsIgRbKwUwRskEAOFLuB2oeiVvDHQPPGnpHjx4Z7Lly+30i58tjoJSWMqDOFY66bvSRNkWBlGOB26rVRTiUkfd2nTUoFjqoNsfPMQHVilg6JE2RIGjdXfExmOtR7Eoe2MsenpWW8k/uc1UxOdBRkTMjVUkMmiKOXIJGgUAOowRYnhA0swUczeikgPK0yMjcm1IfizL8+T2lHJPykd3/jF8iVMkIc92IdD8OEUynANFagCAQn38AhPTuo8OM/O66Q150xnduEPnPcfV+SS8Q==</latexit>! unique gapped ground state

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0

2π if x ≥ x1 = x0 + %− 2r0

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]

4

<latexit sha1_base64="DKioOY4qtiHxstviOW21/QuYZ3s="></latexit>

Ind! 2 Z2

the twist operator
defines the index

lim
L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]

Ûtwist = exp
[
i

L∑

j=1

2πj

L
(n̂2j + n̂2j+1 − 1)

]

ĤRM
s,u = ĤSSH

s + u
∑

j

(n̂2j − n̂2j+1)

ν± =
i

π

∫ 2π

0

dk
〈
u±(k),

d

dk
u±(k)

〉

Ĥ =
∑

j,k∈Z
(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

Ĥ ′ =
∑

j,k∈Z
(j $=k)

t′j,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

Ĥ+ =
∑

j,k≥0

(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k≥0

(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)

∑

k($=j)

|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0

2π if x ≥ x1 = x0 + %− 2r0

Ûθ = exp
[
i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]

Û ′
θ = exp

[
i
∑

j

θ(2j) (n̂2j−1 + n̂2j − 1)
]

4

<latexit sha1_base64="6w29XHzBJ6saxJUObncYeIR4kpg="></latexit>

Ind0! 2 Z2

the twist operator
defines another index

THEOREM: <latexit sha1_base64="rMnw3/AyMiVH78vYg0qy+Bc6M9Y=">AAACMXicbVDLSgMxFL3js9ZX1aWb0CoWhDIjYt0IRTe6q2AfUEvJpGkNzSRDkhHK0C9x7daNX+FW3BQfiFt/wvSx0NYDgcM553Jzjx9ypo3r9p2Z2bn5hcXEUnJ5ZXVtPbWxWdYyUoSWiORSVX2sKWeClgwznFZDRXHgc1rxO2cDv3JLlWZSXJluSOsBbgvWYgQbK8nUDsRwDwoCQHABAprQg4ZVpFUotAHD/j+JvYnMCXiNVMbNuUOgaeKNSaaQzr695p/uio3U83VTkiigwhCOta55bmjqMVaGEU57yetI0xCTDm7TmqUCB1TX4+HFPbRrlSZqSWWfMGio/p6IcaB1N/BtMsDmRk96A/E/rxaZ1nE9ZiKMDBVktKgVcWQkGtSHmkxRYnjXEkwUs39F5AYrTIwtOWlL8CZPniblg5x3lDu89DKFUxghAduQhix4kIcCnEMRSkDgAV7gHT6cR6fvfDpfo+iMM57Zgj9wvn8Aui6hkQ==</latexit>Ind! + Ind0! = 1

any unique gapped g.s. is topologically nontrivial either 
with respect to         or   <latexit sha1_base64="H8TXWYDExJYq6ckiFGPn09kEO9k=">AAACCXicbZC7SgNBFIbPxluMt1XBxmYwCFZhV0QtQ2y0S8BcIAlhdjJJhszOLDOzQljS2vgcdlpYKGKrT2Bn47M4uRSa+MPAz3fO4cz5g4gzbTzvy0ktLC4tr6RXM2vrG5tb7vZORctYEVomkktVC7CmnAlaNsxwWosUxWHAaTXoX4zq1RuqNJPi2gwi2gxxV7AOI9hYJF0XErgHBSEguAIBbRhCyxJpCYUu4Jab9XLeWGje+FOTze+Vvtlj4aPYcj8bbUnikApDONa67nuRaSZYGUY4HWYasaYRJn3cpXVrBQ6pbibjS4bo0JI26khlnzBoTH9PJDjUehAGtjPEpqdnayP4X60em855M2Eiig0VZLKoE3NkJBrFgtpMUWL4wBpMFLN/RaSHFSbGhpexIfizJ8+bynHOP82dlPxsvgATpWEfDuAIfDiDPFxCEcpA4BYe4BlenDvnyXl13iatKWc6swt/5Lz/ALAomFY=</latexit>Ind!

<latexit sha1_base64="TJjx12RFbIxIKIRA83ZdFG02Hpo=">AAACC3icbZA7SwNBFIXv+ozxlWhpMySIqcKuiLEM2mgXwTwgCWF2MkmGzM4sM7NCWNLb+AusbW0sFLG1sLUT/TFOHoUmHhg4fPde7tzjh5xp47qfzsLi0vLKamItub6xubWdSu9UtIwUoWUiuVQ1H2vKmaBlwwyntVBRHPicVv3+2ahevaZKMymuzCCkzQB3Beswgo1FMpWGGO5BQQAILkBAG4ZwAC3LpGUUuoBbqaybd8dC88abmmwxk/v+KrzflVqpj0ZbkiigwhCOta57bmiaMVaGEU6HyUakaYhJH3dp3VqBA6qb8fiWIdq3pI06UtknDBrT3xMxDrQeBL7tDLDp6dnaCP5Xq0emc9KMmQgjQwWZLOpEHBmJRsGgNlOUGD6wBhPF7F8R6WGFibHxJW0I3uzJ86ZymPeO80eXXrZ4ChMlYA8ykAMPClCEcyhBGQjcwAM8wbNz6zw6L87rpHXBmc7swh85bz+MvJjL</latexit>

Ind0!

<latexit sha1_base64="XxQyX1hB6ZMDM13ZKq18Ny33sUQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdDWMow==</latexit>

0
<latexit sha1_base64="M6Cnmdl/c5LIx7D4JM1Eq/xJ4fs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdbmMpA==</latexit>

1
<latexit sha1_base64="aW0F2K6oODiElDNnfKU/hvYbTLY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gNQT0GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSsreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR0US27FXYBsEm9FSrBCY1D86g9jlkYoDRNU657nJsbPqDKcCZwV+qnGhLIJHWHPUkkj1H62OHRGrqwyJGGsbElDFurviYxGWk+jwHZG1Iz1ujcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynYELz1lzdJu1rxriu1Zq1UL6/iyMMFXEIZPLiBOtxDA1rAAOEZXuHNeXRenHfnY9mac1Yz5/AHzucPdz2MpQ==</latexit>

2
<latexit sha1_base64="zJ+2d8PJUJpiob/Tws3ms8cQqvc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaVqEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46pfLLkVdwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtC4r3nWl2qiWauUsjjycwTmUwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHjBjKY=</latexit>

3

<latexit sha1_base64="XxQyX1hB6ZMDM13ZKq18Ny33sUQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdDWMow==</latexit>

0
<latexit sha1_base64="M6Cnmdl/c5LIx7D4JM1Eq/xJ4fs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdbmMpA==</latexit>

1
<latexit sha1_base64="aW0F2K6oODiElDNnfKU/hvYbTLY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gNQT0GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSsreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR0US27FXYBsEm9FSrBCY1D86g9jlkYoDRNU657nJsbPqDKcCZwV+qnGhLIJHWHPUkkj1H62OHRGrqwyJGGsbElDFurviYxGWk+jwHZG1Iz1ujcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynYELz1lzdJu1rxriu1Zq1UL6/iyMMFXEIZPLiBOtxDA1rAAOEZXuHNeXRenHfnY9mac1Yz5/AHzucPdz2MpQ==</latexit>

2
<latexit sha1_base64="zJ+2d8PJUJpiob/Tws3ms8cQqvc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaVqEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46pfLLkVdwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtC4r3nWl2qiWauUsjjycwTmUwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHjBjKY=</latexit>

3



edge mode
<latexit sha1_base64="zzjwisDdjPxAQ38adaAugYfyDas=">AAACAXicbVC7SgNBFJ31GRMfqzaCzWAUBEPYFVEbIWhjGcE8IFmW2clsMu7sg5nZQFjWxl+xsVDEwsbSP7DzQ7R2NkmhiQcu93DOvczc40SMCmkYn9rM7Nz8wmJuKV9YXlld09c36iKMOSY1HLKQNx0kCKMBqUkqGWlGnCDfYaTheBeZ3+gTLmgYXMtBRCwfdQPqUoykkmx9S9rJzQG3zZJXylp6lgklL7X1olE2hoDTxByTYmX36/W9X/iu2vpHuxPi2CeBxAwJ0TKNSFoJ4pJiRtJ8OxYkQthDXdJSNEA+EVYyvCCFe0rpQDfkqgIJh+rvjQT5Qgx8R036SPbEpJeJ/3mtWLqnVkKDKJYkwKOH3JhBGcIsDtihnGDJBoogzKn6K8Q9xBGWKrS8CsGcPHma1A/L5nH56MosVs7BCDmwDXbAPjDBCaiAS1AFNYDBLbgHj+BJu9MetGftZTQ6o413NsEfaG8/yiSaRQ==</latexit>

tj+r1,k,+r1 = tj,k
<latexit sha1_base64="xzFOieGGLc6ZjyMgZkBu74YXq6A=">AAACAXicbVC7SgNBFJ31GRMfqzaCzWAUBEPYFVEbIWhjGcE8IFmW2clsMu7sg5nZQFjWxl+xsVDEwsbSP7DzQ7R2NkmhiQcu93DOvczc40SMCmkYn9rM7Nz8wmJuKV9YXlld09c36iKMOSY1HLKQNx0kCKMBqUkqGWlGnCDfYaTheBeZ3+gTLmgYXMtBRCwfdQPqUoykkmx9q28nNwfcNkteKWvpWSaUvNTWi0bZGAJOE3NMipXdr9f3fuG7ausf7U6IY58EEjMkRMs0ImkliEuKGUnz7ViQCGEPdUlL0QD5RFjJ8IIU7imlA92QqwokHKq/NxLkCzHwHTXpI9kTk14m/ue1YumeWgkNoliSAI8ecmMGZQizOGCHcoIlGyiCMKfqrxD3EEdYqtDyKgRz8uRpUj8sm8floyuzWDkHI+TANtgB+8AEJ6ACLkEV1AAGt+AePIIn7U570J61l9HojDbe2QR/oL39ANBumkk=</latexit>vj+r1,k,+r1 = vj,k

further assume translation invariance as
<latexit sha1_base64="Vbb4HsUj8bkWdSU0ljs7ChGtSkg=">AAAB6nicbZC7SgNBFIbPeo3xFhVsbAaDYBV2RdQyxMYyQXOBZAmzk7PJkNnZZWZWCCGPYGOhiK2tb+ET2Nn4LE4uhSb+MPDx/+cw55wgEVwb1/1ylpZXVtfWMxvZza3tnd3c3n5Nx6liWGWxiFUjoBoFl1g13AhsJAppFAisB/3rcV6/R6V5LO/MIEE/ol3JQ86osdatanvtXN4tuBORRfBmkC8eVr75e+mj3M59tjoxSyOUhgmqddNzE+MPqTKcCRxlW6nGhLI+7WLToqQRan84GXVETqzTIWGs7JOGTNzfHUMaaT2IAlsZUdPT89nY/C9rpia88odcJqlByaYfhakgJibjvUmHK2RGDCxQpridlbAeVZQZe52sPYI3v/Ii1M4K3kXhvOLliyWYKgNHcAyn4MElFOEGylAFBl14gCd4doTz6Lw4r9PSJWfWcwB/5Lz9AORjkUE=</latexit>r1(    even constant)

Hamiltonian on the half-infinite chain <latexit sha1_base64="VypBVegmMMs8lMZbY9S4tswkL1g=">AAACA3icbZDLSsNAFIZPvNZ6q7p0M7QIglISEXVZdOOygr1AG8pkMmmHTiZhZiKEUHDjG/gKdeNCEbe+hLu+jdPLQlt/OPDxn3OYOb8Xc6a0bY+speWV1bX13EZ+c2t7Z7ewt19XUSIJrZGIR7LpYUU5E7Smmea0GUuKQ4/Thte/GfcbD1QqFol7ncbUDXFXsIARrI0lYAgZ2HAKjqkhcPAhAg3K8KBTKNlleyK0CM4MSpVi++R5VEmrncJ3249IElKhCcdKtRw71m6GpWaE00G+nSgaY9LHXdoyKHBIlZtNbhigI+P4KIikKaHRxP29keFQqTT0zGSIdU/N98bmf71WooMrN2MiTjQVZPpQkHCkIzQOBPlMUqJ5agATycxfEelhiYk2seVNCM78yYtQPys7F+XzO6dUuYapcnAIRTg2wV5CBW6hCjUg8Agv8Abv1pP1an1Yn9PRJWu2cwB/ZH39AD51lm8=</latexit>{0, 1, . . .}

<latexit sha1_base64="XxQyX1hB6ZMDM13ZKq18Ny33sUQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q7KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdDWMow==</latexit>

0
<latexit sha1_base64="M6Cnmdl/c5LIx7D4JM1Eq/xJ4fs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBahp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip6Q3KFbfmLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a869pV86pSr+ZxFOEMzqEKHtxAHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kDdbmMpA==</latexit>

1
<latexit sha1_base64="aW0F2K6oODiElDNnfKU/hvYbTLY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoOQU9gNQT0GvHhMwDwgWcLspDcZMzu7zMwKYckXePGgiFc/yZt/4+Rx0MSChqKqm+6uIBFcG9f9dnJb2zu7e/n9wsHh0fFJ8fSsreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipWR0US27FXYBsEm9FSrBCY1D86g9jlkYoDRNU657nJsbPqDKcCZwV+qnGhLIJHWHPUkkj1H62OHRGrqwyJGGsbElDFurviYxGWk+jwHZG1Iz1ujcX//N6qQlv/YzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynYELz1lzdJu1rxriu1Zq1UL6/iyMMFXEIZPLiBOtxDA1rAAOEZXuHNeXRenHfnY9mac1Yz5/AHzucPdz2MpQ==</latexit>

2
<latexit sha1_base64="zJ+2d8PJUJpiob/Tws3ms8cQqvc=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHhRHaVqEcSLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS46pfLLkVdwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1460+5TFKDki0XhakgJibzr8mAK2RGTCyhTHF7K2EjqigzNpuCDcFbfXmdtC4r3nWl2qiWauUsjjycwTmUwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AHjBjKY=</latexit>

3

THEOREM: suppose that the g.s.    of     is unique (in  
the global sense), gapped, and satisfies              .  Then any 
  -invariant g.s.      of       is accompanied by a particle-
number-conserving gapless excitation near the edge

<latexit sha1_base64="OiEAJ1bXJJFJLPt/iqhbkZOHDGY=">AAAB9XicbVDJSgNBEK2JWxy3qEcvg0HwFGZE1IsY9OIxglkgGUJPpydp0tMzdNcoYch/ePHgevUzvHsR/8bOctDog4LHe1VU1QsSwTW67peVm5tfWFzKL9srq2vrG4XNrZqOU0VZlcYiVo2AaCa4ZFXkKFgjUYxEgWD1oH8x8us3TGkey2scJMyPSFfykFOCRurCC/SAAEIGlzBsF4puyR3D+Uu8KSmevdunydOnXWkXPlqdmKYRk0gF0brpuQn6GVHIqWBDu5VqlhDaJ13WNFSSiGk/G189dPaM0nHCWJmS6IzVnxMZibQeRIHpjAj29Kw3Ev/zmimGJ37GZZIik3SyKEyFg7EzisDpcMUoioEhhCpubnVojyhC0QRlmxC82Zf/ktpByTsqHV55xfI5TJCHHdiFffDgGMomzgpUgYKCO3iAR+vWureerddJa86azmzDL1hv31Vpk3g=</latexit>

Ĥ

<latexit sha1_base64="FtWfCvpGaA7AvG19p90qHcmyyXY=">AAAB+XicbVDJSgNBEK2JW4xb1KOX1iBEhDAjoh6DXjxGMAskQ+jp9CRNeha6awJhyDf4A148KOLVP/ATvPkh3u0sB018UPB4r4qqel4shUbb/rIyS8srq2vZ9dzG5tb2Tn53r6ajRDFeZZGMVMOjmksR8ioKlLwRK04DT/K6178Z+/UBV1pE4T0OY+4GtBsKXzCKRhLwDD2ggJDCLYygDaftfMEu2ROQReLMSKF8WPz+eGidVNr5z1YnYknAQ2SSat107BjdlCoUTPJRrpVoHlPWp13eNDSkAdduOrl8RI6N0iF+pEyFSCbq74mUBloPA890BhR7et4bi/95zQT9KzcVYZwgD9l0kZ9IghEZx0A6QnGGcmgIZUqYWwnrUUUZmrByJgRn/uVFUjsrORel8zunUL6GKbJwAEdQBAcuoWwirUAVGAzg0QT9YqXWk/VqvU1bM9ZsZh/+wHr/Ad4dlDs=</latexit>

Ĥ+
<latexit sha1_base64="oyczzb2OONC8R2w1PuCG0oCxVMY=">AAAB93icbVDJSgNBEK2JW4xb1KOX1iBEhDAjoh6DXjxGMAskQ+jp9CRNunuG7h4hDPkG7148uODVX/ATvPkh3u0sB018UPB4r4qqekHMmTau++VkFhaXlleyq7m19Y3Nrfz2Tk1HiSK0SiIeqUaANeVM0qphhtNGrCgWAaf1oH818ut3VGkWyVsziKkvcFeykBFsrNSDF4hAAIUuYGjDcTtfcEvuGGieeFNSKO8Xvz/uW0eVdv6z1YlIIqg0hGOtm54bGz/FyjDC6TDXSjSNMenjLm1aKrGg2k/Hdw/RoVU6KIyULWnQWP09kWKh9UAEtlNg09Oz3kj8z2smJrzwUybjxFBJJovChCMToVEIqMMUJYYPLMFEMXsrIj2sMDE2qpwNwZt9eZ7UTkreWen0xiuUL2GCLOzBARTBg3MowzVUoAoEDDzAEzw7A+fReXXeJq0ZZzqzC3/gvP8A3sCTtA==</latexit>!+

<latexit sha1_base64="QuhUgF8vhEkikb1GnWulPhThtco=">AAACDXicbZC7SgNBFIbPxluMtxjBxmYwCFZhV0RthBAb7RIwF0hCmJ1MkiGzM8vMrBCWvICNT2Ep2FgoYiXY29n4LE4uhSb+MPDznXM4c34/5Ewb1/1yEguLS8srydXU2vrG5lZ6O1PRMlKElonkUtV8rClngpYNM5zWQkVx4HNa9fsXo3r1hirNpLg2g5A2A9wVrMMINhbJdAZiuAcFASC4AgFtGELLEmkJhS5gOAevlc66OXcsNG+8qcnmd0vf7KHwXmylPxttSaKACkM41rruuaFpxlgZRjgdphqRpiEmfdyldWsFDqhuxuNrhujAkjbqSGWfMGhMf0/EONB6EPi2M8Cmp2drI/hfrR6ZzlkzZiKMDBVksqgTcWQkGkWD2kxRYvjAGkwUs39FpIcVJsYGmLIheLMnz5vKUc47yR2XvGy+ABMlYQ/24RA8OIU8XEIRykDgFh7hGV6cO+fJeXXeJq0JZzqzA3/kfPwABEiY6g==</latexit>

Ind! = 1

<latexit sha1_base64="2JGhyUAkbI0MTdk49YcjHCtjUdg=">AAAB83icbVDJSgNBEK2JWxy3qEcvjUHwFGZE1IsY9OIxglkgGUJPpydp0tPTdPcIYchvePGguBz9Du9exL+xsxw08UHB470qquqFkjNtPO/byS0sLi2v5FfdtfWNza3C9k5NJ6kitEoSnqhGiDXlTNCqYYbThlQUxyGn9bB/NfLrd1RplohbM5A0iHFXsIgRbKwUwRskEAOFLuB2oeiVvDHQPPGnpHjx4Z7Lly+30i58tjoJSWMqDOFY66bvSRNkWBlGOB26rVRTiUkfd2nTUoFjqoNsfPMQHVilg6JE2RIGjdXfExmOtR7Eoe2MsenpWW8k/uc1UxOdBRkTMjVUkMmiKOXIJGgUAOowRYnhA0swUczeikgPK0yMjcm1IfizL8+T2lHJPykd3/jF8iVMkIc92IdD8OEUynANFagCAQn38AhPTuo8OM/O66Q150xnduEPnPcfV+SS8Q==</latexit>!
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L↑∞

〈ΦGS|Ûtwist|ΦGS〉 = eiπν =






1 s ∈ [0, 12)

−1 s ∈ (12 , 1]
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i
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j=1

2πj

L
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ĤRM
s,u = ĤSSH
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∑

j
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ν± =
i
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〈
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d

dk
u±(k)
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(j $=k)

tj,k ĉ
†
j ĉk +

1

2

∑

j,k∈Z
(j $=k)

vj,k(n̂j − 1
2)(n̂k − 1

2)
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j,k

tj,k ĉ
†
j ĉk +

1

2

∑
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†
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2)
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j ĉk +

1
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2)(n̂k − 1
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|tj,k|(|k − j|+ 1)2 ≤ t0

ω(Â) = lim
L↑∞

〈Φ(L)
GS |Â|Φ

(L)
GS 〉

θ(x) =






0 if x ≤ x0

2π if x ≥ x1 = x0 + %− 2r0

Ûθ = exp
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i
∑

j

θ(2j) (n̂2j + n̂2j+1 − 1)
]
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†
j ĉk +
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for any         there is a local unitary     s.t. <latexit sha1_base64="VOCcv1/TOwiE8lwQgfjEGOZ+Pc8=">AAACAXicbVC7SgNBFL3rM8ZX1NJmMQhWYVdErTRoYxnBPCBZwuxkNhkyj2VmNhCW2PgrWlgoYutf2Pkpdk42KTTxwIXDOfdy7z1hzKg2nvflLCwuLa+s5tby6xubW9uFnd2alonCpIolk6oRIk0YFaRqqGGkESuCeMhIPexfj/36gChNpbgzw5gEHHUFjShGxkocnmAACBQQiEEDBQYSBFyA1y4UvZKXwZ0n/pQUL7+jDJV24bPVkTjhRBjMkNZN34tNkCJlKGZklG8lmsQI91GXNC0ViBMdpNkHI/fQKh03ksqWMG6m/p5IEdd6yEPbyZHp6VlvLP7nNRMTnQcpFXFiiMCTRVHCXCPdcRxuhyqCDRtagrCi9lYX95BC2NjQ8jYEf/bleVI7LvmnpZNbv1i+gglysA8HcAQ+nEEZbqACVcBwD4/wAq/Og/PsvDnvk9YFZzqzB3/gfPwADsmWeQ==</latexit>" > 0
<latexit sha1_base64="BRYSt40/vFZ1usMmYKvNV2ifIkY=">AAACD3icbVC7SgNBFL3rM8bXasDGZjEIVmFXRC1DbCwTMA9IljA7mU2GzM4sM7OBsOQPbPwISxsbC0UsbGztbPwWJ49CEw8MnHvOvdy5J4gZVdp1v6yl5ZXVtfXMRnZza3tn197brymRSEyqWDAhGwFShFFOqppqRhqxJCgKGKkH/auxXx8QqajgN3oYEz9CXU5DipE2krBzcA89QKAhhSqMoG3qgaklEIhBAQUGAnjbzrsFdwJnkXgzki8eVL7pQ+m93LY/Wx2Bk4hwjRlSqum5sfZTJDXFjIyyrUSRGOE+6pKmoRxFRPnp5J6Rc2yUjhMKaR7XzkT9PZGiSKlhFJjOCOmemvfG4n9eM9HhpZ9SHieacDxdFCbM0cIZh+N0qCRYs6EhCEtq/urgHpIIaxNh1oTgzZ+8SGqnBe+8cFbx8sUSTJGBQziCE/DgAopwDWUTNYZbeIRneLHurCfr1Xqbti5Zs5kc/IH18QNR5JpB</latexit>

Û"
<latexit sha1_base64="3e2vEv+VmhSvCuXj0LRblDqN+fk="></latexit>

!+(Û †
" [Ĥ, Û"])  "

<latexit sha1_base64="O9hYBdkldQvJASxqNJ8G+X6l0tU="></latexit>

!+(Û") = 0

and

<latexit sha1_base64="ydeICkO8I6iBEtakepZ/QWFRcdY=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUY9FD3qsYD+gXcpsmm1Dk90lyQpl6d/w4kERPfpnvPlvTNs9aOsbBh7vzZDJCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFWUNGotYtQPUTPCINQw3grUTxVAGgrWC0c3Ubz0ypXkcPZhxwnyJg4iHnKKxUggfcAsI0hb2yhW36s5AlomXkwrkqPfKX91+TFPJIkMFat3x3MT4GSrDqWCTUjfVLEE6wgHrWBqhZNrPZjdPyIlV+iSMle3IkJn6eyNDqfVYBnZSohnqRW8q/ud1UhNe+RmPktSwiM4fClNBTEymAZA+V4waMbYEqeL2VkKHqJAaG1PJhuAtfnmZNM+q3kX1/P68UrvO4yjCERzDKXhwCTW4gzo0gEICT/ACr07qPDtvzvt8tODkO4fwB87nD70Kj40=</latexit>

�



summary
rigorous but very elementary index theory that 

applies to a class of interacting one-dimensional 
topological insulators, including the SSH model

the index is invariant under continuous modification 
of unique gapped ground states (with symmetry)

our      index is defined from the sign of the 
expectation value of the twist operator

<latexit sha1_base64="xgiSnZXBOKVkfcdB/D7wnyDT4rs=">AAAB/3icbVDLSgMxFL3js9ZXVXDjJlgEV2WmiLosdeOyBfvAtpRMmmlDk8yQZIQyduGvCOLCB27d+wXu3Pgtpo+Ftp7LhcM595Kb40ecaeO6X87C4tLyympqLb2+sbm1ndnZreowVoRWSMhDVfexppxJWjHMcFqPFMXC57Tm9y9Gfu2GKs1CeWUGEW0J3JUsYAQbK3F4AAEYDPTAt5XANQyhDfl2Juvm3DHQPPGmJFvYL3+zl+JHqZ35bHZCEgsqDeFY64bnRqaVYGUY4XSYbsaaRpj0cZc2LJVYUN1KxvcP0ZFVOigIlW1p0Fj9vZFgofVA+HZSYNPTs95I/M9rxCY4byVMRrGhkkweCmKOTIhGYaAOU5QYPrAEE8XsrYj0sMLE2MjSNgRv9svzpJrPeae5k7KXLRRhghQcwCEcgwdnUIBLKEEFCNzCPTzBs3PnPDqvzttkdMGZ7uzBHzjvPywolgs=</latexit>Z2

a ground state with nontrivial index has a gapless 
edge excitation when defined on the half-infinite chain

illustration by Chisato Naruse


