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motivation



Haldane’s discovery .., s 100
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the spin S quantum antiferromagnetic Heisenberg chain
ﬁHeiS — xf—l Sj ' S'jJrl
(S;)?=5(S+1) S=
the ground state is
eritical (unique, gapless) if S = 3.5, ..
disordered (unique, gapped) if S = 1,2, ...

how can we understand this qualitative difference
between models with integer and half-odd-integer spins?

valence-bond picture



valence-hond picture

Affleck, Kennedy, Lieb, Tasaki 1987, 1988
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valence-bond (spin singlet) e——e = [1),11), — 1),

can one form a translation-invariant state of a spin S
chain from short-ranged valence-bonds?
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the AKLT model and the AKLT state

Affleck, Kennedy, Lieb, Tasaki 1987, 1988

an artificial an’rlferromagnenc model with integer S
Hakrr = S:J P

rigorously known to have a unique gapped ground state

Affleck et al. 1988, Fannes, Nachtergaele, Werner 1992

exact ground state is known
the VBS (valence-bond solid) state or the AKLT state
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further qualitative difference

thereis a qualitative difference between the AKLT states
with even S and odd S (hidden antiferromagnetic order)

Oshikawa 1992

the difference was finally understood in 2009 when
the theory of symwetry protected topological (SPT)
phases was dQVGIOped Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2009
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symmeiry protecied
topological (SPT) phases




symmetry protected topological (SPT) phases

Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2010, 2012
cham wn‘h spm S

/\/l space of all Hamiltonians with a disordered ground state]
| Hy, H, ¢ M are connected if there exists a continuous }
path H, € M with s € [0, 1] |

- conjecture: all Hamiltonians in AMare connected
_ thereisonly onephasein M cher: Gu,Wen 2011

/\/lz; space of Hamiltonians in M wn‘h svmme’rry bl

Hy, H; € My are connected in Ms: if there exusfs '
a continuous path H, € My, withs € [0, 1] '

| M may consist of distinct connected components J’



symmetry protected topological (SPT) phases

Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2010, 2012
cham wn‘h spm S

M space of all Hamiltonians with a disordered ground state]
| Ho, Hy € M areconnected if #--xn ~inge = 2mesiienyg |
| path H, € M withs € [0, 9IS )
| conjecture: all Hamiltonians i
| thereis only one phase in A >

/\/lz; space of Hawmiltonians
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SPT phases in spin chains with integer S

Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2010, 2012, Ogata 2020, 2022
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theorem {fhe bond-centered inversion symmetry

when X is | the time-reversal symmetry
theZy x Zy symwetry

Ms consists of at least two SPT phases

Hirivial = Zle (5 ;EZ) )? belongs to the trivial phase
o disordered ground state |®,er0) = ®f:1 0)
a nontrivial phase if S is odd

the trivial phase if S is even
the essence of the difference between odd and even S

H axrr belongs fo {

intuitive diagrammatic explanation



asymmetric VBS states




asymmetric valence-bond
the building block of the asymwmetric VBS state
astate of to § = 1/2's parametrized by x € 0, 1

inversion
not invariant under < time-reversal ifpu#1
Zo X Zo transformation

inversion transformation

Iy = [0) = e—>—e
time-reversal transformation

Oy = —[wls)
Zo X 7o transformation

Uiy = —|pd),  UP (i) = [gi)



S=1 asymmetric VEBS state

disordered states that continvously interpolate between
fhe AKLT a“d ‘rhe Zero S'ra‘l'es Bachmann, Nachtergaele 2012, 2014

‘\Ijl> — ‘(I)AKLT> |\IJO> — |(I)zero>
there is Hamiltonian /7, whose unique gaped g.s. is | T ,)
not invariant under the three transformations

T|W,) = >4 &> &> &> &>



matrix product representation
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S=2 asymmetric VEBS state
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disordered states that continvously interpolate between
‘l'he AKLT a"d fhe Zero STafes Pollmann, Turner, Berg, Oshikawa 2012

W) = |[PakLT) W) = |Prero)
there is Hamiltonian /7, whose unique gaped g.s. is | T ,)
invariant under the three transformations
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matrix product representation
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asymmetric VBS state and SPT phases

disordered states that continvously interpolate between
the AKLT state and the trivial zero state

there is Hamiltonian /7, whose unique gaped g.s. is | T ,)

H axrr belongs to a nontrivial SPT phase
connected within M
not connected within Msx

HAKLT and Htrival are {

5 =2 Hakur belongs to the trivial SPT phase

Haxrr and H,,i.. are connected within M



the difference between odd and even S

the asymmetric VBS state is invariant under the three
transformations if the arrows on every pair of
neighboring sites cancel
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summary

we defined the asymwetric VBS state, which
interpolates between the AKLT and the zero states

the asymwmetric VBS state has all the three
symmetries relevant to the SPT phases for S = 2, but

has none of the symmetries for S=1

these observations are consistent with the theory
of SPT phases in quantum spin chains, and provide us
with an intuitive explanation of the difference

between odd and even S
if we had come up with this ideain 1992 ....

illustrations by Kfactory and Naruse Chisato



