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The   XY and XYZ models 
 on the two or higher 

 dimensional hypercubic lattice 
 do not possess nontrivial  

local conserved quantities

S = 1
2



background 
main results 

about the proof 
summary and dicussion



mathematical studies of quantum many-body systems

there are properties/phenomena (quantum chaos, ETH = 
energy eigenstate thermalization hypothesis) that are 
expected to take place only in non-integrable systems

background

only cover special “integrable” models

cover models in a certain class, both 
integrable and non-integrable

exact solutions

rigorous, general theorems

free fermion, Bethe ansatz, Yang-Baxter relation ….

before 2019, there were essentially no 
mathematical results that exclusively applied to 
non-integrable systems



 XYZ-h spin chain with HamiltonianS = 1
2

Shiraishi’s work in 2019

integrable (can be mapped to a free fermion) if JZ = 0
serieses of local conserved quantities

X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}
,

ĤXYZ-h = −
∑L

j=1

{
JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj

}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

Naoto Shiraishi, “Proof of the absence of local conserved quantities 
in the XYZ chain with a magnetic field”, 2019
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Q̂+
4 =

∑L
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the first rigorous result that applies exclusively 
to non-integrable models!

if , , and , the model has no local 
conserved quantities with support size 

JX ≠ JY JZ ≠ 0 h ≠ 0
3 ≤ kmax ≤ L/2

<latexit sha1_base64="n8eihXnLxSvSh+4vzLsrWyCPI8E="></latexit>

[ĤXY-h, Q̂
±
kmax

] = 0
<latexit sha1_base64="Kwf/RHt8Af8WLRJDYPGyFYIBHwg=">AAACFXicbVDNSgMxGJz13/pXFbx4CRbBg5RdLepFEL14VLAq1FKyadqGZjdLkhXL0pfw4hP4Dl48KOJV8ObbmNYetHVgYJj5PpJvwkQKY33/yxsbn5icmp6Zzc3NLywu5ZdXLo1KNeNlpqTS1yE1XIqYl62wkl8nmtMolPwqbJ/08qtbro1Q8YXtJLwa0WYsGoJR6yyVX0MbNWR4hEYE4khxhy4OsYttlBwfIVGHgoWp5Qt+0e+DjIpgIAoY4KyW/7ypK5ZGPLZMUmMqgZ/Yaka1FUzybu4mNTyhrE2bvOJkTCNuqln/qi7ZdE6dNJR2jC3pu783MhoZ04lCNxlR2zLDWc/8L6uktnFQzUScpJbH7OehRiqJVaRXEakLzZmVHSco08L9lbAW1ZRZV2TOlRAMnzwqLneKwV5x77xUODoe1DGDdWxgCwH2cYRTnKEMhns84QWv3oP37L157z+jY95gZxV/4H18A2Lplts=</latexit>

kmax = 3, 4, . . .



 XYZ-h spin chain with HamiltonianS = 1
2

Shiraishi’s work and its extensions

Shiraishi 2019

X̂ =

(
0 1
1 0

)
, Ŷ =
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if , , and , the model has no local 
conserved quantities with support size 

JX ≠ JY JZ ≠ 0 h ≠ 0
3 ≤ kmax ≤ L/2

extensions to the quantum Ising model (Chiba 2024), the PXP 
model (Park and Lee 2024), the  chains with next-nearest 
neighbor interactions (Shiraishi 2024), and the model with 
bilinear biquadratic intereactions (Park and Lee 2024) …

S = 1/2
S = 1

empirical rule: a simple quantum spin model is either 
integrable or does not possess local conserved quantities

FAQ: do these results prove the models are non-integrable?
Answer: this may not be a good question.  the answer 
depends on how one defines “integrability”
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extensions to the quantum Ising model (Chiba 2024), the PXP 
model (Park and Lee 2024), the  chains with next-nearest 
neighbor interactions (Shiraishi 2024), and the model with 
bilinear biquadratic intereactions (Park and Lee 2024) …

S = 1/2
S = 1
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Abstract
We rigorously prove that the S = 1/2 anisotropic Heisenberg chain (XYZ chain) with
next-nearest-neighbor interaction, which is anticipated to be non-integrable, is indeed non-
integrable in the sense that this system has no nontrivial local conserved quantity. Our
result covers some important models including the Majumdar–Ghosh model, the Shastry–
Sutherland model, and many other zigzag spin chains as special cases. These models are
shown to be non-integrable while they have some solvable energy eigenstates. In addition to
this result, we provide a pedagogical review of the proof of non-integrability of the S = 1/2
XYZ chain with Z magnetic field, whose proof technique is employed in our result.
Keywords Integrable systems · Heisenberg chain ·Majumdar–Ghosh model · Localintegral of motion
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X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
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local conserved quantities to quantum spin 
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Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

operators of a single spin is spanned by

<latexit sha1_base64="xgEGjQoKSE5PUfyvM7ZRyrCbOvg=">AAACI3icbZDLSgMxFIbP1Futt1GXIgSL4ELKjEh1WXTjsoK9aDuUTJppQzOZIckIZei7uOmruHGhFDcufBfTy6K2/SHw851zODm/H3OmtOP8WJm19Y3Nrex2bmd3b//APjyqqiiRhFZIxCNZ97GinAla0UxzWo8lxaHPac3v3Y/rtVcqFYvEk+7H1AtxR7CAEawNiuxTGEIXMGhIoQ4DaEECl3PseQV7mbKWnXcKzkRo2bgzk4eZyi171GxHJAmp0IRjpRquE2svxVIzwukg10wUjTHp4Q5tGCtwSJWXTm4coHND2iiIpHlCowmdn0hxqFQ/9E1niHVXLdbGcFWtkejg1kuZiBNNBZkuChKOdITGgaE2k5Ro3jcGE8nMXxHpYomJNrHmTAju4snLpnpVcIuF4uN1vnQ3iyMLJ3AGF+DCDZTgAcpQAQJv8A6f8GUNrQ9rZH1PWzPWbOYY/sn6/QMUqpta</latexit>

X̂u, Ŷu, Ẑu

hypercubic lattice with periodic b.c.
copies of  at site X̂, ̂Y, ̂Z u ∈ ΛÎ =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

Hamiltonian of the XYZ model

<latexit sha1_base64="TZA9AW7NPGqqfG04tq3i3uUNVWU="></latexit>

JX, JY, JZ, hX, hY, hZ 2 R, JX 6= 0, JY 6= 0



local conserved quantities
product of Pauli matrices

<latexit sha1_base64="a+W9FZtGeBwMeM44b6TvPv6++38=">AAACP3icbVC7bhNBFD0bkpCYkBgoaUZYSImQrN0UgQIkAw1lIuIkkmNZs+OxPco8VjN3kayV/4Umf0FDwwfQ0dJQEEVpIxrGjyIkXGk0Z85Dd+7NC60CpemPZOne8srq/bX12oONh5tb9UePj4IrvZBt4bTzJzkPUisr26RIy5PCS25yLY/zs/dT/fiT9EE5e0jjQnYNH1o1UIJTpFz9Bc6Rw0Gjj4AxzOJV4S0meDNTFYaRo3 gbyOjqRbWMioIFw8foO8cIPDrmqR7KXr2RNtNZsbsgW4BGa+fba/pz+Hm/V/9+2neiNNKS0DyETpYW1K24JyW0nNROyyALLs74UHYitNzI0K1m80/Y88j02cD5eCyxGXszUXETwtjk0Wk4jcJtbUr+T+uUNHjVrZQtSpJWzBsNSs3IsekyWV95KUiPI+DCq/hXJkbcc0Fx5bW4hOz2yHfB0W4z22vuHWSN1jvMaw1P8QzbyPASLXzAPtoQ+IKf+I2L5GvyK7lMrubWpWSReYJ/Krn+C+fnpiY=</latexit>

A =
N

u2S Âu
<latexit sha1_base64="mkb+phba3F3fBU9bKTyf9+iMfms=">AAACN3icbZC7SgNBFIbPxluMt1VLRRaDaCFh1yLaCFEbywTMRZMlzE4myZDZCzOzQlhS+ii+gUV8DTttLBQRrHwDJ9kUMckPAz/fOYcz53cCRoU0zVctMTe/sLiUXE6trK6tb+ibWyXhhxyTIvaZzysOEoRRjxQllYxUAk6Q6zBSdjpXg3r5nnBBfe9GdgNiu6jl0SbFSCrk64fwCG1AICGCC+hBHUI4H2OVETseY7cz2F3M6nrazJhDGdPGGpl0brdf+HnY6+fr+kut4ePQJZ7EDAlRtcxA2hHikmJGeqlaKEiAcAe1SFVZD7lE2NHw7p5xoEjDaPpcPU8aQzo+ESFXiK7rqE4XybaYrA3grFo1lM0zO6JeEEri4XhRM2SG9I1BiEaDcoIl6yqDMKfqrwZuI46wVFGnVAjW5MnTpnSSsbKZbMFK5y4hVhJ2YB+OwIJTyME15KEIGJ7gDT7gU3vW3rUv7TtuTWijmW34J+33D0uho+w=</latexit>

Âu = X̂u, Ŷu, Ẑu

the maximum width of the support S ⊂ Λ

<latexit sha1_base64="EFr7aURju4zc8uBLVRYOglKQnTw=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGY8qBcx6MVjBLNAMoSeTk/SpGehu0YJQ/7DiwfXq5/h3Yv4N3aWgyY+KHi8V0VVPT+RQqPjfFu5hcWl5ZX8qr22vrG5Vdjeqek4VYxXWSxj1fCp5lJEvIoCJW8kitPQl7zu9y9Hfv2WKy3i6AYHCfdC2o1EIBhFI3XhFXpAASGDBgzbhaJTcsYg88SdkuL5h32WPH/ZlXbhs9WJWRryCJmkWjddJ0EvowoFk3xot1LNE8r6tMubhkY05NrLxlcPyYFROiSIlakIyVj9PZHRUOtB6JvOkGJPz3oj8T+vmWJw6mUiSlLkEZssClJJMCajCEhHKM5QDgyhTAlzK2E9qihDE5RtQnBnX54ntaOSe1w6vnaL5QuYIA97sA+H4MIJlOEKKlAFBgru4RGerDvrwXqx3iatOWs6swt/YL3/AG5tk4o=</latexit>

X̂
<latexit sha1_base64="S2RdRaCKN91lgcJVh8CS1uJLpAs=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGY8RC9i0IvHCGaRZAg9nU7SpGehu0YJQ/7DiwfXq5/h3Yv4N3aWgyY+KHi8V0VVPT+WQqPjfFuZhcWl5ZXsqr22vrG5ldveqeooUYxXWCQjVfep5lKEvIICJa/HitPAl7zm9y9Gfu2WKy2i8BoHMfcC2g1FRzCKRurCK/SAAkIKNzBs5fJOwRmDzBN3SvJnH/Zp/Pxll1u5z2Y7YknAQ2SSat1wnRi9lCoUTPKh3Uw0jynr0y5vGBrSgGsvHV89JAdGaZNOpEyFSMbq74mUBloPAt90BhR7etYbif95jQQ7J14qwjhBHrLJok4iCUZkFAFpC8UZyoEhlClhbiWsRxVlaIKyTQju7MvzpHpUcIuF4pWbL53DBFnYg304BBeOoQSXUIYKMFBwD4/wZN1ZD9aL9TZpzVjTmV34A+v9B2/zk4s=</latexit>

Ŷ
<latexit sha1_base64="WaxMBC1NBYpzIkkzXlOxzRbeNMY=">AAAB9XicbVDJSgNBEK2JWxy3qEcvjUHwFGY8RC9i0IvHCGbBZAg9nU7SpGehu0YJQ/7DiwfXq5/h3Yv4N3aWgyY+KHi8V0VVPT+WQqPjfFuZhcWl5ZXsqr22vrG5ldveqeooUYxXWCQjVfep5lKEvIICJa/HitPAl7zm9y9Gfu2WKy2i8BoHMfcC2g1FRzCKRurCK/SAAkIKNzBs5fJOwRmDzBN3SvJnH/Zp/Pxll1u5z2Y7YknAQ2SSat1wnRi9lCoUTPKh3Uw0jynr0y5vGBrSgGsvHV89JAdGaZNOpEyFSMbq74mUBloPAt90BhR7etYbif95jQQ7J14qwjhBHrLJok4iCUZkFAFpC8UZyoEhlClhbiWsRxVlaIKyTQju7MvzpHpUcIuF4pWbL53DBFnYg304BBeOoQSXUIYKMFBwD4/wZN1ZD9aL9TZpzVjTmV34A+v9B3F5k4w=</latexit>

Ẑ
<latexit sha1_base64="HR5kVNU/tBOeRoTp/G/3HKOywRc=">AAACB3icbVC7TsMwFL0prxIeDTCyRFRITFXCACwVBRbGItGH1FaV4zitVSeObAcpirqx8B2IhYUBhFiZ2FkQf4P7GKDlSFc6Pude+d7jxYxK5TjfRm5hcWl5Jb9qrq1vbBasre265InApIY546LpIUkYjUhNUcVIMxYEhR4jDW9wMfIbN0RIyqNrlcakE6JeRAOKkdIStwrwAB5wYOCDhBTC6SuDMxhCuWsVnZIzhj1P3Ckpnn6Y5fj+y6x2rc+2z3ESkkhhhqRsuU6sOhkSimJGhmY7kSRGeIB6pKVphEIiO9n4jqG9rxXfDrjQFSl7rP6eyFAoZRp6ujNEqi9nvZH4n9dKVHDSyWgUJ4pEePJRkDBbcXsUiu1TQbBiqSYIC6p3tXEfCYSVjs7UIbizJ8+T+mHJPSodXbnFyjlMkIdd2IMDcOEYKnAJVagBhlt4hGd4Me6MJ+PVeJu05ozpzA78gfH+AzN9l3M=</latexit>

A =
<latexit sha1_base64="OfeUe2CkRA3BvbZPkhsyi5pk7Xs=">AAACD3icbVC7TsMwFL3hWcorUImFxaJCYqoShsJYlYWBoZXoQ2qrynGc1qqdRLaDVEX9AxY+gpGFhQGEGFhY2Vj4FtzHAC1Hsnx8zr26vseLOVPacb6speWV1bX1zEZ2c2t7Z9fe26+rKJGE1kjEI9n0sKKchbSmmea0GUuKhcdpwxtcjP3GDZWKReG1Hsa0I3AvZAEjWBspsnNwDwIwaOgDMTeHFCowgq7Rr8xbgAc+4K6ddw rOBGiRuDOSLx1Uv9lD+b3StT/bfkQSQUNNOFaq5Tqx7qRYakY4HWXbiaIxJgPcoy1DQyyo6qSTfUbo2Cg+CiJpTqjRRP3dkWKh1FB4plJg3Vfz3lj8z2slOjjvpCyME01DMh0UJBzpCI3DQT6TlGg+NAQTycxfEeljiYk2EWZNCO78youkflpwi4Vi1c2XyjBFBg7hCE7AhTMowaUJuGbCvoVHeIYX6856sl6tt2npkjXrycEfWB8/q/WZ2Q==</latexit>

P⇤ the set of all products

<latexit sha1_base64="solav5gcNSMdyZliIPlO1y4uwuk="></latexit>

⇤ � S 6= ;

<latexit sha1_base64="MucuaqXxRq68G+cqWS8rv4//mKc=">AAACG3icbVDLSgMxFL1TX3V8jboSN8EiuCozCtVNserGZQX7gLaUTJq2oZnJkGSEMvQ/3LgSf8ONi4q4EkT8G9PHQlsPBM49515u7vEjzpR23W8rtbC4tLySXrXX1jc2t5ztnbISsSS0RAQXsupjRTkLaUkzzWk1khQHPqcVv3c18it3VComwlvdj2gjwJ2QtRnB2kjC2YMEnkBCAAgqwKAFA1P7IIAbrqBvnEmVwIXx8nDSdDJu1h0DzRNvSjLnQzsfPX7ZxabzUW8JEgc01IRjpWqeG+lGgqVmhNOBXY8VjTDp4Q6tGRrigKpGMr5tgA6N0kJtIc0LNRqrvycSHCjVD3zTGWDdVbPeSPzPq8W6fdZIWBjFmoZksqgdc6QFGgWFWkxSonnfEEwkM39FpIslJtrEaZsQvNmT50n5OOvlsrkbL1O4hAnSsA8HcAQenEIBrqEIJSBwD88whFfrwXqx3qz3SWvKms7swh9Ynz+t8pwk</latexit>

WidA = 3<latexit sha1_base64="jAjdyzhqAFRrXMN0h6Nm/z+b87k=">AAACF3icbVC7SgNBFL0bX3F9RS0sbAaDYBV2LaKNGLWxjGAekIQwOzubDJndWWZmhbDkL2ysxZ+wsVDUVhvxb5w8Ck08MHDuOfdy5x4v5kxpx/m2MnPzC4tL2WV7ZXVtfSO3uVVVIpGEVojgQtY9rChnEa1opjmtx5Li0OO05vUuhn7thkrFRHSt+zFthbgTsYARrI0kcjuQwgNICAFBDRj4MDC1BwK44Qr6xhlXKZzBoJ3LOw VnBDRL3AnJn77ZJ/H9l11u5z6bviBJSCNNOFaq4TqxbqVYakY4HdjNRNEYkx7u0IahEQ6paqWjuwZo3yg+CoQ0L9JopP6eSHGoVD/0TGeIdVdNe0PxP6+R6OC4lbIoTjSNyHhRkHCkBRqGhHwmKdG8bwgmkpm/ItLFEhNtorRNCO70ybOkelhwi4XilZsvncMYWdiFPTgAF46gBJdQhgoQuIVHeIYX6856sl6t93FrxprMbMMfWB8/Sl2bjg==</latexit>

WidA

<latexit sha1_base64="tkm7Ul55Jh4/Ji5dFRNjLG2r3NY="></latexit>

Q̂ =
X

A2P⇤

(WidAkmax)

qA A

<latexit sha1_base64="wTScCb1W0/k5Rw0vwIYnw+JWzJs=">AAACD3icbVDLSsNAFL2pr1pf0S7dhBZBUErioroRim5ctmAfkIYymU7boZNMmJkIIfQP3Aj+gj/gxoUibt266984fSxq64GBc8+5lzv3+BGjUtn22MisrW9sbmW3czu7e/sH5uFRQ/JYYFLHnHHR8pEkjIakrqhipBUJggKfkaY/vJ34zQciJOXhvUoi4gWoH9IexUhpiZt5cOEFBoBAQQp3MILzhbqmaw+uwe6YRbtkT2GtEmdOipVC++x5XEmqHfOn3eU4DkioMENSuo4dKS9FQlHMyCjXjiWJEB6iPnE1DVFApJdO7xlZJ1rpWj0u9AuVNVUXJ1IUSJkEvu4MkBrIZW8i/ue5sepdeSkNo1iREM8W9WJmKW5NwrG6VBCsWKIJwoLqv1p4gATCSkeY0yE4yyevksZFySmXyjWdxg3MkIVjKMApOHAJFR1yFeqA4RFe4R0+jCfjzfg0vmatGWM+k4c/ML5/AT0cmNg=</latexit>

[Ĥ, Q̂] = 0

<latexit sha1_base64="IF97XC8Sp+47ts/3XPabTU0K8rs="></latexit>

qA 2 C

candidate of a local conserved quantity with width  
such that    

kmax
2 ≤ kmax ≤ L

2

 for at least one  with qA ≠ 0 A WidA = kmax

 is a local conserved quantity iffQ̂



main theorems

Hamiltonian is a local conserved quantity with kmax = 2

<latexit sha1_base64="wTScCb1W0/k5Rw0vwIYnw+JWzJs=">AAACD3icbVDLSsNAFL2pr1pf0S7dhBZBUErioroRim5ctmAfkIYymU7boZNMmJkIIfQP3Aj+gj/gxoUibt266984fSxq64GBc8+5lzv3+BGjUtn22MisrW9sbmW3czu7e/sH5uFRQ/JYYFLHnHHR8pEkjIakrqhipBUJggKfkaY/vJ34zQciJOXhvUoi4gWoH9IexUhpiZt5cOEFBoBAQQp3MILzhbqmaw+uwe6YRbtkT2GtEmdOipVC++x5XEmqHfOn3eU4DkioMENSuo4dKS9FQlHMyCjXjiWJEB6iPnE1DVFApJdO7xlZJ1rpWj0u9AuVNVUXJ1IUSJkEvu4MkBrIZW8i/ue5sepdeSkNo1iREM8W9WJmKW5NwrG6VBCsWKIJwoLqv1p4gATCSkeY0yE4yyevksZFySmXyjWdxg3MkIVjKMApOHAJFR1yFeqA4RFe4R0+jCfjzfg0vmatGWM+k4c/ML5/AT0cmNg=</latexit>

[Ĥ, Q̂] = 0

Theorem: there are no local conserved quantities  with 
width  such that    

Q̂
kmax 3 ≤ kmax ≤ L

2

 is a local conserved quantity iffQ̂

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

Theorem: any local conserved quantity with  is 
written as  with , where  is a linear 
combination of single-site Pauli matrices

kmax = 2
Q̂ = η Ĥ + Q̂1 η ≠ 0 Q̂1

<latexit sha1_base64="tkm7Ul55Jh4/Ji5dFRNjLG2r3NY="></latexit>

Q̂ =
X

A2P⇤

(WidAkmax)

qA A
<latexit sha1_base64="IF97XC8Sp+47ts/3XPabTU0K8rs="></latexit>

qA 2 C



background 
main results 

about the proof 
summary and dicussion

See also the 
accompanying video!



basic strategy of the proof

<latexit sha1_base64="wTScCb1W0/k5Rw0vwIYnw+JWzJs=">AAACD3icbVDLSsNAFL2pr1pf0S7dhBZBUErioroRim5ctmAfkIYymU7boZNMmJkIIfQP3Aj+gj/gxoUibt266984fSxq64GBc8+5lzv3+BGjUtn22MisrW9sbmW3czu7e/sH5uFRQ/JYYFLHnHHR8pEkjIakrqhipBUJggKfkaY/vJ34zQciJOXhvUoi4gWoH9IexUhpiZt5cOEFBoBAQQp3MILzhbqmaw+uwe6YRbtkT2GtEmdOipVC++x5XEmqHfOn3eU4DkioMENSuo4dKS9FQlHMyCjXjiWJEB6iPnE1DVFApJdO7xlZJ1rpWj0u9AuVNVUXJ1IUSJkEvu4MkBrIZW8i/ue5sepdeSkNo1iREM8W9WJmKW5NwrG6VBCsWKIJwoLqv1p4gATCSkeY0yE4yyevksZFySmXyjWdxg3MkIVjKMApOHAJFR1yFeqA4RFe4R0+jCfjzfg0vmatGWM+k4c/ML5/AT0cmNg=</latexit>

[Ĥ, Q̂] = 0

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

<latexit sha1_base64="a+W9FZtGeBwMeM44b6TvPv6++38="></latexit>

A =
N

u2S Âu

<latexit sha1_base64="ngrCth107LGCo3OY2PzRqPMRRuY="></latexit>

[Ĥ,A] =
P

B2P⇤
�A,B B

<latexit sha1_base64="SkseCyQ4icmiJCE3gTDnhRJQw54=">AAACk3ichVHbattAEB2plyRu0ygteeqLqCnU0BopD24hhCiXhz6kYEOdhNrGrFbreMlelN1VwAj9Rv/AP5S3/E1Gdh7SuLQDu3PmnJnZy6S54NZF0Z3nP3v+4uXa+kbj1evNN1vB9tszqwtDWZ9qoc1FSiwTXLG+406wi9wwIlPBztOr41o/v2HGcq1+ulnORpJcKj7hlDikdNCHOUyBgIMSelDBPgzBQgESxsjMIQUNAjLkZs gtoxIOMXMOHBTuclE9BYq+1rqojZE/xbiuyNBXcP3ffnXHz//KGAfNqB0tLFwF8QNoJl9am78Gv1vdcXA7zDQtJFOOCmLtII5yNyqJcZwKVjWGhWU5oVfkkg0QKiKZHZWLP63Cj8hk4UQbXMqFC/ZxRUmktTOZYqYkbmqfajX5N21QuMm3UclVXjim6PKgSSFCp8N6QGHGDaNOzBAQajjeNaRTYgh1OMYGfkL89Mmr4Gy3HXfanV7cTI5gaevwHj7AJ4jhKyTwHcfUB+oFXsc78BJ/x9/zj/yTZarvPdS8gz/M/3EPcCGxAg==</latexit>

Q̂ =
P

A2P⇤
qA A

<latexit sha1_base64="aXIQz1OC4hVuuiJd/Yr/762L27k="></latexit>

[Ĥ, Q̂] =
P

B2P⇤

⇣P
A2P⇤

�A,B qA

⌘
B

Shiraishi 2019, 2024

<latexit sha1_base64="bBJSQ0XDN45EwslvsFDfq2tX2TQ="></latexit>P
A2P⇤

�A,B qA = 0 for all <latexit sha1_base64="T5o3as0FMIZN9Iz4Tt/PWwhx3NM=">AAACDXicbVC7TsMwFHXKq5RXAImFJaIgMVUJQ2GsysLA0Er0ITVR5Dhua9WxI9tBqqL8AAtfgsTCAEJMSOxsLHwLTtsBWq5k+eice+1zTxBTIpVtfxmFpeWV1bXiemljc2t7x9zda0ueCIRbiFMuugGUmBKGW4ooiruxwDAKKO4Eo8tc79xiIQlnN2ocYy+CA0b6BEGlKd88dgNOQzmO9JXWM5cwN4JqiCBNG5nvXuuXQuibZbtiT8paBM4MlGsHzW/yUH9v+OanG3KURJgpRKGUPceOlZdCoQiiOCu5icQxRCM4wD0NGYyw9NLJNpl1opnQ6nOhD1PWhP09kcJI5oZ1Z25Vzms5+Z/WS1T/wksJixOFGZp+1E+opbiVR2OFRGCk6FgDiATRXi00hAIipQMs6RCc+ZUXQfus4lQr1aZOow6mVQSH4AicAgecgxq4Ag3QAgjcgUfwDF6Me+PJeDXepq0FYzazD/6U8fEDkEOgNQ==</latexit>

B 2 P⇤

<latexit sha1_base64="+KI2ltQN2J2RkfDqv6uHo/ZeoJc=">AAAB/XicbVC7TsMwFHV4lvIKjw2EIiokpiphKCxIBRbGVqIPqY0ix3Faq44dbAepRBUT/8HCAEKs9DvY+AZ+AqftAC1Hsnx0zr3y8fFjSqSy7S9jbn5hcWk5t5JfXVvf2DS3tuuSJwLhGuKUi6YPJaaE4ZoiiuJmLDCMfIobfu8q8xt3WEjC2Y3qx9iNYIeRkCCotOSZu7de2vY5DWQ/0ld6MRic255ZsIv2CNYscSakUN4fVr8fD4YVz/xsBxwlEWYKUShly7Fj5aZQKIIoHuTbicQxRD3YwS1NGYywdNNR+oF1pJXACrnQhylrpP7eSGEks3R6MoKqK6e9TPzPayUqPHNTwuJEYYbGD4UJtRS3siqsgAiMFO1rApEgOquFulBApHRheV2CM/3lWVI/KTqlYqmq27gEY+TAHjgEx8ABp6AMrkEF1AAC9+AJvIBX48F4Nt6M9/HonDHZ2QF/YHz8AMkTmSY=</latexit>

qA = 0 for all <latexit sha1_base64="mRjzG+0snkGDOODEk4NNL2w/Yxs=">AAACDXicbVC7TsMwFHV4lvIKILGwRBQkpiphKIylLAwMrUQfUhNFjuO2Vh07sh2kKsoPsPAlSCwMIMSExM7GwrfgtB2g5UqWj8651z73BDElUtn2l7GwuLS8slpYK65vbG5tmzu7LckTgXATccpFJ4ASU8JwUxFFcScWGEYBxe1geJnr7VssJOHsRo1i7EWwz0iPIKg05ZtHbsBpKEeRvtKLzCXMjaAaIEjTeua71/qlEPpmyS7b47LmgTMFpep+45s81N7rvvnphhwlEWYKUShl17Fj5aVQKIIozopuInEM0RD2cVdDBiMsvXS8TWYdaya0elzow5Q1Zn9PpDCSuWHdmVuVs1pO/qd1E9U791LC4kRhhiYf9RJqKW7l0VghERgpOtIAIkG0VwsNoIBI6QCLOgRnduV50DotO5VypaHTqIFJFcABOAQnwAFnoAquQB00AQJ34BE8gxfj3ngyXo23SeuCMZ3ZA3/K+PgBjqigNA==</latexit>

A 2 P⇤

X̂2 = Ŷ 2 = Ẑ2 = Î ,

X̂Ŷ = −Ŷ X̂ = iẐ, Ŷ Ẑ = −ẐŶ = iX̂, ẐX̂ = −X̂Ẑ = iŶ

X̂2 = Ŷ 2 = Ẑ2 = Î

X̂Ŷ = −Ŷ X̂ = iẐ

Ŷ Ẑ = −ẐŶ = iX̂

ẐX̂ = −X̂Ẑ = iŶ

Î =

(
1 0
0 1

)
, X̂ =

(
0 1
1 0

)
, Ŷ =

(
0 −i
i 0

)
, Ẑ =

(
1 0
0 −1

)

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}

−
∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

Ĥ =− 1

2

∑

u,v∈Λ
(|u−v|=1)

{
JX X̂uX̂v + JY ŶuŶv + JZ ẐuẐv

}
−

∑

u∈Λ

{
hX X̂u + hY Ŷu + hZ Ẑu

}

ĤXYZ-h = −
∑L

j=1{JX X̂jX̂j+1 + JY Ŷj Ŷj+1 + JZ ẐjẐj+1 + h Ẑj}

Q̂+
3 =

∑L
j=1

{
JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)

}

Q̂−
3 =

∑L
j=1

{
X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2

}

Q̂+
4 =

∑L
j=1

{
JX(X̂jẐj+1Ẑj+2X̂j+3+Ŷj Ŷj+1)+JY(ŶjẐj+1Ẑj+2Ŷj+3+X̂jX̂j+1)−h(X̂jẐj+1X̂j+2+ŶjẐj+1Ŷj+2)

}

Q̂−
4 =

∑L
j=1

{
X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3

}

Q̂+
3 =

∑L
j=1{JX X̂jẐj+1X̂j+2 + JY ŶjẐj+1Ŷj+2 − h(X̂jX̂j+1 + Ŷj Ŷj+1)}

Q̂−
3 =

∑L
j=1{X̂jẐj+1Ŷj+2 − ŶjẐj+1X̂j+2}

Q̂+
4 =

∑L
j=1{JX(X̂jẐj+1Ẑj+2X̂j+3 + Ŷj Ŷj+1) + JY(ŶjẐj+1Ẑj+2Ŷj+3 + X̂jX̂j+1)− h(X̂jẐj+1X̂j+2 + ŶjẐj+1Ŷj+2)}

Q̂−
4 =

∑L
j=1{X̂jẐj+1Ẑj+2Ŷj+3 − ŶjẐj+1Ẑj+2X̂j+3}

1

coupled linear equations for qA

written in terms of 
JX, JY, JZ, hX, hY, hZ

when 3 ≤ kmax ≤ L
2



1st step of the proof Shiraishi 2019, 2024

if there is  such that  for only one B λA,B ≠ 0 A
<latexit sha1_base64="bdof3WMwDhtsUUTumJjVsA5VyTw="></latexit>

�A,B qA = 0
<latexit sha1_base64="+KI2ltQN2J2RkfDqv6uHo/ZeoJc=">AAAB/XicbVC7TsMwFHV4lvIKjw2EIiokpiphKCxIBRbGVqIPqY0ix3Faq44dbAepRBUT/8HCAEKs9DvY+AZ+AqftAC1Hsnx0zr3y8fFjSqSy7S9jbn5hcWk5t5JfXVvf2DS3tuuSJwLhGuKUi6YPJaaE4ZoiiuJmLDCMfIobfu8q8xt3WEjC2Y3qx9iNYIeRkCCotOSZu7de2vY5DWQ/0ld6MRic255ZsIv2CNYscSakUN4fVr8fD4YVz/xsBxwlEWYKUShly7Fj5aZQKIIoHuTbicQxRD3YwS1NGYywdNNR+oF1pJXACrnQhylrpP7eSGEks3R6MoKqK6e9TPzPayUqPHNTwuJEYYbGD4UJtRS3siqsgAiMFO1rApEgOquFulBApHRheV2CM/3lWVI/KTqlYqmq27gEY+TAHjgEx8ABp6AMrkEF1AAC9+AJvIBX48F4Nt6M9/HonDHZ2QF/YHz8AMkTmSY=</latexit>

qA = 0

if there is  such that  only for B λA,B ≠ 0 A = A1, A2
<latexit sha1_base64="vlr+hDAS/xHFN+CjmfDiVOoUdpA="></latexit>

�A1,B qA1 + �A2,B qA2 = 0
<latexit sha1_base64="83qaTcYpAi6JEO3RLaLEaYGZPhM=">AAACG3icbVDLSsNAFJ3UV62vqEs3oUVwISXporoRqm5cVrAPaEKYTCbt0MkkzkyEEvIBfoFu/BU3XSjiShDxb5y0XWjrgWEO59w7c+/xYkqENM1vrbC0vLK6VlwvbWxube/ou3ttESUc4RaKaMS7HhSYEoZbkkiKuzHHMPQo7njDy9zv3GEuSMRu5CjGTgj7jAQEQakkV6/duqntRdQXo1Bd6XnmWtmZTdULPrSPF91a5uoVs2pOYCwSa0YqjbJdvn8YfzVd/cP2I5SEmElEoRA9y4ylk0IuCaI4K9mJwDFEQ9jHPUUZDLFw0slumXGoFN8IIq4Ok8ZE/d2RwlDk06nKEMqBmPdy8T+vl8jg1EkJixOJGZp+FCTUkJGRB2X4hGMk6UgRiDhRsxpoADlEUsVZUiFY8ysvknatatWr9WuVxgWYoggOQBkcAQucgAa4Ak3QAgg8gmfwAl61J22svWnv09KCNuvZB3+gff4AhqamCw==</latexit>

qA1 = � qA2

<latexit sha1_base64="FNnyuLQRG07/O+tUoHyfIU++fLw=">AAAB9HicbVDLSgMxFL1TX7W+qi7dhBahIpQZF9Vl0Y3LCvYBnaFkMpk2NJMZk0yhDP0LwY0LRdz6Me76N6aPhbYeCBzOOZd7c/yEM6Vte2rlNja3tnfyu4W9/YPDo+LxSUvFqSS0SWIey46PFeVM0KZmmtNOIimOfE7b/vBu5rdHVCoWi0c9TqgX4b5gISNYG8mruNxkA+wKal/0imW7as+B1omzJOV6yb18ntbHjV7x2w1ikkZUaMKxUl3HTrSXYakZ4XRScFNFE0yGuE+7hgocUeVl86Mn6NwoAQpjaZ7QaK7+nshwpNQ48k0ywnqgVr2Z+J/XTXV442VMJKmmgiwWhSlHOkazBlDAJCWajw3BRDJzKyIDLDHRpqeCKcFZ/fI6aV1VnVq19mDauIUF8nAGJaiAA9dQh3toQBMIPMELvMG7NbJerQ/rcxHNWcuZU/gD6+sH2vCUfw==</latexit>

(� 6= 0)

for all <latexit sha1_base64="T5o3as0FMIZN9Iz4Tt/PWwhx3NM=">AAACDXicbVC7TsMwFHXKq5RXAImFJaIgMVUJQ2GsysLA0Er0ITVR5Dhua9WxI9tBqqL8AAtfgsTCAEJMSOxsLHwLTtsBWq5k+eice+1zTxBTIpVtfxmFpeWV1bXiemljc2t7x9zda0ueCIRbiFMuugGUmBKGW4ooiruxwDAKKO4Eo8tc79xiIQlnN2ocYy+CA0b6BEGlKd88dgNOQzmO9JXWM5cwN4JqiCBNG5nvXuuXQuibZbtiT8paBM4MlGsHzW/yUH9v+OanG3KURJgpRKGUPceOlZdCoQiiOCu5icQxRCM4wD0NGYyw9NLJNpl1opnQ6nOhD1PWhP09kcJI5oZ1Z25Vzms5+Z/WS1T/wksJixOFGZp+1E+opbiVR2OFRGCk6FgDiATRXi00hAIipQMs6RCc+ZUXQfus4lQr1aZOow6mVQSH4AicAgecgxq4Ag3QAgjcgUfwDF6Me+PJeDXepq0FYzazD/6U8fEDkEOgNQ==</latexit>

B 2 P⇤

Shiraishi-shift
lemma: for any  with  , we have eitherA WidA = kmax

<latexit sha1_base64="jjBurYVPlQtGCKS+9ccn3g+DN/M="></latexit>

qA = 0, qA = �0qCXX , qA = �00qCYX (�0,�00 6= 0)
<latexit sha1_base64="aM10sACI17kO1C7M835MDR/rnHY="></latexit>

CXX = X̂x0+e1Ẑx0+2e1 · · · Ẑx0+(kmax�1)e1X̂x0+kmaxe1
<latexit sha1_base64="5WBNj1re/GnWFnOFssQRwqdPx8M="></latexit>

CYX = Ŷx0+e1Ẑx0+2e1 · · · Ẑx0+(kmax�1)e1X̂x0+kmaxe1
<latexit sha1_base64="mMQlLfR5KN8DqECmsLikdduDeeg=">AAAB+3icbVDLSsNAFJ34rPUV69LN0CJULCVxUd0IRTcuK9gHNCFMJpN26GQSZiZiCP0L125cKOLWH3HXv3H6WGjrgQuHc+7l3nv8hFGpLGtirK1vbG5tF3aKu3v7B4fmUakj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX90O/W7j0RIGvMHlSXEjdCA05BipLTkmSXi2ddVu2bVHBbEStasM8+sWHVrBrhK7AWpNMvO+fOkmbU889sJYpxGhCvMkJR920qUmyOhKGZkXHRSSRKER2hA+ppyFBHp5rPbx/BUKwEMY6GLKzhTf0/kKJIyi3zdGSE1lMveVPzP66cqvHJzypNUEY7ni8KUQRXDaRAwoIJgxTJNEBZU3wrxEAmElY6rqEOwl19eJZ2Lut2oN+51GjdgjgI4AWVQBTa4BE1wB1qgDTB4Ai/gDbwbY+PV+DA+561rxmLmGPyB8fUDIW2Vjw==</latexit>

e1 = (1, 0, . . . , 0)
with

the problem reduced to that in essentially one dimension!

<latexit sha1_base64="8/fHB0WXD3LPKsDyLuQSgTE9GGU="></latexit>P
A2P⇤ (WidAkmax)

�A,B qA = 0



2nd step of the proof Shiraishi 2019, 2024

<latexit sha1_base64="bBJSQ0XDN45EwslvsFDfq2tX2TQ="></latexit>P
A2P⇤

�A,B qA = 0use

lemma: for any  with  , we have eitherA WidA = kmax
<latexit sha1_base64="jjBurYVPlQtGCKS+9ccn3g+DN/M="></latexit>

qA = 0, qA = �0qCXX , qA = �00qCYX (�0,�00 6= 0)
<latexit sha1_base64="aM10sACI17kO1C7M835MDR/rnHY="></latexit>

CXX = X̂x0+e1Ẑx0+2e1 · · · Ẑx0+(kmax�1)e1X̂x0+kmaxe1
<latexit sha1_base64="5WBNj1re/GnWFnOFssQRwqdPx8M="></latexit>

CYX = Ŷx0+e1Ẑx0+2e1 · · · Ẑx0+(kmax�1)e1X̂x0+kmaxe1
<latexit sha1_base64="mMQlLfR5KN8DqECmsLikdduDeeg=">AAAB+3icbVDLSsNAFJ34rPUV69LN0CJULCVxUd0IRTcuK9gHNCFMJpN26GQSZiZiCP0L125cKOLWH3HXv3H6WGjrgQuHc+7l3nv8hFGpLGtirK1vbG5tF3aKu3v7B4fmUakj41Rg0sYxi0XPR5IwyklbUcVILxEERT4jXX90O/W7j0RIGvMHlSXEjdCA05BipLTkmSXi2ddVu2bVHBbEStasM8+sWHVrBrhK7AWpNMvO+fOkmbU889sJYpxGhCvMkJR920qUmyOhKGZkXHRSSRKER2hA+ppyFBHp5rPbx/BUKwEMY6GLKzhTf0/kKJIyi3zdGSE1lMveVPzP66cqvHJzypNUEY7ni8KUQRXDaRAwoIJgxTJNEBZU3wrxEAmElY6rqEOwl19eJZ2Lut2oN+51GjdgjgI4AWVQBTa4BE1wB1qgDTB4Ai/gDbwbY+PV+DA+561rxmLmGPyB8fUDIW2Vjw==</latexit>

e1 = (1, 0, . . . , 0)
with

the problem reduced to that in essentially one dimension!
for appropriate  to showB

<latexit sha1_base64="1TqKrNutTr2ubNfDgm2pOIFKUcw=">AAACInicdVC7TsMwFHXKq5RXgJHFaoXEVCUMPAakii6MRaJtUBNVjuO0Vp0HtoNURfkAvoCRhT9BLAwgYEBIfAxO2wFaOJLl43Pule89bsyokIbxqRXm5hcWl4rLpZXVtfUNfXOrJaKEY9LEEYu45SJBGA1JU1LJiBVzggKXkbY7qOd++5pwQaPwQg5j4gSoF1KfYiSV1NWPr7qp7UbME8NAXWk9U28eQMvKspN/vMvcM7p6xagaI8BZYk5IpVa2yze3Dx+Nrv5mexFOAhJKzJAQHdOIpZMiLilmJCvZiSAxwgPUIx1FQxQQ4aSjFTO4qxQP+hFXJ5RwpP7sSFEg8jFVZYBkX0x7ufiX10mkf+SkNIwTSUI8/shPGJQRzPOCHuUESzZUBGFO1awQ9xFHWKpUSyoEc3rlWdLar5oH1YNzlcYpGKMIdkAZ7AETHIIaOAMN0AQY3IFH8AxetHvtSXvV3selBW3Ssw1+Qfv6Bm+/qSE=</latexit>

qCXX = qCYX = 0

 for any  with qA = 0 A WidA = kmax contradiction
<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1
<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2
<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3
<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="a1kEuf2haeoEEEqA20QKOv4dAjE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeamMtQ==</latexit>

0

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1
<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2
<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3
<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="a1kEuf2haeoEEEqA20QKOv4dAjE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeamMtQ==</latexit>

0

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1
<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2
<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3
<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="a1kEuf2haeoEEEqA20QKOv4dAjE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeamMtQ==</latexit>

0

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1
<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2
<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3
<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="a1kEuf2haeoEEEqA20QKOv4dAjE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeamMtQ==</latexit>

0

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1
<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2
<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3
<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="a1kEuf2haeoEEEqA20QKOv4dAjE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeamMtQ==</latexit>

0

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1
<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2
<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3
<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="a1kEuf2haeoEEEqA20QKOv4dAjE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeamMtQ==</latexit>

0

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1

<latexit sha1_base64="/jsQOEfE8AwjQJgWSbqbxb/J9QU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Aey2Mtg==</latexit>

1
<latexit sha1_base64="TxT+vUYpgRJjoxK64oiLU3I6n3A=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY4kXjxCIo8ENmR2aGBkdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzto4SxbDFIhGpbkA1Ci6xZbgR2I0V0jAQ2Ammdwu/84RK80g+mFmMfkjHko84o8ZKzcqgWHLL7hJkk3gZKUGGxqD41R9GLAlRGiao1j3PjY2fUmU4Ezgv9BONMWVTOsaepZKGqP10eeicXFllSEaRsiUNWaq/J1Iaaj0LA9sZUjPR695C/M/rJWZU81Mu48SgZKtFo0QQE5HF12TIFTIjZpZQpri9lbAJVZQZm03BhuCtv7xJ2pWyVy1Xmzelei2LIw8XcAnX4MEt1OEeGtACBgjP8ApvzqPz4rw7H6vWnJPNnMMfOJ8/fLGMtw==</latexit>

2
<latexit sha1_base64="HspBJzyPcGwpVj3kQxzyEAa3z6I=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVIEcSLx4hkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeTu7nffkKleSQfzDRGP6QjyYecUWOlxnW/WHLL7gJknXgZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10ceiMXFhlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZY9VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNG5KtWoWRx7O4BwuwYNbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH41jLg=</latexit>

3
<latexit sha1_base64="CKPoWvwdSunH8D/RF/5KYZu7xY4=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR2mPBi8cK9gPaUDbbSbt2swm7G6GE/gIvHhSv/iZv/hu3bQ7a+mDg8d4MM/PCVHBtPO/bKW1t7+zulffdg8Oj45OKe9rRSaYYtlkiEtULqUbBJbYNNwJ7qUIahwK74fRu4XefUWmeyEczSzGI6VjyiDNqrPRwM6xUvZq3BNkkfkGqUKA1rHwNRgnLYpSGCap13/dSE+RUGc4Ezt1BpjGlbErH2LdU0hh1kC8PnZNLq4xIlChb0pCl+nsip7HWszi0nTE1E73uLcT/vH5mokaQc5lmBiVbLYoyQUxCFl+TEVfIjJhZQpni9lbCJlRRZmw2rg3BX395k3Sua369Vq82G0UYZTiHC7gCH26hCffQgjYwQHiBN3h3npxX52PVWHKKiTP4A+fzBxVLi48=</latexit>

4

<latexit sha1_base64="a1kEuf2haeoEEEqA20QKOv4dAjE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmrDmZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1xWvWqk2b8r1Wh5HAc7hAq7Ag1uowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AeamMtQ==</latexit>

0

<latexit sha1_base64="7Bluilj9ceYvW32oHRAz3rjZ/nI=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRGqXhW5cVrAPaIeSyaRtaGYyJBlhGPoTbvwC/8GNC0XcCu78G9N2Ftp6QuDknHu5ucePOVPacb6twtr6xuZWcbu0s7u3f2AfHrWVSCShLSK4kF0fK8pZRFuaaU67saQ49Dnt+JPGzO/cU6mYiO50GlMvxKOIDRnB2kjCPoEn8EEAhwAUpBDmr8zoY8CgDWvA1JwBuAO77FScOdAqcXNShhzNgf3VDwRJQhppwrFSPdeJtZdhqRnhdFrqJ4rGmEzwiPYMjXBIlZfNt5qic6MEaCikuZFGc/V3R4ZDpdLQN5Uh1mO17M3E/7xeooc1L2NRnGgakcWgYcKRFmgWEQqYpETz1BBMJDN/RWSMJSbaBFkyIbjLK6+S9mXFrVaqt1flei2PowincAYX4MI11OEGmtACAg/wDK/wZj1aL9a79bEoLVh5zzH8gfX5AxS1l98=</latexit>

Ĉ1

<latexit sha1_base64="nV3WOZNlGCIbTps1qe+DNJChxFI=">AAACFXicbVDLSgMxFL3js9bXqODGzWARXJWZIrXLQjcuK9gHtEPJZNI2NJMMSUYYhv6EG7/Af3DjQhG3gjv/xrSdhbaeEDg5515u7gliRpV23W9rbX1jc2u7sFPc3ds/OLSPjttKJBKTFhZMyG6AFGGUk5ammpFuLAmKAkY6waQx8zv3RCoq+J1OY+JHaMTpkGKkjSTsU3iCAAQwCEFBClH+yow+BgTasAZMzRlAZWCX3LI7h7NKvJyUIEdzYH/1Q4GTiHCNGVKq57mx9jMkNcWMTIv9RJEY4QkakZ6hHEVE+dl8q6lzYZTQGQppLtfOXP3dkaFIqTQKTGWE9FgtezPxP6+X6GHNzyiPE004XgwaJszRwplF5IRUEqxZagjCkpq/OniMJMLaBFk0IXjLK6+SdqXsVcvV26tSvZbHUYAzOIdL8OAa6nADTWgBhgd4hld4sx6tF+vd+liUrll5zwn8gfX5AxY5l+A=</latexit>

Ĉ2

<latexit sha1_base64="wcPG6j6Q7lJdQB2owcuVs+2v1Fs=">AAACF3icbVC7TsMwFL3hWcorwMDAElEhmKoEodKxUhfGItGH1EaV47itVceObAcpivoXLHwAP8HCAEKssPE3uG0GaDmWpeNz7tX1PUHMqNKu+22trK6tb2wWtorbO7t7+/bBYUuJRGLSxIIJ2QmQIoxy0tRUM9KJJUFRwEg7GNenfvueSEUFv9NpTPwIDTkdUIy0kYR9DE8QgAAGIShIIcpfmdFHgEAbVoeJOX3w4Lxvl9yyO4OzTLyclCBHo29/9UKBk4hwjRlSquu5sfYzJDXFjEyKvUSRGOExGpKuoRxFRPnZbK+Jc2aU0BkIaS7Xzkz93ZGhSKk0CkxlhPRILXpT8T+vm+hB1c8ojxNNOJ4PGiTM0cKZhuSEVBKsWWoIwpKavzp4hCTC2kRZNCF4iysvk9Zl2auUK7dXpVo1j6MAJ3AKFybIa6jBDTSgCRge4Ble4c16tF6sd+tjXrpi5T1H8AfW5w+ryZgZ</latexit>

Ĉ
0
1

<latexit sha1_base64="9GJbjK/SwiWs07KnXbHB9e4ZKFs=">AAACF3icbVC7TsMwFL3hWcorwMDAElEhmKoEodKxEgyMRaIPqY0qx3Fbq44d2Q5SFPUvWPgAfoKFAYRYYeNvcNsM0HIsS8fn3Kvre4KYUaVd99taWl5ZXVsvbBQ3t7Z3du29/aYSicSkgQUTsh0gRRjlpKGpZqQdS4KigJFWMLqa+K17IhUV/E6nMfEjNOC0TzHSRhL2ITxBAAIYhKAghSh/ZUYfAgJt2DWMzemBB6c9u+SW3SmcReLlpAQ56j37qxsKnESEa8yQUh3PjbWfIakpZmRc7CaKxAiP0IB0DOUoIsrPpnuNnROjhE5fSHO5dqbq744MRUqlUWAqI6SHat6biP95nUT3q35GeZxowvFsUD9hjhbOJCQnpJJgzVJDEJbU/NXBQyQR1ibKognBm195kTTPy16lXLm9KNWqeRwFOIJjODNBXkINbqAODcDwAM/wCm/Wo/VivVsfs9IlK+85gD+wPn8ArVeYGg==</latexit>

D̂
0
1

<latexit sha1_base64="1pFPeuofxIXp944rAeIWGdOWwjc=">AAACFXicbVDLSgMxFL1TX7W+RgU3bgaL4KrMiNQuC7pwWcE+oB1KJpO2oclkSDLCMPQn3PgF/oMbF4q4Fdz5N6btLLT1hMDJOfdyc08QM6q0635bhZXVtfWN4mZpa3tnd8/eP2gpkUhMmlgwITsBUoTRiDQ11Yx0YkkQDxhpB+Orqd++J1JREd3pNCY+R8OIDihG2kjCPoInCEAAgxAUpMDzV2b0ESDQhl3DxJw+eH277FbcGZxl4uWkDDkaffurFwqccBJpzJBSXc+NtZ8hqSlmZFLqJYrECI/RkHQNjRAnys9mW02cU6OEzkBIcyPtzNTfHRniSqU8MJUc6ZFa9Kbif1430YOan9EoTjSJ8HzQIGGOFs40IiekkmDNUkMQltT81cEjJBHWJsiSCcFbXHmZtM4rXrVSvb0o12t5HEU4hhM4Aw8uoQ430IAmYHiAZ3iFN+vRerHerY95acHKew7hD6zPHxZBl+A=</latexit>

D̂1

<latexit sha1_base64="xFb56bISkpT9gd3wmGV0fjCGzA0=">AAACFXicbVDLSgMxFL1TX7W+RgU3bgaL4KrMFKldFnThsoJ9QB1KJpO2oclkSDLCMPQn3PgF/oMbF4q4Fdz5N6btLLT1hMDJOfdyc08QM6q0635bhZXVtfWN4mZpa3tnd8/eP2grkUhMWlgwIbsBUoTRiLQ01Yx0Y0kQDxjpBOPLqd+5J1JREd3qNCY+R8OIDihG2kjCPoInCEAAgxAUpMDzV2b0ESDQhl3BxJw+VPt22a24MzjLxMtJGXI0+/bXXShwwkmkMUNK9Tw31n6GpKaYkUnpLlEkRniMhqRnaIQ4UX4222rinBoldAZCmhtpZ6b+7sgQVyrlgankSI/UojcV//N6iR7U/YxGcaJJhOeDBglztHCmETkhlQRrlhqCsKTmrw4eIYmwNkGWTAje4srLpF2teLVK7ea83KjncRThGE7gDDy4gAZcQxNagOEBnuEV3qxH68V6tz7mpQUr7zmEP7A+fwAXxZfh</latexit>

D̂2

<latexit sha1_base64="mgo+j7YCGavxqkSNHti3ABHHlDI=">AAACFXicbVDLSgMxFL1TX7W+RgU3bgaL4KrMFKldFkRwWcE+oA4lk0nb0GQyJBlhGPoTbvwC/8GNC0XcCu78G9N2Ftp6QuDknHu5uSeIGVXadb+twsrq2vpGcbO0tb2zu2fvH7SVSCQmLSyYkN0AKcJoRFqaaka6sSSIB4x0gvHl1O/cE6moiG51GhOfo2FEBxQjbSRhH8ETBCCAQQgKUuD5KzP6CBBow65gYk4fqn277FbcGZxl4uWkDDmaffvrLhQ44STSmCGlep4baz9DUlPMyKR0lygSIzxGQ9IzNEKcKD+bbTVxTo0SOgMhzY20M1N/d2SIK5XywFRypEdq0ZuK/3m9RA/qfkajONEkwvNBg4Q5WjjTiJyQSoI1Sw1BWFLzVwePkERYmyBLJgRvceVl0q5WvFqldnNebtTzOIpwDCdwBh5cQAOuoQktwPAAz/AKb9aj9WK9Wx/z0oKV9xzCH1ifPxlRl+I=</latexit>
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<latexit sha1_base64="BYZugmdbfVcwE0522fh4TTHdm9U=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRKrLgi5cVrAPaIeSyaRtbGYyJBlhGPoTbvwC/8GNC0XcCu78G9N2Ftp6QuDknHu5ucePOVPacb6twtLyyupacb20sbm1vWPv7jWVSCShDSK4kG0fK8pZRBuaaU7bsaQ49Dlt+aPLid+6p1IxEd3qNKZeiAcR6zOCtZGEfQBP4IMADgEoSCHMX5nRh4BBG3YFY3N6cNezy07FmQItEjcnZchR79lf3UCQJKSRJhwr1XGdWHsZlpoRTselbqJojMkID2jH0AiHVHnZdKsxOjZKgPpCmhtpNFV/d2Q4VCoNfVMZYj1U895E/M/rJLp/4WUsihNNIzIb1E840gJNIkIBk5RonhqCiWTmr4gMscREmyBLJgR3fuVF0jytuNVK9easXKvmcRThEI7gBFw4hxpcQx0aQOABnuEV3qxH68V6tz5mpQUr79mHP7A+fwBsC5gX</latexit>

D̂j

<latexit sha1_base64="BYZugmdbfVcwE0522fh4TTHdm9U=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRKrLgi5cVrAPaIeSyaRtbGYyJBlhGPoTbvwC/8GNC0XcCu78G9N2Ftp6QuDknHu5ucePOVPacb6twtLyyupacb20sbm1vWPv7jWVSCShDSK4kG0fK8pZRBuaaU7bsaQ49Dlt+aPLid+6p1IxEd3qNKZeiAcR6zOCtZGEfQBP4IMADgEoSCHMX5nRh4BBG3YFY3N6cNezy07FmQItEjcnZchR79lf3UCQJKSRJhwr1XGdWHsZlpoRTselbqJojMkID2jH0AiHVHnZdKsxOjZKgPpCmhtpNFV/d2Q4VCoNfVMZYj1U895E/M/rJLp/4WUsihNNIzIb1E840gJNIkIBk5RonhqCiWTmr4gMscREmyBLJgR3fuVF0jytuNVK9easXKvmcRThEI7gBFw4hxpcQx0aQOABnuEV3qxH68V6tz5mpQUr79mHP7A+fwBsC5gX</latexit>

D̂j

<latexit sha1_base64="MBg40c1QBkPAp5XVp48tsTMyxv4=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRKrLggguK9gHtEPJZNI2NjMZkowwDP0JN36B/+DGhSJuBXf+jWk7C209IXByzr3c3OPHnCntON9WYWl5ZXWtuF7a2Nza3rF395pKJJLQBhFcyLaPFeUsog3NNKftWFIc+py2/NHlxG/dU6mYiG51GlMvxIOI9RnB2kjCPoAn8EEAhwAUpBDmr8zoQ8CgDbuCsTk9uOvZZafiTIEWiZuTMuSo9+yvbiBIEtJIE46V6rhOrL0MS80Ip+NSN1E0xmSEB7RjaIRDqrxsutUYHRslQH0hzY00mqq/OzIcKpWGvqkMsR6qeW8i/ud1Et2/8DIWxYmmEZkN6iccaYEmEaGASUo0Tw3BRDLzV0SGWGKiTZAlE4I7v/IiaZ5W3GqlenNWrlXzOIpwCEdwAi6cQw2uoQ4NIPAAz/AKb9aj9WK9Wx+z0oKV9+zDH1ifP22XmBg=</latexit>

Ê j

<latexit sha1_base64="MBg40c1QBkPAp5XVp48tsTMyxv4=">AAACFXicbVDLSgMxFL1TX7W+RgU3boJFcFVmRKrLggguK9gHtEPJZNI2NjMZkowwDP0JN36B/+DGhSJuBXf+jWk7C209IXByzr3c3OPHnCntON9WYWl5ZXWtuF7a2Nza3rF395pKJJLQBhFcyLaPFeUsog3NNKftWFIc+py2/NHlxG/dU6mYiG51GlMvxIOI9RnB2kjCPoAn8EEAhwAUpBDmr8zoQ8CgDbuCsTk9uOvZZafiTIEWiZuTMuSo9+yvbiBIEtJIE46V6rhOrL0MS80Ip+NSN1E0xmSEB7RjaIRDqrxsutUYHRslQH0hzY00mqq/OzIcKpWGvqkMsR6qeW8i/ud1Et2/8DIWxYmmEZkN6iccaYEmEaGASUo0Tw3BRDLzV0SGWGKiTZAlE4I7v/IiaZ5W3GqlenNWrlXzOIpwCEdwAi6cQw2uoQ4NIPAAz/AKb9aj9WK9Wx+z0oKV9+zDH1ifP22XmBg=</latexit>

öE j

<latexit sha1_base64="0QmfcX7Vba0TaBUsnLKFCtzYaQc=">AAACFXicbVDLSgMxFL1TX7W+RgU3bgaL4KrMiFSXhW5cVrAPaEvJZDJtbDIZkowwDP0JN36B/+DGhSJuBXf+jWk7C209IXByzr3c3OPHjCrtut9WYWV1bX2juFna2t7Z3bP3D1pKJBKTJhZMyI6PFGE0Ik1NNSOdWBLEfUba/rg+9dv3RCoqoludxqTP0TCiIcVIG0nYR/AEPghgEICCFHj+yow+AgTasDpMzBnA3cAuuxV3BmeZeDkpQ47GwP7qBQInnEQaM6RU13Nj3c+Q1BQzMin1EkVihMdoSLqGRogT1c9mW02cU6METiikuZF2ZurvjgxxpVLum0qO9EgtelPxP6+b6PCqn9EoTjSJ8HxQmDBHC2cakRNQSbBmqSEIS2r+6uARkghrE2TJhOAtrrxMWucVr1qp3lyUa9U8jiIcwwmcgQeXUINraEATMDzAM7zCm/VovVjv1se8tGDlPYfwB9bnD2p/mBY=</latexit>

öC j

<latexit sha1_base64="0QmfcX7Vba0TaBUsnLKFCtzYaQc=">AAACFXicbVDLSgMxFL1TX7W+RgU3bgaL4KrMiFSXhW5cVrAPaEvJZDJtbDIZkowwDP0JN36B/+DGhSJuBXf+jWk7C209IXByzr3c3OPHjCrtut9WYWV1bX2juFna2t7Z3bP3D1pKJBKTJhZMyI6PFGE0Ik1NNSOdWBLEfUba/rg+9dv3RCoqoludxqTP0TCiIcVIG0nYR/AEPghgEICCFHj+yow+AgTasDpMzBnA3cAuuxV3BmeZeDkpQ47GwP7qBQInnEQaM6RU13Nj3c+Q1BQzMin1EkVihMdoSLqGRogT1c9mW02cU6METiikuZF2ZurvjgxxpVLum0qO9EgtelPxP6+b6PCqn9EoTjSJ8HxQmDBHC2cakRNQSbBmqSEIS2r+6uARkghrE2TJhOAtrrxMWucVr1qp3lyUa9U8jiIcwwmcgQeXUINraEATMDzAM7zCm/VovVjv1se8tGDlPYfwB9bnD2p/mBY=</latexit>

öC j

<latexit sha1_base64="XrP0Neh79ChCoN8AzABuROLOWPM=">AAACHXicbZBNS8NAEIYn9avWr6g3vQSL4MWSiFSPBT14rGA/oA1ls9m0SzfZsLsRQsgf8eLJ/+HFgyIevIj/xm2bg7bOsvDsOzPMzuvFjEpl299GaWl5ZXWtvF7Z2Nza3jF399qSJwKTFuaMi66HJGE0Ii1FFSPdWBAUeox0vPHVJN+5J0JSHt2pNCZuiIYRDShGSkvcPIAn8IADAx8kpBAWr0zrI0CgNF1Drs9A0xhOwYF8YFbtmj0NaxGcAqpQRHNgfvZ9jpOQRAozJGXPsWPlZkgoihnJK/1EkhjhMRqSnsYIhUS62XS73DrWim8FXOgbKWuq/u7IUChlGnq6MkRqJOdzE/G/XC9RwaWb0ShOFInwbFCQMEtxa2KV5VNBsGKpBoQF1X+18AgJhJU2tKJNcOZXXoT2Wc2p1+q359VGvbCjDIdwBCfayAtowA00oQUYHuAZXuHNeDRejHfjY1ZaMoqeffgTxtcP6fyZug==</latexit>

öD k! 1

<latexit sha1_base64="7A1alrep0ZTAG0V9+ZPWqCH4b8w=">AAACHXicbZBNS8NAEIYn9avWr6g3vQSL4MWSiFSPBRE8VrAf0Iay2WzapZts2N0IIeSPePHk//DiQREPXsR/47bNQVtnWXj2nRlm5/ViRqWy7W+jtLS8srpWXq9sbG5t75i7e23JE4FJC3PGRddDkjAakZaiipFuLAgKPUY63vhqku/cEyEpj+5UGhM3RMOIBhQjpSVuHsATeMCBgQ8SUgiLV6b1ESBQmq4h12egaQyn4EA+MKt2zZ6GtQhOAVUoojkwP/s+x0lIIoUZkrLn2LFyMyQUxYzklX4iSYzwGA1JT2OEQiLdbLpdbh1rxbcCLvSNlDVVf3dkKJQyDT1dGSI1kvO5ifhfrpeo4NLNaBQnikR4NihImKW4NbHK8qkgWLFUA8KC6r9aeIQEwkobWtEmOPMrL0L7rObUa/Xb82qjXthRhkM4ghNt5AU04Aaa0AIMD/AMr/BmPBovxrvxMSstGUXPPvwJ4+sH65CZuw==</latexit>

öE k ! 1

odd j even j

only for odd k

!

the step         requires us to solve a math puzzle 
it is easier than the corresponding step in the one-
dimensional problem, but we still need craftmanship…



background 
main results 

about the proof 
summary and dicussion



summary 

quantum many-body models becomes 
“less solvable” in higher dimensions

we proved that the XY and XYZ models on the  
-dimensional hypercubic lattice with  possess 

no local conserved quantities
d d ≥ 2

the theorem applies to the simplest XX model

öX 2 = öY 2 = öZ 2 = öI,

öX öY = ! öY öX = i öZ, öY öZ = ! öZ öY = i öX, öZ öX = ! öX öZ = i öY

öX 2 = öY 2 = öZ 2 = öI

öX öY = ! öY öX = i öZ

öY öZ = ! öZ öY = i öX

öZ öX = ! öX öZ = i öY

öI =
!

1 0
0 1

"
, öX =

!
0 1
1 0

"
, öY =

!
0 ! i
i 0

"
, öZ =

!
1 0
0 ! 1

"

öH = !
1
2

#

u,v ! !
( |u " v |=1)

$
JX öX u öX v + JY öYu öYv + JZ öZu öZv

%

!
#

u! !

$
hX öX u + hY öYu + hZ öZu

%

öH = !
1
2

#

u,v ! !
( |u " v |=1)

$ öX u öX v + öYu öYv
%

öH = !
1
2

#

u,v ! !
( |u " v |=1)

$
JX öX u öX v + JY öYu öYv + JZ öZu öZv

%
!

#

u! !

$
hX öX u + hY öYu + hZ öZu

%

öHXYZ-h = !
& L

j =1 { JX öX j öX j +1 + JY öYj öYj +1 + JZ öZj öZj +1 + h öZj }

öQ+
3 =

& L
j =1

'
JX öX j öZj +1 öX j +2 + JY öYj öZj +1 öYj +2 ! h( öX j öX j +1 + öYj öYj +1 )

(

öQ"
3 =

& L
j =1

'
öX j öZj +1 öYj +2 ! öYj öZj +1 öX j +2

(

öQ+
4 =

& L
j =1

'
JX ( öX j öZj +1 öZj +2 öX j +3 + öYj öYj +1 )+ JY ( öYj öZj +1 öZj +2 öYj +3 + öX j öX j +1 )! h( öX j öZj +1 öX j +2 + öYj öZj +1 öYj +2 )

(

öQ"
4 =

& L
j =1

'
öX j öZj +1 öZj +2 öYj +3 ! öYj öZj +1 öZj +2 öX j +3

(

öQ+
3 =

& L
j =1 { JX öX j öZj +1 öX j +2 + JY öYj öZj +1 öYj +2 ! h( öX j öX j +1 + öYj öYj +1 )}

öQ"
3 =

& L
j =1 { öX j öZj +1 öYj +2 ! öYj öZj +1 öX j +2 }

öQ+
4 =

& L
j =1 { JX ( öX j öZj +1 öZj +2 öX j +3 + öYj öYj +1 ) + JY ( öYj öZj +1 öZj +2 öYj +3 + öX j öX j +1 ) ! h( öX j öZj +1 öX j +2 + öYj öZj +1 öYj +2 )}

öQ"
4 =

& L
j =1 { öX j öZj +1 öZj +2 öYj +3 ! öYj öZj +1 öZj +2 öX j +3 }

1

easily solved in 1D

the strategy of the proof is a natural extension 
of that developed by Shiraishi in 2019, with some 
new ideas to treat higher dimensional models



discussion 
proof of the absence of local conserved quantities 

is interesting and meaningful by itself
gives a strong indication that the models are not “solvable”

 absence of quasi local conserved quantities

sheds light on the algebraic structure of quanum spin models
it is challenging to develop techniques for proving 

results that are relevant to long-time dynamics

 the relation between the lack of conserved 
quantities and the operator growth (Krylov 
complexity)
 justification of ETH (energy eigenstate 

thermalization hypothesis)


