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the ground state of the spin S
antiferromagnetic Heisenberg chain

AO =5,8; 810 8= (35,8180 (8,2 =8(S+1)

Sz a2
Haldane’s discovery
Haldane 1981, 1983, 1983
half-odd integer S
unique gapless ground state
integer S

unique gapped ground state

the picture of symmetry-protected topological (SPT)

phases Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2010, 2012

even S belongs to a trivial SPT phase
odd S  belongs to a nontrivial SPT phase



nontrivial SPT phase of S = 1 ¢chain
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nontrivial SPT phase of S = 1 ¢chain

H() = 2362{35 Sk —3)(SZ) } se]0,1]

gapless (critical) point
unique gapped g.s. ' unique gapped 9.8. s
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cannot be distinguished by an order parameter

distinct symmetry-protected topological (SPT) phases

there is always a phase transition if the interpolating
Hamiltonians have one of the following symwmetries
o time-reversal symmetry
o 7,%xZ,symwmetry (z rotations about x, y, z axes)
e bond-centered inversion symmetry
e U(l) X Z, symwmetry
(any rotation about z axis * site-centered inversion)
Pollmann, Turner, Berg, Oshikawa 2010, 2012, Fuji, Pollmann, Oshikawa 2015




topological indices

gapless (critical) point
unique gapped g.s. ' unique gapped g.8. s

0 Ind, =1 ¢ i Ingd . — =1 1
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the two phases are disﬁ'nquish‘éd by a “topological index™
Ind € H*(G, U(1)) (G is the symmetry group)

“topological” index is defined for a locally-unique gapped
ground state on the infinite chain, and is invariant under

a smooth wmodification of the model with symwetry G
ma'l'l’ix pl’OdUO‘l’ S‘ra‘[’es Pollmann, Turner, Berg, Oshikawa 2010, 2012
general unique gapped ground states ogata 2018

Ind = 1 and Ind = — 1 in the ground states of the trivial
model and the Affleck-Kennedy-Lieb-Tasaki (AKLT) model

prototypical solvable model in the “Haldane phase”
Affleck, Kennedy, Lieb, Tasaki 1987




Haldane gap and SPT phases

M general picture of SPT phases by Gu and Wen and
Pollmann, Turner, Berg, and Oshikawa

[ well-defined indices and index theorem by Ogata

A AKLT wmodel provides a rigorous example of the
Haldane gap and topologically nontrivial ground state

Haxir = Zle{sj : Sg+1 bt (S Sg+1) I
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nothmg rigorous has been proved about the )
annferromagnenc Heisenberg chain with odd st J
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the goal of the present work

fwo conjectures about the S = 1 antiferromagnetic
Heisenberg chain

HUY =37 8508,
“Haldane conjecture” (probably very difficult)

(1) it has a unique gapped ground state
(2) it belongs to a nontrivial SPT phase

we assuwe (1) and rigorously justity (2)
proof is elementary!
+ standard Lieb-Mattis-type technique
« ¢lementary index theorem by Tasaki
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S = 1 model on finite chains

—L —2 —1 0 1 2 L
Hawmiltonian on the finite open chain {—L, ---, L)
By =51 5,15, h(§, + 87)

3ymmefry maqneﬁc field at the edges

me=xeversal symme’rrv
. zzxzz Sy MM

lons abou’r X, Y, Z axes)

t U(l) X Z2 SYWlWlefl’v Fuji, Pollmann, Oshikawa 2015
(any rotation about z axis + inversion about 0)

lemma: A" has a unique ground state | ©F)

it satisfies (Y, 57) | ©FS) = | ©FS)
T — D




assumption

Hawiltonian on the finite open chain {-L, -, L}
Hp =371 85 8ju1 — (82, + 57)
EP>, E;5 the ground state and the 1st excited energies

highly nontrivial and unproven

assumption; there are constants 2 > 0, y > 0, and L,

such that £/, — E> > yforany L > L
W——_’ ‘ﬁ

expected hold with y ~ 0.41 and / = 1 (Haldane conjecture)

the boundary field 7 > 1 is necessary to suppress gapless
excitations at ’rhe boundames

——————————————————————————————
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main result
wD(A4) = lim <<I>GS\A\<I>GS> for any local operator A
o'l a Iocally—umque gapped g.8.of H) =% ., 8;-5;,

Index defined in Tasaki 2018

theorem: Ind[w"] = — 1
.. g -
interpolating model

s D iczls S Sjt1+ (1—35)(52)?2} selo0,1]
o the ground state of 4© Ind[w ] = 1

corollary: thereis s, € (0,1) such that »* is not a

uhique gapped ground state or » is discontinvous at s,
*

w-———"—L
remark: o' is critical if the assumption is not valid
’rhe existence of a phase transition in the ground states)

of A has be een proved without any assumptions!! J}
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.I.Wis.l. operator Bloch 1940’s, Lieb, Schultz, Mattis 1961, Affleck Lieb 1986
twist angle with gradient « € [0.4 — ]

07 ,7 i _ga 0,
(ol s s A
G el R B R | IS et

- j
twist operator on finite chain

U eexp[—i 30, 45757]
when o > 0, we take the L 1 o limit iznSE g

R p e 9§“>S;]

local operator on the infinite chain

U'® and U™ are continuous in a



topological index in terms of U@

HO =5 {58 S+ (1 +s)(52)7 se 0]
($) 3 (0)
»' the ground state of H b b

theorem: if » is a locally-unique gapped ground state and
is invariant under inversion j — — j, then the following
index is well-defined. the index is invariant when s is
varied, provided that »'® satisfies the above conditions.

Ind[w'®)] = li%w(s)(ﬁ(w) c{1,—1}

e

Nakamura, Todo 2002

trivial model
H (i Z]( S]Z)Z w(O) ®j ‘()> :
WO (U()) = wO(exp[-i 3, 8;787]) =1  Indw®] =1
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proof that Ind[0]1=-1 (. |
when a = 0, we have 6 = 7 s {;T: -
(A]g)) == exp[ ZZ]__L J(O)SZ} == exp[—m Zf:_L gﬂ
(5 _1 59)|26%) = |2F5) from lemma
<(I)GS‘U(O)|(I)GS> i
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we have proved Jim 11?5@@8\(](“)\@% el

definition of the index Indjw®] = 11?5 gm (@GS U |pES)

the assumption on the gap allows

us to exchange the limits!

lemma: for o € [0,y/18] and sufficiently large L |
(@FS|T}|0F5) € [-1, -3 U 4, 1]




summary
A A A D A S A

fwo conjectures about the S = 1 antiferromagnetic
Heisenberg chain

b U
(1) it has a unique gapped ground state
(2) it belongs to a nontrivial SPT phase

M we proved (2), assuming (1)

M the proof makes use of the elementary index
theory based on the twist operator

it is desirable to prove also (1)
it Seems we need a new idea



