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general inequality that relates the long 
range order (LRO) or the off-diagonal long 
range order (ODLRO) with the charge gap in 
a quantum many-body systems with U(1) 
symmetry

applies to a very general class of systems 
including interacting particles (bosons or 
fermions) on lattice or in continuum, and 
various quantum spin systems

previously known for lattice bosons with 
hard core interaction (Tian 1992)

different from the Goldstone theorem



two typical applications
interacting bosons 

magnetization plateau



interacting bosons
bosons in a box (continuum or lattice) with volume V

Bose-Einstein condensate is always “compressible”

total particle number operator
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ENground state g.s. energy with N particles

charge gap
nonzero charge gap means the system is insulating



Bose-Einstein condensate is always “compressible”
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commensurate supersolid

Ohgoe, Suzuki, Kawashima 2012

example: soft-core Bose-Hubbard model with nearest-neighbor 
repulsion on the cubic lattice <latexit sha1_base64="Murqkm5MwHrzvTH8hlrUkfHO3Dk="></latexit>

N =
(number of sites)

2

interacting bosons

interesting application

looks incompressible
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Mott insulator phase
broken translation symmetry

no BEC
supersolid phase

broken translation symmetry
BEC
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magnetization plateau
quantum spin system on a lattice with N sites

non-pathological Hamiltonian such that
ground state of 
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z
tot

<latexit sha1_base64="vqoJg5rD6420ZIvmomNW49/ZaIo=">AAAB+XicbVDLSgNBEOz1GeMrKnjxMhgET2E3B/UY4sVjAuYByRJmJ5NkyOzsMtMbCEv+xIsHRQRP/oJf4M2L3+LkcdDEgoaiqpvuriCWwqDrfjlr6xubW9uZnezu3v7BYe7ouG6iRDNeY5GMdDOghkuheA0FSt6MNadhIHkjGN5O/caIayMidY/jmPsh7SvRE4yilQQ8wQAoIKRwBxPogNvJ5d2COwNZJd6C5Eun1W/xVv6odHKf7W7EkpArZJIa0/LcGP2UahRM8km2nRgeUzakfd6yVNGQGz+dXT4hF1bpkl6kbSkkM/X3REpDY8ZhYDtDigOz7E3F/7xWgr0bPxUqTpArNl/USyTBiExjIF2hOUM5toQyLeythA2opgxtWFkbgrf88iqpFwveVaFY9fKlMsyRgTM4h0vw4BpKNtIK1IDBCB5s0M9O6jw6L87rvHXNWcycwB847z9K85SL</latexit>

Ĥ0
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when h is within a magnetization plateau
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no long-range order in the xy directions



details 
bosons in a box











summary
inequality that relates the long range order (LRO) or 

the off-diagonal long range order (ODLRO) with the 
charge gap in a large class of quantum many-body 
systems with U(1) symmetry

bosons or fermions on lattice or in continuum

quantum spin systems

if the charge gap is nonzero there is no ODLRO
if there is ODLRO the charge gap is vanishing and 

the ground state is “compressible”

a ground state within a magnetization plateau 
does not have transverse LRO

previously known for lattice bosons with 
hard core interaction (Tian 1992)


