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do not possess nontrivial

local conserved quantities

Naoto Shiraishi and Hal Tasaki
webinar@YouTube, 2024




background
main results
about the proof
summary and dicussion




background

mathematical studies of quantum many-body systems

: free fermwj
exact solutions lon, Bethe ansatz Yang-Baxter relation

only cover special “integrable” models

rigorous, general theorems

cover models in a certain class, both
integrable and non-integrable

there are properties/phenomena (quantum chaos, ETH =
energy eigenstate thermalization hypothesis) that are
expected to take place only in non-integrable systems

before 2019, there were essentially no
mathematical resulis that exclusively applied to
non-integrable systems



Shiraishi’s work in 2019

s = —~ X¥Z-h spin chain with Hamiltonian

Hxyzn = — Y AIx X; X + Iy ViYj + J2 Z; 251 + th}
integrable (can be mapped fo a free fermion) if J, =
serieses of local conserved quantities [Hxy-n, Q7 ] 0

Q5 = Zﬂzl{JXX Zis1Xjer + I Y ZjVieo = WX X + YY)} kmaX — 37 47 “ e
Q?? — 2521{Xj2j+1?j+2 - YijHXjJrz}

Qi = Ef:l{JX(XijHZAJHXﬁ?’ + YY) + I (Vi Zj Zj2Yes + X Xj41) — h(X; Zj1 X2 + Y Zj 1Y 42))
Qs = ZJL 1{X'Zj+12j+2f/j+3 - Y'Zj+12j+2f(j+3}

max

f ifJy £ Jy, J, % 0, and h # 0, the model has no local |
| conserved quantities with support size 3 < k,,,, < L/2

— e e

Naoto Shlralshl Proof of the absence of local conserved quantltles
in the XYZ chain with a magnetic field”, 2019

the first rigorous result that applies exclusively

to non-integrable models!



Shiraishi’s work and its extensions
s =- XYZ-h spm chain with Hamiltonian

HXYZh = Z] 1{JxX XJ_|_1 +JYYYJ+1+JZZ Zj_|_1—|—hZ}
—

ifJy # Jy, J, £ 0, and h # 0, the model has no local *
conserved quantities with support size 3 < k., < L/2 |

|

e~ ——— el e — — D

~ Shiraishi 2019
extensions to the quantum Ising model (chiba 2024), the PXP
mModel (Park and Lee 2024), the S = 1/2 chains with next-nearest
neighbor interactions (shiraishi 2024, and the S = 1model with
bilinear biquadratic intereactions (park and Lee 2024) ...

FAQ: do these results prove the models are non-integrable?
Answer: this may not be a good question. the answer
depends on how one defines “integrability”

empirical rule: a simple quantum spin model is either
integrable or does not possess local conserved quantities
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Shiraishi’s work and its extensions
s = — X¥Z-h spin chain with Hamiltonian
Hxvzn = =2 {Ix Xi X1 + Iy VY + Jz Z;Zj0 + h Z;)

iy £ Jy, J, # 0,and /i # 0, the model has no local ;
' conserved quantities with support size 3 <k, < L/2 |
— T Shiraishi 2019
extensions to the quantum Ising model (chiba 2024), the PXP
model‘_ e — $lan ¢ _ 1 /7 alhatiaa waridha mnv‘l"mnares«l'

neiahy We shall extend the proof of the absence of .\
bilines 1062l conserved quantities to quantum spin
FAQ: ¢ models in two or higher dimensions ble?

Answer: this may not be a good question. the answer
depends on how one defines “integrability”

empirical rule: a simple quantum spin model is either
integrable or does not possess local conserved quantities

P —— ———— — =




background
main results
about the proof
summary and dicussion




s = - model in 4 dimensions

operators of a single spin is spanned by

. (1 0\ o (0 1\ o (0 —i\ , (1 0
=0 1) =0 o) =0 0) 76 5)

A={1,...,L}*d-dimensional L x ... x L E
hypercubic lattice with periodic b.c.

X, Yy, Z. copies of X, Y, Z at siteu € A

Hamiltonian of the XYZ wodel
Z {JX XU,X’U + Jy 1A/:UJ}A/fU + J7 Zqu}

u,vEN
(Ju—v|=1)

— Z{hXXu, + hy Yy, + hy Zu}

ueEAN

A

1
H=—-
2

JX7JY7JZ7hX7hY7hZ ER? JX#OM]Y #O



local conserved quantities

A=Q®, A, product of Pauli matrices i )ﬁ
A — |

ADS#@ A :Xuayuazu

P fhe setf of all producfs

candidate of a local conserved quantity withwidthx
such that 2 < k,,, < = |

Q = Z qAA ga € C

AcPa
(WidA<kmax)

gy # 0 for at leas’r ohe A wu’rh WidA = k

max

O is a local conserved quantity iff [4,Q] =0



main theorems

g > {xXuXo + WYYy + Iz ZuZo} — Y {hx Xu+ hy Yy + hz Z,}

2 u,veEN uel
(Ju—v]=1)

Q: Z ga A ga € C

AcPa
(WidA<Kkpmax)

O is a local conserved quantity iff [H,Q] =0

Theorem: there are no local conserved quantities O with

width . suechthat3 <k <=

B — E—
Hawmiltonian is a local conserved quantity withk_ . =2

Theorem: any local conserved quantity with kinax = 2 is

writtenas O = y H + O, with n # 0, where O, is a linear
combination of single-site Pavli matrices
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basic strategy of the proof s....zs .

1
H_—5 EE:A [Ix Xu Xy + vy Yo Yy + Jz 20,2, — ;E:A{hXX +hy Y, +hzz}

u—v|=1 ~ ~ A A
(lu—v|=1) Y2_y2_ g2 g

A = ®u€S Au [Ha A] — ZBEPA AA’B b XY=-YX=iZ

written in terms of V7 =-2V=iX
Q=) acp,1aA I Jy: Iz b, by b, S S S

D AcP, Mapqa=0forall BeP,

coupled linear equations for ¢,

ga =0 fOl’ a" A € Py Whe" 3 < kmax <



1st step of the proof s xo.20.4

ZAEPA (Wid A<lmax) AA,B C]A = 0 for all B ¢ PA

(if there is B such that 4, B # 0 for only one A )

* B AABQA—O»QA—O |

n‘ there is B such that A4 g # 0 only for A — Al,A2
; >\A1 B QA1 >\A2 B QAQ . 0 » QA1 ’ )‘ QAQ ( '

‘Shlralshl—shlff

lemma: for any A with WidA = k__. , we have either

ga = 0, ga = 'y dCxxs A — )\//QCYX (>‘/7 N’ # O)

Wl‘l’h Cxx = xo—i—el Zm0+261 - Z$0+(kmax—1)€1XfE0+k’maxel
Cyx = Yagter Zuot2e, Lo+ (kmax—1)er Xzotkmaxer €1 = (1,0,...,0)

the problem reduced to that in essentially one dimension!



an Step Of the proo‘f Shiraishi 2019, 2024

lemma: for any A with WidA = k_._, we have either

max ¢

dA — O, dA — )\/qCXX7 qA — )\//qCYX ()‘/7 A # O)

Wi‘rh CXX — Xx0‘|‘€1 ZCUO—|—2€1 S ZQ?O"‘(kmax_l)elXxO_i_kmaXel
CYX — Y$0—|—€1 Zazo—l—Zel e Za’)o—l—(kmax—l)elXxO‘l'kmaxel 61 — (17 O 7777 O)

the problem reduced to that in essentially one dimension!

= use D_acp, 24,894 =0 for appropriate B to show
dCxx — 4Cvyx — 0

g4 = 0 for any A with WidA = k_,,, = contradiction

the step 7 requires us to solve a math puzzle

it is easier than the corresponding step in the one-
dimensional problem, but we still need craftmanship...
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summary

we proved that the XY and XYZ wmodels on the
d-dimensional hypercubic lattice with d > 2 possess
no local conserved quantities

Athe ’rheorem applles to the §|mples’r XX wodel
9 = ) % S6,0, + 9,9,

u,v! |
(lu® v|=1)

quantum many-body models becomes

“less solvable” in higher dimensions

M the strategy of the proof is a natural extension
of that developed by Shiraishi in 2019, with sowme
new ideas to treat higher dimensional models



discussion

M proof of the absence of local conserved quantities

is inferesting and meaningful by itself
gives a strong indication that the models are not “solvable”

sheds light on the algebraic structure of quanum spin wmodels

Mt is challenging to develop techniques for proving
results that are relevant to long-time dynamics

¢ absence of quasi local conserved quantities

¢ the relation between the lack of conserved
quantities and the operator growth (Krylov
complexity)

¢ justification of ETH (energy eigenstate
therwmalization hypothesis)




