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motivation



the spin S quantum antiferromagnetic Heisenberg chain

the ground state is

how can we understand this qualitative difference 
between models with integer and half-odd-integer spins?

Haldane’s discovery Haldane 1981, 1983, 1983
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valence-bond picture
intuitive diagrammatic explanation



valence-bond picture
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〉 = |↑〉p|↓〉q − µ |↓〉p|↑〉q.
p q

Figure 3: The asymmetric valence-bond state |ψ(µ)
p,q 〉 that consists of two S = 1/2’s at sites p and q.

Unlike the spin-singlet, the state |ψ(µ)
p,q 〉 is not invariant if one switches p and q. We thus represent the

asymmetric valence-bond graphically by a line with an arrow.

The trivial zero state

|Φzero〉 =
L⊗

j=1

|0〉j (2.6)

SPT
Gu and Wen [10]
Pollmann, Turner, Berg, and Oshikawa [11, 12]
Ogata [17, 18, 19].
Review [20]

Connecting AKLT and trivial
Chen, Gu, and Wen [13]
Bachmann and Nachtergaele [21, 22]
Ogata [14, 15, 16]
Pollmann, Turner, Berg, and Oshikawa [12]

3 Asymmetric valence-bond

Let us define the asymmetric valence-bond,4 which is the building block of the asymmetric VBS state, and
discuss its basic transformation properties.

Consider a system of two sites, which we call p and q, and associate each site with a spin with S = 1/2.
For µ such that 0 ≤ µ ≤ 1, we define the mofiefied valence-bond state as

|ψ(µ)
p,q 〉 = |↑〉p|↓〉q − µ |↓〉p|↑〉q. (3.1)

= |↑〉p|↓〉q − |↓〉p|↑〉q. (3.2)

Note that the state |ψ(µ)
p,q 〉 with µ = 1 is nothing but the spin-singlet up to normalization. Although the spin

singlet is invariant under the inversion p ↔ q in the sense that |ψ(1)
p,q〉 = −|ψ(1)

q,p〉, the state |ψ(µ)
p,q 〉 with µ < 1

does not have such a symmetry. We thus represent the asymmetric valence-bond graphically by an oriented
segment as in Figure 1.

Let Θ̂ denote the antiunitary time-reversal operator. We find from (3.1) that5

Θ̂|ψ(µ)
p,q 〉 = −|ψ(µ)

q,p 〉, (3.3)

where one should note that p and q are switched on the right-hand side. Recalling the above remark about
the inversion invariance, one finds that the state is not time-reversally invariant unless µ = 1. Likewise, if
we denote by Û (y) and Û (z) the π-rotations of spins about the y-axis and z-axis, respectively, we find that

Û (y)|ψ(µ)
p,q 〉 = −|ψ(µ)

q,p 〉, Û (z)|ψ(µ)
p,q 〉 = |ψ(µ)

p,q 〉. (3.4)

Again the state |ψ(µ)
p,q 〉 is not Z2 × Z2 invariant unless µ = 1.

4We note that this is a slight abuse of terminology since a valence bond should not be asymmetric.
5It acts on the state of a single S = 1/2 spin as Θ̂(a|↑〉+ b|↓〉) = a∗|↓〉 − b∗|↑〉.

4

valence-bond (spin singlet)

can one form a translation-invariant state of a spin S 
chain from short-ranged valence-bonds?
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yes!

no!

S = 1/2

Affleck, Kennedy, Lieb, Tasaki 1987, 1988



the AKLT model and the AKLT state
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ĤAKLT =
PL

j=1 P̂
Stot>S
j,j+1

Affleck, Kennedy, Lieb, Tasaki 1987, 1988

an artificial antiferromagnetic model with integer S

rigorously known to have a unique gapped ground state
Affleck et al. 1988, Fannes, Nachtergaele, Werner 1992

exact ground state is known
the VBS (valence-bond solid) state or the AKLT state

Hamitlonians) that conect a trivial state and the AKLT state were already constructed by Bachman and
Nachtergale for S = 1 [25, 26] and by Pollmann, Turner, Berg, and Oshikwa for S = 2 [16]. The advantage
of our approach is that the states we propose are simpler and can be understood intuitively. Moreover,
our construction is unified and extends naturally to models with general integer spin S, thus clarifying the
essential difference between even and odd S.

2 Background

Let us make the foregoing discussion concrete and set our goal.
We start by fixing general notations. See, e.g., Chapter 2 of [4] for basics about quantum spin systems.

The spin operators of a single spin are denoted as (Ŝ(x), Ŝ(y), Ŝ(z)). They are (2S + 1) × (2S + 1) matrices
and satisfy (Ŝ(x))2 + (Ŝ(y))2 + (Ŝ(z))2 = S(S + 1) 1̂, where S = 1

2 , 1,
2
3 , . . . is the spin quantum number. We

use the standard basis state |m〉 such that Ŝ(z)|m〉 = m|m〉, where m = −S,−S + 1, . . . , S. When S = 1
2 ,

we write |↑〉 and |↓〉 instead of | 12 〉 and | − 1
2 〉, respectively. For a spin system on a finite lattice, we denote

by (Ŝ(x)
p , Ŝ(y)

p , Ŝ(z)
p ) and |m〉p the spin operators and the basis states corresponding to a site p.

Consider a one-dimensional lattice whose sites are denoted as j = 1, . . . , L. Unless otherwise mentioned,
we take the periodic boundary condition and identify the site L + 1 with 1. We assume that there is a
quantum spin with the spin quantum number S on each site j.

Haldane [1, 2, 3] studied standard one-dimensional spin systems including the spin S antiferromagnet
Heisenberg chain with the Hamiltonian

ĤHeis =
L∑

j=1

Ŝj · Ŝj+1, (2.1)

and argued that the model has a disordered ground state when S is an integer. This conclusion is not yet
rigorously proved for standard models, but is known to be valid for the Affleck-Kennedy-Lieb-Tasaki (AKLT)
model with the Hamiltonian

ĤAKLT =
L∑

j=1

P̂Stot>S
j,j+1 , (2.2)

where P̂Stot>S
j,j+1 denotes the projection operator onto the sector in which the total spin at two sites j and

j + 1 is larger than S [7, 8].2 In the original work [7, 8], it was proved that the S = 1 chain with the
Hamiltonian (2.2) has a unique gapped ground state. The same conclusion for the chain with general integer
S was later proved by Fannes, Nachtergaele, and Werner, as an application of the general theory of matrix
product states. See section 7.3 of [9]. The disordered ground states of the AKLT model, which are called
the AKLT states or the valence-bond solid (VBS) states, are compactly expressed in terms of valence-bonds,
i.e., spin-singlets3 formed by two spins with S = 1

2 , and projection operators as

|ΦAKLT〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

{
|↑〉(j,b)|↓〉(j+1,a) − |↓〉(j,b)|↑〉(j+1,a)

})
, (2.3)

for S = 1, and

|ΦAKLT〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

{
|↑〉(j,b)|↓〉(j+1,a) − |↓〉(j,b)|↑〉(j+1,a)

}
⊗

{
|↑〉(j,d)|↓〉(j+1,c) − |↓〉(j,d)|↑〉(j+1,c)

})
, (2.4)

for S = 2. See sections 4 and 5, respectively, for the notation.
The AKLT states have simple diagrammatic representation as in Figure 1. Note that there are two

valence-bonds attached to each site in (a), which means that each site carries two S = 1
2 ’s forming a spin

with S = 1. Similarly, there are four valence-bonds attached to each site in (b), which correspond to having
S = 2 spin at each site. One can draw similar diagrams for the AKLT state with any integer S, in which

2Recall that the total spin Stot of two spins with quantum number S takes the values 0, 1, . . . , 2S.
3 We here define valence-bond as an unnormalized state |↑〉p|↓〉q − |↓〉p|↑〉q .

3
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j + 1
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Hamitlonians) that conect a trivial state and the AKLT state were already constructed by Bachman and
Nachtergale for S = 1 [25, 26] and by Pollmann, Turner, Berg, and Oshikwa for S = 2 [16]. The advantage
of our approach is that the states we propose are simpler and can be understood intuitively. Moreover,
our construction is unified and extends naturally to models with general integer spin S, thus clarifying the
essential difference between even and odd S.

2 Background

Let us make the foregoing discussion concrete and set our goal.
We start by fixing general notations. See, e.g., Chapter 2 of [4] for basics about quantum spin systems.

The spin operators of a single spin are denoted as (Ŝ(x), Ŝ(y), Ŝ(z)). They are (2S + 1) × (2S + 1) matrices
and satisfy (Ŝ(x))2 + (Ŝ(y))2 + (Ŝ(z))2 = S(S + 1) 1̂, where S = 1

2 , 1,
2
3 , . . . is the spin quantum number. We

use the standard basis state |m〉 such that Ŝ(z)|m〉 = m|m〉, where m = −S,−S + 1, . . . , S. When S = 1
2 ,

we write |↑〉 and |↓〉 instead of | 12 〉 and | − 1
2 〉, respectively. For a spin system on a finite lattice, we denote

by (Ŝ(x)
p , Ŝ(y)

p , Ŝ(z)
p ) and |m〉p the spin operators and the basis states corresponding to a site p.

Consider a one-dimensional lattice whose sites are denoted as j = 1, . . . , L. Unless otherwise mentioned,
we take the periodic boundary condition and identify the site L + 1 with 1. We assume that there is a
quantum spin with the spin quantum number S on each site j.

Haldane [1, 2, 3] studied standard one-dimensional spin systems including the spin S antiferromagnet
Heisenberg chain with the Hamiltonian

ĤHeis =
L∑

j=1

Ŝj · Ŝj+1, (2.1)

and argued that the model has a disordered ground state when S is an integer. This conclusion is not yet
rigorously proved for standard models, but is known to be valid for the Affleck-Kennedy-Lieb-Tasaki (AKLT)
model with the Hamiltonian

ĤAKLT =
L∑

j=1

P̂Stot>S
j,j+1 , (2.2)

where P̂Stot>S
j,j+1 denotes the projection operator onto the sector in which the total spin at two sites j and

j + 1 is larger than S [7, 8].2 In the original work [7, 8], it was proved that the S = 1 chain with the
Hamiltonian (2.2) has a unique gapped ground state. The same conclusion for the chain with general integer
S was later proved by Fannes, Nachtergaele, and Werner, as an application of the general theory of matrix
product states. See section 7.3 of [9]. The disordered ground states of the AKLT model, which are called
the AKLT states or the valence-bond solid (VBS) states, are compactly expressed in terms of valence-bonds,
i.e., spin-singlets3 formed by two spins with S = 1

2 , and projection operators as

|ΦAKLT〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

{
|↑〉(j,b)|↓〉(j+1,a) − |↓〉(j,b)|↑〉(j+1,a)

})
, (2.3)

for S = 1, and

|ΦAKLT〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

{
|↑〉(j,b)|↓〉(j+1,a) − |↓〉(j,b)|↑〉(j+1,a)

}
⊗
{
|↑〉(j,d)|↓〉(j+1,c) − |↓〉(j,d)|↑〉(j+1,c)

})
, (2.4)

for S = 2. See sections 4 and 5, respectively, for the notation.
The AKLT states have simple diagrammatic representation as in Figure 1. Note that there are two

valence-bonds attached to each site in (a), which means that each site carries two S = 1
2 ’s forming a spin

with S = 1. Similarly, there are four valence-bonds attached to each site in (b), which correspond to having
S = 2 spin at each site. One can draw similar diagrams for the AKLT state with any integer S, in which

2Recall that the total spin Stot of two spins with quantum number S takes the values 0, 1, . . . , 2S.
3 We here define valence-bond as an unnormalized state |↑〉p|↓〉q − |↓〉p|↑〉q .
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Ĥs 2 M
conjecture: all Hamiltonians in      are connected<latexit sha1_base64="io7xfrCU7fl+1Xal+Oa6BYDqIN0=">AAAB/XicbVDLSgMxFL1TX7W+6mPnZrAIrsqMiLqzIKIboYJ9QDuUTJppQ5PMkGSEdij+ipsuFOnWf3DpzmX/xPSx0NYDl3s4515yc/yIUaUd59tKLS2vrK6l1zMbm1vbO9ndvbIKY4lJCYcslFUfKcKoICVNNSPVSBLEfUYqfud67FeeiFQ0FI+6GxGPo5agAcVIG6kDA+CAQEMbsOkMEriHfiObc/LOBPYicWckd/U5uh0e9EbFRvar3gxxzInQmCGlaq4TaS9BUlPMSD9TjxWJEO6gFqkZKhAnyksm1/ftY6M07SCUpoS2J+rvjQRxpbrcN5Mc6baa98bif14t1sGll1ARxZoIPH0oiJmtQ3schd2kkmDNuoYgLKm51cZtJBHWJrCMCcGd//IiKZ/m3fP82YObK9zAFGk4hCM4ARcuoAB3UISSCbcHL/AKb9azNbDereF0NGXNdvbhD6yPH3nqlnY=</latexit>M

there is only one phase in <latexit sha1_base64="io7xfrCU7fl+1Xal+Oa6BYDqIN0=">AAAB/XicbVDLSgMxFL1TX7W+6mPnZrAIrsqMiLqzIKIboYJ9QDuUTJppQ5PMkGSEdij+ipsuFOnWf3DpzmX/xPSx0NYDl3s4515yc/yIUaUd59tKLS2vrK6l1zMbm1vbO9ndvbIKY4lJCYcslFUfKcKoICVNNSPVSBLEfUYqfud67FeeiFQ0FI+6GxGPo5agAcVIG6kDA+CAQEMbsOkMEriHfiObc/LOBPYicWckd/U5uh0e9EbFRvar3gxxzInQmCGlaq4TaS9BUlPMSD9TjxWJEO6gFqkZKhAnyksm1/ftY6M07SCUpoS2J+rvjQRxpbrcN5Mc6baa98bif14t1sGll1ARxZoIPH0oiJmtQ3schd2kkmDNuoYgLKm51cZtJBHWJrCMCcGd//IiKZ/m3fP82YObK9zAFGk4hCM4ARcuoAB3UISSCbcHL/AKb9azNbDereF0NGXNdvbhD6yPH3nqlnY=</latexit>M
space of Hamiltonians in      with symmetry<latexit sha1_base64="io7xfrCU7fl+1Xal+Oa6BYDqIN0=">AAAB/XicbVDLSgMxFL1TX7W+6mPnZrAIrsqMiLqzIKIboYJ9QDuUTJppQ5PMkGSEdij+ipsuFOnWf3DpzmX/xPSx0NYDl3s4515yc/yIUaUd59tKLS2vrK6l1zMbm1vbO9ndvbIKY4lJCYcslFUfKcKoICVNNSPVSBLEfUYqfud67FeeiFQ0FI+6GxGPo5agAcVIG6kDA+CAQEMbsOkMEriHfiObc/LOBPYicWckd/U5uh0e9EbFRvar3gxxzInQmCGlaq4TaS9BUlPMSD9TjxWJEO6gFqkZKhAnyksm1/ftY6M07SCUpoS2J+rvjQRxpbrcN5Mc6baa98bif14t1sGll1ARxZoIPH0oiJmtQ3schd2kkmDNuoYgLKm51cZtJBHWJrCMCcGd//IiKZ/m3fP82YObK9zAFGk4hCM4ARcuoAB3UISSCbcHL/AKb9azNbDereF0NGXNdvbhD6yPH3nqlnY=</latexit>M<latexit sha1_base64="kZ4EQUpLUm8C3HLlmUjFvNGmRDY=">AAACB3icbVDLSgMxFL1TX7U+OurSTbAIrsqMiLosiOBGqGgf0A4lk6ZtaCYZkoxQhu7c+CFu3LhQxK2/4M6/MW1noa0HLpyccy+594QxZ9p43reTW1peWV3Lrxc2Nre2i+7Obl3LRBFaI5JL1QyxppwJWjPMcNqMFcVRyGkjHF5M/MY9VZpJcWdGMQ0i3Besxwg2VpJuEVJ4AgIYOCC4hjF07PsWGPQhAtxxS17ZmwItEj8jJchQ7bhf7a4kSUSFIRxr3fK92AQpVoYRTseFdqJpjMkQ92nLUoEjqoN0escYHVqli3pS2RIGTdXfEymOtB5Foe2MsBnoeW8i/ue1EtM7D1Im4sRQQWYf9RKOjESTUFCXKUoMH1mCiWJ2V0QGWGFibHQFG4I/f/IiqR+X/dPyyc1JqXKZxZGHfTiAI/DhDCpwBVWo2agf4Ble4c15dF6cd+dj1ppzspk9+APn8weZGJQT</latexit>M⌃

<latexit sha1_base64="sKeieq5Nmum/EBzTqsLVS6CoI4U=">AAAB83icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeCCB4r2g9ol5JNs21okl2SrFCW/g0vHhTRo3/Gm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoWV1bX1jeJmaWt7Z3evvH/QNHGqKWvQWMS6HRLDBFesYbkVrJ1oRmQoWCscXU/91iPThsfqwY4TFkgyUDzilFgnRfAB98BhABJIr1zxqt4MeJn4OalAjnqv/NXtxzSVTFkqiDEd30tskBFtORVsUuqmhiWEjsiAdRxVRDITZLObJ/jEKX0cxdqVsnim/p7IiDRmLEPXKYkdmkVvKv7ndVIbXQUZV0lqmaLzRVEqsI3xNADc55pRK8aOEKq5uxXTIdGEWhdTyYXgL768TJpnVf+ien53Xqnd5HEU4QiO4RR8uIQa3EIdGkAhgSd4gVeUomf0ht7nrQWUzxzCH6DPH9Ohj54=</latexit>

⌃

are connected in         if there exists
a continuous path                   with <latexit sha1_base64="0DVfAVfa1EH7IAGtHKPjAga7LAg=">AAAB+XicbVBNS8NAEJ3Ur1q/qh69LJaCBymJiHosiOCxgv2ANJTNdtMu3WzC7qZQQhH8HR7sQRGv/hDBm//GbdqDtj4YeLw3w8w8P+ZMadv+tnIrq2vrG/nNwtb2zu5ecf+goaJEElonEY9ky8eKciZoXTPNaSuWFIc+p01/cD31m0MqFYvEvR7F1AtxT7CAEayNxEDBCzAQ4IINp+CA1ymW7IqdAS0TZ05K1fLg8WHy/FnrFL/a3YgkIRWacKyU69ix9lIsNSOcjgvtRNEYkwHuUddQgUOqvDS7fIzKRumiIJKmhEaZ+nsixaFSo9A3nSHWfbXoTcX/PDfRwZWXMhEnmgoyWxQkHOkITWNAXSYp0XxkCCaSmVsR6WOJiTZhFUwIzuLLy6RxVnEuKud3Tql6AzPk4QiO4cQEeQlVuIUa1IHAEJ5MzK9Wak2sN+t91pqz5jOH8AfWxw/hWZRT</latexit>s 2 [0, 1]

<latexit sha1_base64="akPeiBuyCMpDmcLjRo/ZmRVColc="></latexit>

Ĥ0, Ĥ1 2 M⌃
<latexit sha1_base64="kZ4EQUpLUm8C3HLlmUjFvNGmRDY=">AAACB3icbVDLSgMxFL1TX7U+OurSTbAIrsqMiLosiOBGqGgf0A4lk6ZtaCYZkoxQhu7c+CFu3LhQxK2/4M6/MW1noa0HLpyccy+594QxZ9p43reTW1peWV3Lrxc2Nre2i+7Obl3LRBFaI5JL1QyxppwJWjPMcNqMFcVRyGkjHF5M/MY9VZpJcWdGMQ0i3Besxwg2VpJuEVJ4AgIYOCC4hjF07PsWGPQhAtxxS17ZmwItEj8jJchQ7bhf7a4kSUSFIRxr3fK92AQpVoYRTseFdqJpjMkQ92nLUoEjqoN0escYHVqli3pS2RIGTdXfEymOtB5Foe2MsBnoeW8i/ue1EtM7D1Im4sRQQWYf9RKOjESTUFCXKUoMH1mCiWJ2V0QGWGFibHQFG4I/f/IiqR+X/dPyyc1JqXKZxZGHfTiAI/DhDCpwBVWo2agf4Ble4c15dF6cd+dj1ppzspk9+APn8weZGJQT</latexit>

M⌃
<latexit sha1_base64="SNesrL1Tc0iosW8SEGqusk0Xhk4="></latexit>

Ĥs 2 M⌃

may consist of distinct connected components<latexit sha1_base64="TADo0RfEjsWSBoM/OB7RoR0wLdg=">AAACDXicbVC7SgNBFL0bXzG+1gg2NoNBsAq7ImoZYmMjJGgekCxhdjKbDJl9MDMrhCU/YONXWAo2FopYCfZ2Nn6Ls0kKTTxwuYdz7mXmHjfiTCrL+jIyC4tLyyvZ1dza+sbmlrmdr8swFoTWSMhD0XSxpJwFtKaY4rQZCYp9l9OGOzhP/cYNFZKFwbUaRtTxcS9gHiNYaSk083APPmBQ0AeiO4cELmEEHa1fAYNe6nbMglW0xkDzxJ6SQmm3+s0eyu+VjvnZ7oYk9mmgCMdStmwrUk6ChWKE01GuHUsaYTLAPdrSNMA+lU4yvmaEDrTSRV4odAUKjdXfGwn2pRz6rp70serLWS8V//NasfLOnIQFUaxoQCYPeTFHKkRpNKjLBCWKDzXBRDD9V0T6WGCidIA5HYI9e/I8qR8V7ZPicdUulMowQRb2YB8OwYZTKMEFVKCmo76FR3iGF+POeDJejbfJaMaY7uzAHxgfP9VwmXE=</latexit>M⌃

symmetry protected topological (SPT) phases

<latexit sha1_base64="Z3to7ph+ioQ3fE4sDxGOUHuAZrQ=">AAAB+XicbVDLSgNBEOz1GeMrKnjxMhgET2FXRD2GePGYgHlAsoTZySQZMju7zPQGwpI/8eJBEcGTv+AXePPitzh5HDSxoKGo6qa7K4ilMOi6X87K6tr6xmZmK7u9s7u3nzs4rJko0YxXWSQj3Qio4VIoXkWBkjdizWkYSF4PBrcTvz7k2ohI3eMo5n5Ie0p0BaNoJQFP0AcKCCncwRja4LZzebfgTkGWiTcn+eJx5Vu8lT7K7dxnqxOxJOQKmaTGND03Rj+lGgWTfJxtJYbHlA1ojzctVTTkxk+nl4/JmVU6pBtpWwrJVP09kdLQmFEY2M6QYt8sehPxP6+ZYPfGT4WKE+SKzRZ1E0kwIpMYSEdozlCOLKFMC3srYX2qKUMbVtaG4C2+vExqFwXvqnBZ8fLFEsyQgRM4hXPw4BqKNtIyVIHBEB5s0M9O6jw6L87rrHXFmc8cwR847z9Ll5SN</latexit>

Ĥ0

<latexit sha1_base64="RDvMGea2uAF5D8Pt2mFSFlnnfWA=">AAAB+XicbVDLSgNBEOz1GeMrKnjxMhgET2FXRD2GePGYgHlAsoTZySQZMju7zPQGwpI/8eJBEcGTv+AXePPitzh5HDSxoKGo6qa7K4ilMOi6X87K6tr6xmZmK7u9s7u3nzs4rJko0YxXWSQj3Qio4VIoXkWBkjdizWkYSF4PBrcTvz7k2ohI3eMo5n5Ie0p0BaNoJQFP0AcKCCncwRja4LVzebfgTkGWiTcn+eJx5Vu8lT7K7dxnqxOxJOQKmaTGND03Rj+lGgWTfJxtJYbHlA1ojzctVTTkxk+nl4/JmVU6pBtpWwrJVP09kdLQmFEY2M6QYt8sehPxP6+ZYPfGT4WKE+SKzRZ1E0kwIpMYSEdozlCOLKFMC3srYX2qKUMbVtaG4C2+vExqFwXvqnBZ8fLFEsyQgRM4hXPw4BqKNtIyVIHBEB5s0M9O6jw6L87rrHXFmc8cwR847z9NG5SO</latexit>

Ĥ1

<latexit sha1_base64="hmn+krc63SoehbqT3GJ/1e6BTPM=">AAAB/XicbVDLSgMxFL1TX3V8VV26CRbBVZkRUTdi0Y0boYJ9QC0lk2ba0CQzJBmhDsVfEaQLRdz6Ce7diH9j+lho64HLPZxzL7k5QcyZNp737WTm5hcWl7LL7srq2vpGbnOroqNEEVomEY9ULcCaciZp2TDDaS1WFIuA02rQvRj61TuqNIvkjenFtCFwW7KQEWys1IUBCMBgoAPEdg4pXEG/mct7BW8ENEv8Ccmffbin8dOXW2rmPm9bEUkElYZwrHXd92LTSLEyjHDad28TTWNMurhN65ZKLKhupKPr+2jPKi0URsqWNGik/t5IsdC6JwI7KbDp6GlvKP7n1RMTnjRSJuPEUEnGD4UJRyZCwyhQiylKDO9Zgoli9lZEOlhhYmxgrg3Bn/7yLKkcFPyjwuG1ny+ewxhZ2IFd2AcfjqEIl1CCsg33Hh7hGV6cB2fgvDpv49GMM9nZhj9w3n8ADveVZg==</latexit>

M

<latexit sha1_base64="TADo0RfEjsWSBoM/OB7RoR0wLdg=">AAACDXicbVC7SgNBFL0bXzG+1gg2NoNBsAq7ImoZYmMjJGgekCxhdjKbDJl9MDMrhCU/YONXWAo2FopYCfZ2Nn6Ls0kKTTxwuYdz7mXmHjfiTCrL+jIyC4tLyyvZ1dza+sbmlrmdr8swFoTWSMhD0XSxpJwFtKaY4rQZCYp9l9OGOzhP/cYNFZKFwbUaRtTxcS9gHiNYaSk083APPmBQ0AeiO4cELmEEHa1fAYNe6nbMglW0xkDzxJ6SQmm3+s0eyu+VjvnZ7oYk9mmgCMdStmwrUk6ChWKE01GuHUsaYTLAPdrSNMA+lU4yvmaEDrTSRV4odAUKjdXfGwn2pRz6rp70serLWS8V//NasfLOnIQFUaxoQCYPeTFHKkRpNKjLBCWKDzXBRDD9V0T6WGCidIA5HYI9e/I8qR8V7ZPicdUulMowQRb2YB8OwYZTKMEFVKCmo76FR3iGF+POeDJejbfJaMaY7uzAHxgfP9VwmXE=</latexit>

M⌃

gapless 
models



SPT phases in spin chains with integer S
Gu,Wen 2009, Pollmann, Turner, Berg, Oshikawa 2010, 2012, Ogata 2020, 2022

<latexit sha1_base64="TADo0RfEjsWSBoM/OB7RoR0wLdg=">AAACDXicbVC7SgNBFL0bXzG+1gg2NoNBsAq7ImoZYmMjJGgekCxhdjKbDJl9MDMrhCU/YONXWAo2FopYCfZ2Nn6Ls0kKTTxwuYdz7mXmHjfiTCrL+jIyC4tLyyvZ1dza+sbmlrmdr8swFoTWSMhD0XSxpJwFtKaY4rQZCYp9l9OGOzhP/cYNFZKFwbUaRtTxcS9gHiNYaSk083APPmBQ0AeiO4cELmEEHa1fAYNe6nbMglW0xkDzxJ6SQmm3+s0eyu+VjvnZ7oYk9mmgCMdStmwrUk6ChWKE01GuHUsaYTLAPdrSNMA+lU4yvmaEDrTSRV4odAUKjdXfGwn2pRz6rp70serLWS8V//NasfLOnIQFUaxoQCYPeTFHKkRpNKjLBCWKDzXBRDD9V0T6WGCidIA5HYI9e/I8qR8V7ZPicdUulMowQRb2YB8OwYZTKMEFVKCmo76FR3iGF+POeDJejbfJaMaY7uzAHxgfP9VwmXE=</latexit>

M⌃ consists of at least two SPT phases

the time-reversal symmetry
the bond-centered inversion symmetry

when     is<latexit sha1_base64="wGqzVYwbSmVMy29RlfM7X7A2NvM=">AAAB83icbVDJSgNBEK2JW4xbXG5eGoPgKcyIqDcDInqMaBZIhtDT6UmadPcM3T1CDPkNLx4U0aN+iEdvHvMndpaDJj4oeLxXRVW9IOZMG9f9dlJz8wuLS+nlzMrq2vpGdnOrrKNEEVoiEY9UNcCaciZpyTDDaTVWFIuA00rQOR/6lTuqNIvkrenG1Be4JVnICDZWCuENboBBCwTgRjbn5t0R0CzxJiR39jm4/Ni5HxQb2a96MyKJoNIQjrWueW5s/B5WhhFO+5l6ommMSQe3aM1SiQXVfm90cx/tW6WJwkjZkgaN1N8TPSy07orAdgps2nraG4r/ebXEhKd+j8k4MVSS8aIw4chEaBgAajJFieFdSzBRzN6KSBsrTIyNKWND8KZfniXlw7x3nD+69nKFCxgjDbuwBwfgwQkU4AqKUAICMTzAEzw7ifPovDiv49aUM5nZhj9w3n8AnZOT6Q==</latexit>⌃
<latexit sha1_base64="VUTrk+xXJxRLqi0KRVgVUDNQYIQ=">AAAB93icbZDLSgMxFIbPeK311urSTbAIruqMiLosiiCCUMFesB1KJk3b0MyF5IwwDH0RNy684NZXcefOh/ABTC8LbT0h8PH/55CT34uk0Gjbn9bc/MLi0nJmJbu6tr6xmctvVXUYK8YrLJShqntUcykCXkGBktcjxanvSV7z+udDv3bPlRZhcItJxF2fdgPREYyikXrwAmcgoGuONJy2cgW7aI+KzIIzgULp6u77K399UG7lPprtkMU+D5BJqnXDsSN0U6pQMMkH2WaseURZn3Z5w2BAfa7ddLT3gOwZpU06oTI3QDJSf0+k1Nc68T3T6VPs6WlvKP7nNWLsnLqpCKIYecDGD3ViSTAkwxBIWyjOUCYGKFPC7EpYjyrK0ESVNSE401+eheph0TkuHt04hdIFjCsDO7AL++DACZTgEspQAQYID/AEz1ZiPVqv1tu4dc6azGzDn7LefwB4QpQa</latexit>(theorem

<latexit sha1_base64="16C6hhdGL5OD+5XT2LBQa283XTk="></latexit>

|�zeroi =
NL

j=1 |0ij

<latexit sha1_base64="8WbHbgSlvikFwm28Y4CM0LPLoLM="></latexit>

Ĥtrivial =
PL

j=1(Ŝ
(z)
j )2

disordered ground state
belongs to the trivial phase

<latexit sha1_base64="GktkLoDWi1gRF+lT+bb2aVT38Lw=">AAACDXicbVC7SgNBFL0bo8b1tcZC0GYwCIIQdkXUMhIEQYsIeUGyhNnJJBky+2BmVghLfsDGr0hvY6GIrb2dX6OTR6HRA5d7OOdeZu7xIs6ksu1PI7WQXlxazqyYq2vrG5vWVrYqw1gQWiEhD0Xdw5JyFtCKYorTeiQo9j1Oa16/OPZrd1RIFgZlNYio6+NuwDqMYKWl0MrCCHqAQUECVzCElu4jEOADggu4hhsow7Bl5ey8PQH6S5wZyRV2zaOd9Fex1LI+mu2QxD4NFOFYyoZjR8pNsFCMcDo0m7GkESZ93KUNTQPsU+kmk2uG6EArbdQJha5AoYn6cyPBvpQD39OTPlY9Oe+Nxf+8Rqw6527CgihWNCDThzoxRypE42hQmwlKFB9ogolg+q+I9LDAROkATR2CM3/yX1I9zjun+ZNbJ1e4hCkysAf7cAgOnEFBh1yCChC4h0d4hhfjwXgyXo236WjKmO1swy8Y79/fU5dP</latexit>

ĤAKLT belongs to the trivial phase if S is even
a nontrivial phase if S is odd<latexit sha1_base64="vcgXqVLitI7xwrz86AopeZKOqbs=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EiuCozIlXopiiCywr2Au1QMmlmGprJDElGKUM3bn0BNy4U7dZ3cSe+jOlloa0/BD7+cw7n5PdizpS27S8rs7S8srqWXc9tbG5t7+R39+oqSiShNRLxSDY9rChngtY005w2Y0lx6HHa8PqX43rjjkrFInGrBzF1QxwI5jOCtbECeIcLYBAAN5R28gW7aE+EFsGZQaFSfhiVe4/f1U7+s92NSBJSoQnHSrUcO9ZuiqVmhNNhrp0oGmPSxwFtGRQ4pMpNJ1cP0ZFxusiPpHlCo4n7eyLFoVKD0DOdIdY9NV8bm//VWon2z92UiTjRVJDpIj/hSEdoHAHqMkmJ5gMDmEhmbkWkhyUm2gSVMyE4819ehPpJ0SkVT2+cQuUKpsrCARzCMThwBhW4hirUgICEJ3iBV+veerberNG0NWPNZvbhj6yPHxU4lAc=</latexit>n

the essence of the difference between odd and even S

<latexit sha1_base64="A8OSogBlX6WDojL6chrzzUhJ0N0=">AAACJXicdVDLSgMxFL1Tq9b6qroQFGSwCIJQZoqoy0IRXFawD2yHkkkzbWjmQXJHKEN/RhB/xY0Liwiu/BRNHwutekLgcM65JPe4keAKLevdSC2kF5eWMyvZ1bX1jc3c1nZNhbGkrEpDEcqGSxQTPGBV5ChYI5KM+K5gdbdfHvv1OyYVD4MbHETM8Uk34B6nBLUU5g7gAXwggNADV58EbmEIbShqHYFrj4H6L9PO5a2CNYH5m9gzki/tZU9205/lSjs3anVCGvssQCqIUk3bitBJiEROBRtmW7FiEaF90mVNTQPiM+Ukky2H5pFWOqYXSn0DNCfq94mE+EoNfFcnfYI9Ne+Nxb+8ZozehZPwIIqRBXT6kBcLE0NzXJnZ4ZJRFANNCJVc/9WkPSIJRV1sVpdgz6/8m9SKBfuscHpt50uXMEUG9uEQjsGGcyjBFVSgChTu4QleYGQ8Gs/Gq/E2jaaM2cwO/IDx8QV2UJ2d</latexit>

Z2 ⇥ Z2the               symmetry

intuitive diagrammatic explanation



asymmetric VBS states



asymmetric valence-bond
the building block of the asymmetric VBS state
a state of two S = 1/2’s parametrized by 

<latexit sha1_base64="dMCJabxgtChi9H69mrPcr7RL0Uk=">AAAB/XicbVDLSgMxFL1TX7W+qi7dBEvBhZQZEXVZEMFlBfuA6VAyaaYNk8kMSUaopRT8krroQhG3fobgzr8xfSy09cC9HM65l9wcP+FMadv+tjIrq2vrG9nN3Nb2zu5efv+gpuJUElolMY9lw8eKciZoVTPNaSORFEc+p3U/vJ749QcqFYvFve4l1ItwR7CAEayNFMIYIkhNZyDABRtOwQGvlS/YJXsKtEycOSmUi+HT8Hn0WWnlv5rtmKQRFZpwrJTr2In2+lhqRjgd5JqpogkmIe5Q11CBI6q8/vT6ASoapY2CWJoSGk3V3xt9HCnVi3wzGWHdVYveRPzPc1MdXHl9JpJUU0FmDwUpRzpGkyhQm0lKNO8Zgolk5lZEulhiok1gOROCs/jlZVI7KzkXpfM7p1C+gRmycATHcGKCvIQy3EIFqkDgEUbwAq/W0Bpbb9b7bDRjzXcO4Q+sjx8pkJWN</latexit>
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Figure 3: The asymmetric valence-bond |ψ(µ)
p,q 〉 that consists of two S = 1

2 ’s at sites p and q. Unlike the

spin-singlet, the state |ψ(µ)
p,q 〉 is not invariant if one switches p and q. We thus represent the asymmetric

valence-bond diagramatically by a line with an arrow.

See, e.g., [4] for details. The Z2×Z2 transformation is generated by the global π-rotations of the spins about,

e.g., the y-axis and the z-axis. They are described by the unitary operators Û (y) = exp[−iπ
∑L

j=1 Ŝ
(y)
j ] and

Û (z) = exp[−iπ
∑L

j=1 Ŝ
(z)
j ]. Finally, the bond-centered inversion transformation is the unitary transformation

induced by the inversion transformation j → L+ 1− j.

3 Asymmetric valence-bond

Let us define the asymmetric valence-bond4, and discuss its basic transformation properties. The asymmetric
valence-bond is the building block of the asymmetric VBS state.

Consider a system of two sites, which we call p and q, and associate each site with a spin with S = 1
2 .

For µ such that 0 ≤ µ ≤ 1, we define the assymmetric valence-bond as

|ψ(µ)
p,q 〉 = |↑〉p|↓〉q − µ |↓〉p|↑〉q. (3.1)

Note that the state |ψ(µ)
p,q 〉 with µ = 1 is nothing but the spin-singlet or the standard valence-bond. Although

the spin-singlet is invariant under the inversion p ↔ q in the sense that |ψ(1)
p,q〉 = −|ψ(1)

q,p〉, the state |ψ(µ)
p,q 〉

with µ < 1 does not have such symmetry. We thus represent the asymmetric valence-bond diagramatically
by an oriented segment as in Figure 3.

From (3.1) and (2.7) we find that the asymmetric valence-bond transforms under the time-reversal as

Θ̂|ψ(µ)
p,q 〉 = −|ψ(µ)

q,p 〉, (3.2)

where one should note that p and q are switched on the right-hand side. Recalling the above remark about
the inversion invariance, one finds that the state is not time-reversally invariant unless µ = 1. Likewise, we
find that the state transfomrs under the Z2 × Z2 transformation as

Û (y)|ψ(µ)
p,q 〉 = −|ψ(µ)

q,p 〉, Û (z)|ψ(µ)
p,q 〉 = |ψ(µ)

p,q 〉. (3.3)

Again the asymmetric valence-bond |ψ(µ)
p,q 〉 is not Z2 × Z2 invariant unless µ = 1.

4 The asymmetric VBS state for the S = 1 chain

We consider an S = 1 system on the chain with L sites with the periodic boundary condition and define
the asymmetric VBS state. We shall show that the asymmetric VBS state continuously connects the AKLT
state (2.3) and the zero state (2.6), but lacks any of the three relevant symmetries. We note that our state
is similar to those constructed and discussed by Bachmann and Nachtergaele in section 3 of [26] in order to
connect the AKLT state and the zero state. We also find that the asymmetric VBS state can be regarded
as a special case of the general matrix product states constructed in [27]. It is similar to but different from
the q-deformed AKLT state, i.e., Example 7 of [9].

4.1 The state and the (lack of) symmetry

We follow the original construction of the AKLT state [7, 8] and represent a spin with S = 1 in terms of two
spins with S = 1

2 . Consider two S = 1
2 spins labeled by a and b. We define the projection operator onto the

triplet as

Ŝ = |1〉 b〈↑|a〈↑|+ |0〉b〈↓|a〈↑|+ b〈↑|a〈↓|√
2

+ |−1〉 b〈↓|a〈↓|, (4.1)

4We note that this is a slight abuse of terminology since a valence-bond should not be asymmetric.
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Figure 4: The construction of the S = 1 asymmetric VBS state. (a) The original chain with L sites.
(b) The duplicated chain. We doubled a single site j into two sites (j, a) and (j, b). (c) The S = 1
asymmetric VBS state. A gray oval represents symmetrization of two S = 1

2 ’s, which gives an S = 1.

where |m〉 with m = 0,±1 denote the standard basis states of a spin with S = 1. Note that Ŝ can be
interpreted as the symmetrization operator [7, 8, 4].

We consider the duplicated chain obtained by doubling each site in the original chain, and label doubled
sites as (j, a) and (j, b) with j = 1, . . . , L. We associate each site in the duplicated chain with an S = 1

2
spin. Then we define the S = 1 asymmetric VBS state characterized by the parameter µ ∈ [0, 1] as

|Ψµ〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

|ψ(µ)
(j,b),(j+1,a)〉

)
, (4.2)

where |ψ(µ)
(j,b),(j+1,a)〉 is the asymmtric valence-bond (3.1) and Ŝj is the operator (4.1) that acts on the two

spins on sites (j, a) and (j, b). See Figure 4.
Clearly the asymmetric VBS state (4.2) coincides with the AKLT state (2.3) when µ = 1. For µ = 0, we

see from (3.1) and (4.1) that

|Ψ0〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

|↑〉(j,b)|↓〉(j+1,a)

)
= 2−L/2

L⊗

j=1

|0〉j = 2−L/2 |Φzero〉. (4.3)

We thus see that the asymmetric VBS state |Ψµ〉 continuously interpolates between the AKLT state (2.3)
and the zero state (2.6).

From (3.2) and (3.3), one easily sees that the asymmetric VBS state |Ψµ〉 with 0 < µ < 1 is not
invariant under the time-reversal, the Z2 × Z2, or the bond-centered inversion transformation. Recall that
the AKLT state |Ψ1〉 is invariant under these three transformations. Although the asymmetric valence-bond

|ψ(µ)
(j,b),(j+1,a)〉 with µ = 0 lacks the symmetry, the zero state (4.3) as a whole is invariant under the three

transformations.

4.2 The matrix product representatioin and correlation functions

Recalling that |ψ(µ)
(j,b),(j+1,a)〉 is a sum of two terms as in (3.1), one can expand the asymmetric VBS state

(4.2) into a sum of 2L terms. Such an expansion is neatly expressed in the matrix product form

|Ψµ〉 =
S∑

m1,...,mL=−S

Tr[A(m1) · · ·A(mL)] |m1〉1 ⊗ · · ·⊗ |mL〉L, (4.4)

where we set S = 1 in the present section. It is found that the matrices in (4.4) may be chosen as

A(1) =

(
0 0

−√
µ 0

)
, A(0) =

1√
2

(
1 0
0 −µ

)
, A(−1) =

(
0

√
µ

0 0

)
. (4.5)

See, e.g., section 7.2.2 of [4] for details.
From the matrix product representation (4.4) one finds that the normalization of the asymmetric VBS

state is expressed as
〈Ψµ|Ψµ〉 = Tr[TL], (4.6)
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where the transfer matrix T is the 4× 4 matrix defined as

(T)(α,β),(α′,β′) :=
S∑

m=−S

(A(m))α,α′(A(m))β,β′ . (4.7)

By using (4.5), we find

T =





1
2 µ 0 0

µ µ2

2 0 0
0 0 −µ

2 0
0 0 0 −µ

2



 , (4.8)

where the entries appear in the order (1,1), (2,2), (1,2), (2,1). One readily finds that T has eigenvalues

λ0 = −µ

2
, λ± =

µ2 + 1±
√

µ4 + 14µ2 + 1

4
, (4.9)

where λ0 is doubly degenerate. See Figure 5.
Let Ô and Ô′ be arbitrary operators that act on a single spin, and denote by Ôj and Ô′

k their copies
on sites j and k. Then for any 1 ≤ j < k ≤ L, we see that the unnormalized correlation function has a
representation

〈Ψµ|ÔjÔ
′
k|Ψµ〉 = Tr[DÔ Tk−j−1DÔ′ TL−k+j−1], (4.10)

where we defined the 4× 4 matrix DÔ correspoinding to an arbitrary operator O by

(DÔ)(α,β),(α′,β′) =
S∑

m,m′=−S

(A(m))α,α′〈m|Ô|m′〉(A(m′))β,β′ . (4.11)

In particular we find from explicit computations that the spin-spin correlation fucntions for any j &= k
are given by

〈Ŝ(z)
j Ŝ(z)

k 〉µ =
4

3

(λ−
λ+

)|j−k|
, (4.12)

and

〈Ŝ(x)
j Ŝ(x)

k 〉µ = 〈Ŝ(y)
j Ŝ(y)

k 〉µ =
(λ+ + 1

2 )(λ+ + µ2

2 )

2(λ+ − µ2+1
4 )λ+

( λ0
λ+

)|j−k|
, (4.13)

where

〈 · 〉µ = lim
L↑∞

〈Ψµ| · |Ψµ〉
〈Ψµ|Ψµ〉

(4.14)

denotes the expectation value in the inifinite volume limit of the asymmetric VBS state. Noting that
λ+ > 0, |λ−/λ+| < 1, and |λ0/λ+| < 1 for any µ ∈ [0, 1], we see that the spin-spin correlation functions in
the asymmetric VBS state always exhibit exponential decay accompanied by antiferromagnetic oscilation.5

We note that the correlation lengths are uniformly bounded in the whole range µ ∈ [0, 1].
More generally one can prove that any truncated correlation function decays exponentially.

5We note in passing that |Ψµ〉 exhibits nonzero string order (which reveals the hidden antiferromagnetic order) in the z-
direction for any µ ∈ (0, 1], but in the x or y-direction only for µ = 1. This fact has little physical relevance since the model
does not have the Z2 × Z2 symmetry (except at µ = 1 or 0). See, e.g., chapter 8 of [4] for details.
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Let Ô and Ô′ be arbitrary operators that act on a single spin, and denote by Ôj and Ô′
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where

〈 · 〉µ = lim
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〈Ψµ| · |Ψµ〉
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(4.14)

denotes the expectation value in the inifinite volume limit of the asymmetric VBS state. Noting that
λ+ > 0, |λ−/λ+| < 1, and |λ0/λ+| < 1 for any µ ∈ [0, 1], we see that the spin-spin correlation functions in
the asymmetric VBS state always exhibit exponential decay accompanied by antiferromagnetic oscilation.5

We note that the correlation lengths are uniformly bounded in the whole range µ ∈ [0, 1].
More generally one can prove that any truncated correlation function decays exponentially.

5We note in passing that |Ψµ〉 exhibits nonzero string order (which reveals the hidden antiferromagnetic order) in the z-
direction for any µ ∈ (0, 1], but in the x or y-direction only for µ = 1. This fact has little physical relevance since the model
does not have the Z2 × Z2 symmetry (except at µ = 1 or 0). See, e.g., chapter 8 of [4] for details.
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j Ŝ(x)

k 〉µ = 〈Ŝ(y)
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(4.14)

denotes the expectation value in the inifinite volume limit of the asymmetric VBS state. Noting that
λ+ > 0, |λ−/λ+| < 1, and |λ0/λ+| < 1 for any µ ∈ [0, 1], we see that the spin-spin correlation functions in
the asymmetric VBS state always exhibit exponential decay accompanied by antiferromagnetic oscilation.5

We note that the correlation lengths are uniformly bounded in the whole range µ ∈ [0, 1].
More generally one can prove that any truncated correlation function decays exponentially.

5We note in passing that |Ψµ〉 exhibits nonzero string order (which reveals the hidden antiferromagnetic order) in the z-
direction for any µ ∈ (0, 1], but in the x or y-direction only for µ = 1. This fact has little physical relevance since the model
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Figure 4: The construction of the S = 1 asymmetric VBS state. (a) The original chain with L sites.
(b) The duplicated chain. We doubled a single site j into two sites (j, a) and (j, b). (c) The S = 1
asymmetric VBS state. A gray oval represents symmetrization of two S = 1

2 ’s, which gives an S = 1.

where |m〉 with m = 0,±1 denote the standard basis states of a spin with S = 1. Note that Ŝ can be
interpreted as the symmetrization operator [7, 8, 4].

We consider the duplicated chain obtained by doubling each site in the original chain, and label doubled
sites as (j, a) and (j, b) with j = 1, . . . , L. We associate each site in the duplicated chain with an S = 1

2
spin. Then we define the S = 1 asymmetric VBS state characterized by the parameter µ ∈ [0, 1] as

|Ψµ〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

|ψ(µ)
(j,b),(j+1,a)〉

)
, (4.2)

where |ψ(µ)
(j,b),(j+1,a)〉 is the asymmtric valence-bond (3.1) and Ŝj is the operator (4.1) that acts on the two

spins on sites (j, a) and (j, b). See Figure 4.
Clearly the asymmetric VBS state (4.2) coincides with the AKLT state (2.3) when µ = 1. For µ = 0, we

see from (3.1) and (4.1) that

|Ψ0〉 =
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Ŝj
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)
= 2−L/2

L⊗

j=1

|0〉j = 2−L/2 |Φzero〉. (4.3)

We thus see that the asymmetric VBS state |Ψµ〉 continuously interpolates between the AKLT state (2.3)
and the zero state (2.6).

From (3.2) and (3.3), one easily sees that the asymmetric VBS state |Ψµ〉 with 0 < µ < 1 is not
invariant under the time-reversal, the Z2 × Z2, or the bond-centered inversion transformation. Recall that
the AKLT state |Ψ1〉 is invariant under these three transformations. Although the asymmetric valence-bond

|ψ(µ)
(j,b),(j+1,a)〉 with µ = 0 lacks the symmetry, the zero state (4.3) as a whole is invariant under the three

transformations.

4.2 The matrix product representatioin and correlation functions
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(j,b),(j+1,a)〉 is a sum of two terms as in (3.1), one can expand the asymmetric VBS state

(4.2) into a sum of 2L terms. Such an expansion is neatly expressed in the matrix product form
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where we set S = 1 in the present section. It is found that the matrices in (4.4) may be chosen as
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µ 0

)
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(
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)
, A(−1) =
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0 0

)
. (4.5)

See, e.g., section 7.2.2 of [4] for details.
From the matrix product representation (4.4) one finds that the normalization of the asymmetric VBS

state is expressed as
〈Ψµ|Ψµ〉 = Tr[TL], (4.6)
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where the transfer matrix T is the 4× 4 matrix defined as
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where λ0 is doubly degenerate. See Figure 5.
Let Ô and Ô′ be arbitrary operators that act on a single spin, and denote by Ôj and Ô′

k their copies
on sites j and k. Then for any 1 ≤ j < k ≤ L, we see that the unnormalized correlation function has a
representation

〈Ψµ|ÔjÔ
′
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are given by
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and
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where

〈 · 〉µ = lim
L↑∞

〈Ψµ| · |Ψµ〉
〈Ψµ|Ψµ〉

(4.14)

denotes the expectation value in the inifinite volume limit of the asymmetric VBS state. Noting that
λ+ > 0, |λ−/λ+| < 1, and |λ0/λ+| < 1 for any µ ∈ [0, 1], we see that the spin-spin correlation functions in
the asymmetric VBS state always exhibit exponential decay accompanied by antiferromagnetic oscilation.5

We note that the correlation lengths are uniformly bounded in the whole range µ ∈ [0, 1].
More generally one can prove that any truncated correlation function decays exponentially.

5We note in passing that |Ψµ〉 exhibits nonzero string order (which reveals the hidden antiferromagnetic order) in the z-
direction for any µ ∈ (0, 1], but in the x or y-direction only for µ = 1. This fact has little physical relevance since the model
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More generally one can prove that any truncated correlation function decays exponentially.

5We note in passing that |Ψµ〉 exhibits nonzero string order (which reveals the hidden antiferromagnetic order) in the z-
direction for any µ ∈ (0, 1], but in the x or y-direction only for µ = 1. This fact has little physical relevance since the model
does not have the Z2 × Z2 symmetry (except at µ = 1 or 0). See, e.g., chapter 8 of [4] for details.
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Figure 5: The eigenvalues (4.9). They are ordered as λ+ > 0 > λ− > λ0 for µ ∈ (0, 1).

where the transfer matrix T is the 4× 4 matrix defined as

(T)(α,β),(α′,β′) :=
S∑

m=−S

(A(m))α,α′(A(m))β,β′ . (4.7)

By using (4.5), we find

T =





1
2 µ 0 0

µ µ2

2 0 0
0 0 −µ

2 0
0 0 0 −µ

2



 , (4.8)

where the entries appear in the order (1,1), (2,2), (1,2), (2,1). One readily finds that T has eigenvalues

λ0 = −µ

2
, λ± =

µ2 + 1±
√

µ4 + 14µ2 + 1

4
, (4.9)

where λ0 is doubly degenerate. See Figure 5.
Let Ô and Ô′ be arbitrary operators that act on a single spin, and denote by Ôj and Ô′

k their copies
on sites j and k. Then for any 1 ≤ j < k ≤ L, we see that the unnormalized correlation function has a
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〈Ψµ|ÔjÔ
′
k|Ψµ〉 = Tr[DÔ Tk−j−1DÔ′ TL−k+j−1], (4.10)

where we defined the 4× 4 matrix DÔ correspoinding to an arbitrary operator O by

(DÔ)(α,β),(α′,β′) =
S∑

m,m′=−S

(A(m))α,α′〈m|Ô|m′〉(A(m′))β,β′ . (4.11)

In particular we find from explicit computations that the spin-spin correlation fucntions for any j &= k
are given by

〈Ŝ(z)
j Ŝ(z)

k 〉µ =
4

3

(λ−
λ+

)|j−k|
, (4.12)

and

〈Ŝ(x)
j Ŝ(x)

k 〉µ = 〈Ŝ(y)
j Ŝ(y)

k 〉µ =
(λ+ + 1

2 )(λ+ + µ2

2 )

2(λ+ − µ2+1
4 )λ+

( λ0
λ+

)|j−k|
, (4.13)

where
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〈Ψµ| · |Ψµ〉
〈Ψµ|Ψµ〉

(4.14)

denotes the expectation value in the inifinite volume limit of the asymmetric VBS state. Noting that
λ+ > 0, |λ−/λ+| < 1, and |λ0/λ+| < 1 for any µ ∈ [0, 1], we see that the spin-spin correlation functions in
the asymmetric VBS state always exhibit exponential decay accompanied by antiferromagnetic oscilation.5

We note that the correlation lengths are uniformly bounded in the whole range µ ∈ [0, 1].
More generally one can prove that any truncated correlation function decays exponentially.

5We note in passing that |Ψµ〉 exhibits nonzero string order (which reveals the hidden antiferromagnetic order) in the z-
direction for any µ ∈ (0, 1], but in the x or y-direction only for µ = 1. This fact has little physical relevance since the model
does not have the Z2 × Z2 symmetry (except at µ = 1 or 0). See, e.g., chapter 8 of [4] for details.
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Figure 4: The construction of the S = 1 asymmetric VBS state. (a) The original chain with L sites.
(b) The duplicated chain. We doubled a single site j into two sites (j, a) and (j, b). (c) The S = 1
asymmetric VBS state. A gray oval represents symmetrization of two S = 1

2 ’s, which gives an S = 1.

where |m〉 with m = 0,±1 denote the standard basis states of a spin with S = 1. Note that Ŝ can be
interpreted as the symmetrization operator [7, 8, 4].

We consider the duplicated chain obtained by doubling each site in the original chain, and label doubled
sites as (j, a) and (j, b) with j = 1, . . . , L. We associate each site in the duplicated chain with an S = 1

2
spin. Then we define the S = 1 asymmetric VBS state characterized by the parameter µ ∈ [0, 1] as

|Ψµ〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

|ψ(µ)
(j,b),(j+1,a)〉

)
, (4.2)

where |ψ(µ)
(j,b),(j+1,a)〉 is the asymmtric valence-bond (3.1) and Ŝj is the operator (4.1) that acts on the two

spins on sites (j, a) and (j, b). See Figure 4.
Clearly the asymmetric VBS state (4.2) coincides with the AKLT state (2.3) when µ = 1. For µ = 0, we

see from (3.1) and (4.1) that

|Ψ0〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

|↑〉(j,b)|↓〉(j+1,a)

)
= 2−L/2

L⊗

j=1

|0〉j = 2−L/2 |Φzero〉. (4.3)

We thus see that the asymmetric VBS state |Ψµ〉 continuously interpolates between the AKLT state (2.3)
and the zero state (2.6).

From (3.2) and (3.3), one easily sees that the asymmetric VBS state |Ψµ〉 with 0 < µ < 1 is not
invariant under the time-reversal, the Z2 × Z2, or the bond-centered inversion transformation. Recall that
the AKLT state |Ψ1〉 is invariant under these three transformations. Although the asymmetric valence-bond

|ψ(µ)
(j,b),(j+1,a)〉 with µ = 0 lacks the symmetry, the zero state (4.3) as a whole is invariant under the three

transformations.

4.2 The matrix product representatioin and correlation functions

Recalling that |ψ(µ)
(j,b),(j+1,a)〉 is a sum of two terms as in (3.1), one can expand the asymmetric VBS state

(4.2) into a sum of 2L terms. Such an expansion is neatly expressed in the matrix product form

|Ψµ〉 =
S∑

m1,...,mL=−S

Tr[A(m1) · · ·A(mL)] |m1〉1 ⊗ · · ·⊗ |mL〉L, (4.4)

where we set S = 1 in the present section. It is found that the matrices in (4.4) may be chosen as

A(1) =

(
0 0

−√
µ 0

)
, A(0) =

1√
2

(
1 0
0 −µ

)
, A(−1) =

(
0

√
µ

0 0

)
. (4.5)

See, e.g., section 7.2.2 of [4] for details.
From the matrix product representation (4.4) one finds that the normalization of the asymmetric VBS

state is expressed as
〈Ψµ|Ψµ〉 = Tr[TL], (4.6)
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S = 2 asymmetric VBS state
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Figure 6: The construction of the S = 2 asymmetric VBS state. (a) The original chain with L sites.
(b) The quadruplicated chain. We quadruplicate a single site j into four sites (j, a), (j, b), (j, c), and
(j, d). (c) The S = 2 asymmetric VBS state. A gray oval denotes symmetrization of four S = 1

2 ’s,
which gives an S = 2. Note that the two asymmetric valence-bonds connecting neighboring two sites
(in the original chain) have opposite orientations. In this manner, the asymmetry is canceled, and one
gets a state which is invariant under the time-reversal, the Z2 × Z2, and the bond-centered inversion
transformation.

equivalently, the symmetrization operator) by

Ŝ = |2〉 d〈↑|c〈↑|b〈↑|a〈↑|

+ |1〉d〈↓|c〈↑|b〈↑|a〈↑|+ d〈↑|c〈↓|b〈↑|a〈↑|+ d〈↑|c〈↑|b〈↓|a〈↑|+ d〈↑|c〈↑|b〈↑|a〈↓|
2

+ |0〉d〈↓|c〈↓|b〈↑|a〈↑|+ d〈↓|c〈↑|b〈↓|a〈↑|+ d〈↓|c〈↑|b〈↑|a〈↓|+ d〈↑|c〈↓|b〈↓|a〈↑|+ d〈↑|c〈↓|b〈↑|a〈↓|+ d〈↑|c〈↑|b〈↓|a〈↓|√
6

+ |−1〉d〈↓|c〈↓|b〈↓|a〈↑|+ d〈↓|c〈↓|b〈↑|a〈↓|+ d〈↓|c〈↑|b〈↓|a〈↓|+ d〈↑|c〈↓|b〈↓|a〈↓|
2

+ |−2〉 d〈↓|c〈↓|b〈↓|a〈↓|, (5.1)

where |m〉 with m = 0,±1,±2 denotes the basis states of a spin with S = 2.
We define the quadruplicated chain with 4L sites that has four sites (j, a), (j, b), (j, c), and (j, d) corre-

sponding to a single site j in the original chain. As before we associate with each site in the quadruplicated
chain a spin with S = 1

2 , and define the asymmetric VBS state by

|Ψµ〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉
)
, (5.2)

where, again, Ŝj is the operator (5.1) for site j. It is crucial here that the two asymmetric valence-bonds
connecting the neighboring sites j and j + 1 have the opposite orientations. See Figure 6.

It is again obvious that (5.2) with µ = 1 is the AKLT state (2.4). We also see, as in (4.3), that (5.2)
with µ = 0 is proportional to the zero state (2.6). We have confirmed that the asymmetric VBS state |Ψµ〉
continuously interpolates between the AKLT state and the zero state for the S = 2 chain.

Let us examine the symmetry of the S = 2 asymmetric VBS state (5.2). By the bond-centered inversion
j → L+ 1− j, the state on the bond (L,1) transforms as

|ψ(µ)
(L,b),(1,a)〉 ⊗ |ψ(µ)

(1,c),(L,d)〉 → |ψ(µ)
(1,a),(L,b)〉 ⊗ |ψ(µ)

(L,d),(1,c)〉. (5.3)

Note that the resulting state is the same as the original if we switch the roles of the labels as a ↔ c and
b ↔ d. We thus see, along with similar considerations for other bonds, that the asymmetric VBS state (5.2)
as a whole is invariant under the bond-centered inversion.

Likewise, we see that the state on a bond (j, j + 1) transforms under the time-reversal (3.2) as

Θ̂|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉 = |ψ(µ)
(j+1,a),(j,b)〉 ⊗ |ψ(µ)

(j,d),(j+1,c)〉, (5.4)
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matrix product representation

and under Z2 × Z2 transformation as

Û (y)|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉 = |ψ(µ)
(j+1,a),(j,b)〉 ⊗ |ψ(µ)

(j,d),(j+1,c)〉, (5.5)

Û (z)|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉 = |ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉. (5.6)

We thus find that the asymmetric VBS state |Ψµ〉 is invariant under both the time-reversal and the Z2 ×Z2

transformation. The essential difference from the S = 1 state comes from the fact that the asymmetry
(or the direction) on each pair of neighboring sites can be canceled in the S = 2 state, where one has two
asymmetric valence-bonds connecting neighboring sites.

5.2 The matrix product representation and correlation functions

The property of the S = 2 asymmetric VBS state becomes clear by representing it as a matrix product
state. In this case we have three alteratives on each bond, namely, −µ|↑〉(j,b)|↑〉(j,d)|↓〉(j+1,a)|↓〉(j+1,c) or
|↑〉(j,b)|↓〉(j,d)|↓〉(j+1,a)|↑〉(j+1,c) + µ2|↓〉(j,b)|↑〉(j,d)|↑〉(j+1,a)|↓〉(j+1,c) or −µ|↓〉(j,b)|↓〉(j,d)|↑〉(j+1,a)|↑〉(j+1,c). This
leds to the representation (4.4), where we now set S = 2, with five 3× 3 matrices

A(2) =




0 0 0
0 0 0
−µ 0 0



 , A(1) =
1

2




0 0 0√

µ(1 + µ2) 0 0
0 −

√
µ(1 + µ2) 0



 , A(0) =
1√
6




−µ 0 0
0 1 + µ2 0
0 0 −µ



 ,

A(−1) =
1

2




0 −

√
µ(1 + µ2) 0

0 0
√
µ(1 + µ2)

0 0 0



 , A(−2) =




0 0 −µ
0 0 0
0 0 0



 . (5.7)

The correspoing transfer matrix (4.7) is given by

T =





µ2

6
µ(1+µ2)

4 µ2 0 0 0 0 0 0
µ(1+µ2)

4
(1+µ2)2

6
µ(1+µ2)

4 0 0 0 0 0 0

µ2 µ(1+µ2)
4

µ2

6 0 0 0 0 0 0

0 0 0 −µ(1+µ2)
6 −µ(1+µ2)

4 0 0 0 0

0 0 0 −µ(1+µ2)
4 −µ(1+µ2)

6 0 0 0 0

0 0 0 0 0 −µ(1+µ2)
6 −µ(1+µ2)

4 0 0

0 0 0 0 0 −µ(1+µ2)
4 −µ(1+µ2)

6 0 0

0 0 0 0 0 0 0 µ2

6 0

0 0 0 0 0 0 0 0 µ2

6





, (5.8)

where the entries appear in the order (1,1), (2,2), (3,3), (1,2), (2,3), (2,1), (3,2), (1,3), (3,1). The eigenvalues
of T are easily computed (even without a computer) as

λ1 = 1
12{1 + 9µ2 + µ4 +

√
1 + 8µ2 + 63µ4 + 8µ6 + µ8},

λ2 = 1
12{1 + 9µ2 + µ4 −

√
1 + 8µ2 + 63µ4 + 8µ6 + µ8}, λ3 = −5µ2/6,

λ4 = 1
12µ(1 + µ2), λ5 = − 5

12µ(1 + µ2), λ6 = µ2/6, (5.9)

where λ1, λ2, and λ3 are nondegenerate and λ4, λ5, and λ6 are doubly degnerate. See Figure 7. It is found
that λ1 > 0 and |λj/λ1| < 1 for any j = 2, . . . , 6 and µ ∈ [0, 1]. Here we do not present explicit calculations
of expectation values, and state the following general result that follows from the above observations.

Theorem 5.1 For arbitrary single-site operators Ô, Ô′, arbitrary µ ∈ [0, 1], and arbitrary j, k ≥ 1, we have

∣∣∣〈ÔjÔ
′
k〉µ − 〈Ôj〉µ〈Ô′

k〉µ
∣∣∣ ≤ C

∣∣∣
λ5
λ1

∣∣∣
|j−k|

, (5.10)

where C is a constant that may depend only on the operators and µ.

We conclude that the S = 2 asymmetric VBS state (5.2) is disordered for all µ ∈ [0, 1].
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and under Z2 × Z2 transformation as
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(j+1,c),(j,d)〉 = |ψ(µ)
(j+1,a),(j,b)〉 ⊗ |ψ(µ)

(j,d),(j+1,c)〉, (5.5)

Û (z)|ψ(µ)
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(j+1,c),(j,d)〉 = |ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉. (5.6)

We thus find that the asymmetric VBS state |Ψµ〉 is invariant under both the time-reversal and the Z2 ×Z2

transformation. The essential difference from the S = 1 state comes from the fact that the asymmetry
(or the direction) on each pair of neighboring sites can be canceled in the S = 2 state, where one has two
asymmetric valence-bonds connecting neighboring sites.

5.2 The matrix product representation and correlation functions

The property of the S = 2 asymmetric VBS state becomes clear by representing it as a matrix product
state. In this case we have three alteratives on each bond, namely, −µ|↑〉(j,b)|↑〉(j,d)|↓〉(j+1,a)|↓〉(j+1,c) or
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leds to the representation (4.4), where we now set S = 2, with five 3× 3 matrices

A(2) =




0 0 0
0 0 0
−µ 0 0



 , A(1) =
1

2




0 0 0√

µ(1 + µ2) 0 0
0 −

√
µ(1 + µ2) 0



 , A(0) =
1√
6




−µ 0 0
0 1 + µ2 0
0 0 −µ



 ,

A(−1) =
1

2




0 −

√
µ(1 + µ2) 0

0 0
√
µ(1 + µ2)

0 0 0



 , A(−2) =




0 0 −µ
0 0 0
0 0 0



 . (5.7)

The correspoing transfer matrix (4.7) is given by

T =





µ2

6
µ(1+µ2)

4 µ2 0 0 0 0 0 0
µ(1+µ2)

4
(1+µ2)2

6
µ(1+µ2)

4 0 0 0 0 0 0

µ2 µ(1+µ2)
4

µ2

6 0 0 0 0 0 0

0 0 0 −µ(1+µ2)
6 −µ(1+µ2)

4 0 0 0 0

0 0 0 −µ(1+µ2)
4 −µ(1+µ2)

6 0 0 0 0

0 0 0 0 0 −µ(1+µ2)
6 −µ(1+µ2)

4 0 0

0 0 0 0 0 −µ(1+µ2)
4 −µ(1+µ2)

6 0 0

0 0 0 0 0 0 0 µ2

6 0

0 0 0 0 0 0 0 0 µ2

6





, (5.8)

where the entries appear in the order (1,1), (2,2), (3,3), (1,2), (2,3), (2,1), (3,2), (1,3), (3,1). The eigenvalues
of T are easily computed (even without a computer) as

λ1 = 1
12{1 + 9µ2 + µ4 +

√
1 + 8µ2 + 63µ4 + 8µ6 + µ8},

λ2 = 1
12{1 + 9µ2 + µ4 −

√
1 + 8µ2 + 63µ4 + 8µ6 + µ8}, λ3 = −5µ2/6,

λ4 = 1
12µ(1 + µ2), λ5 = − 5

12µ(1 + µ2), λ6 = µ2/6, (5.9)

where λ1, λ2, and λ3 are nondegenerate and λ4, λ5, and λ6 are doubly degnerate. See Figure 7. It is found
that λ1 > 0 and |λj/λ1| < 1 for any j = 2, . . . , 6 and µ ∈ [0, 1]. Here we do not present explicit calculations
of expectation values, and state the following general result that follows from the above observations.

Theorem 5.1 For arbitrary single-site operators Ô, Ô′, arbitrary µ ∈ [0, 1], and arbitrary j, k ≥ 1, we have

∣∣∣〈ÔjÔ
′
k〉µ − 〈Ôj〉µ〈Ô′

k〉µ
∣∣∣ ≤ C

∣∣∣
λ5
λ1

∣∣∣
|j−k|

, (5.10)

where C is a constant that may depend only on the operators and µ.

We conclude that the S = 2 asymmetric VBS state (5.2) is disordered for all µ ∈ [0, 1].
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and under Z2 × Z2 transformation as
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(j+1,a),(j,b)〉 ⊗ |ψ(µ)

(j,d),(j+1,c)〉, (5.5)

Û (z)|ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉 = |ψ(µ)
(j,b),(j+1,a)〉 ⊗ |ψ(µ)

(j+1,c),(j,d)〉. (5.6)

We thus find that the asymmetric VBS state |Ψµ〉 is invariant under both the time-reversal and the Z2 ×Z2

transformation. The essential difference from the S = 1 state comes from the fact that the asymmetry
(or the direction) on each pair of neighboring sites can be canceled in the S = 2 state, where one has two
asymmetric valence-bonds connecting neighboring sites.

5.2 The matrix product representation and correlation functions

The property of the S = 2 asymmetric VBS state becomes clear by representing it as a matrix product
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|↑〉(j,b)|↓〉(j,d)|↓〉(j+1,a)|↑〉(j+1,c) + µ2|↓〉(j,b)|↑〉(j,d)|↑〉(j+1,a)|↓〉(j+1,c) or −µ|↓〉(j,b)|↓〉(j,d)|↑〉(j+1,a)|↑〉(j+1,c). This
leds to the representation (4.4), where we now set S = 2, with five 3× 3 matrices

A(2) =
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0 0 0
0 0 0
−µ 0 0



 , A(1) =
1

2




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µ(1 + µ2) 0 0
0 −

√
µ(1 + µ2) 0



 , A(0) =
1√
6




−µ 0 0
0 1 + µ2 0
0 0 −µ



 ,

A(−1) =
1

2




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µ(1 + µ2)

0 0 0
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Figure 7: The eigenvalues (5.9). They are ordered as λ1 > λ4 > λ2 > λ6 > 0 > λ3 > λ5 for µ ∈ (0, 1).
One can hardly distinguish between λ4, λ2, and λ6 in the figure.

5.3 The interpolating Hamiltonians

As in the S = 1 chain, we can construct a family of Hamiltonians that interpolates between the AKLT
model (2.2) and the trivial model (2.5). We have the following theorem, which is identical to Thoerem 4.2
for S = 1 except for the final statement about the symmetry.

Theorem 5.2 There is a one-parameter family Ĥµ (with µ ∈ [−1, 1]) of short-ranged trasnlation-invariant

Hamiltonians such that Ĥµ depends on µ continuously and that Ĥ1 = ĤAKLT and Ĥ−1 = Ĥtrivial. For

µ ∈ [0, 1], the asymmetric VBS state |Ψµ〉 is the unique gapped ground state of Ĥµ. For µ ∈ [−1, 0], the zero

state |Φzero〉 is the unique gapped ground state of Ĥµ. Moreover, Ĥµ is invariant under the time-reversal,
the Z2 × Z2, and the bond-centered inversion transformations for any µ ∈ [−1, 1].

The theorem establishes that, for the S = 2 spin chain, the AKLT Hamiltonian (2.2) and the trivial
Hamiltonian (2.5) are continuously connected not only within the large space M but also within the smaller
spaces MΣ with symmetry, where Σ can be either the time-reversal, the Z2 × Z2, or the bonde-centered
inversion symmetry. This provides us with a simple direct demonstration that the S = 2 AKLT model
belongs to the trivial SPT phase.

Proof: The proof is almost parallel to that of Theorem 4.2. We shall be brief and discuss only some
complications unique to the S = 2 model.

As in the S = 1 case, we first consider the projection operator P̂ (µ)
j,j+1 onto the sixteen-dimensional

subspace orthogonal to any of the nine states

(Ŝj ⊗ Ŝj+1)
(
|σ〉(j,a) ⊗ |σ′〉(j,c) ⊗ |ψ(µ)

(j,b),(j+1,a)〉 ⊗ |ψ(µ)
(j+1,c),(j,d)〉 ⊗ |σ′′〉(j+1,b) ⊗ |σ′′′〉(j+1,d)

)
, (5.11)

with σ+σ′ = 0,±1 and σ′′+σ′′′ = 0,±1. If we define the Hamiltonian Ĥ ′
µ as in (4.18), we have Ĥ ′

1 = ĤAKLT.
One can again extend the method in [28, 4] to prove that the S = 2 asymmetric VBS state |Ψµ〉 is the unique
ground state of Ĥ ′

µ, but only for µ ∈ (0, 1]. One easily finds by inspection that Ĥ ′
0 has highly degenerate

ground states. This means that (4.18) is not a proper definition in this case.
In order to define interpolating Hamiltonians that work for µ = 0 as well, we consider the set of nine

states as in (5.11) defined on the three adjacent sites j, j+1, and j+2, and let Q̂(µ)
j,j+1,j+2 be the projection

operator onto the 116-dimensional subspace orthogonal to all these states. We then defin the Hamiltonian
Ĥ ′

µ by

Ĥ ′
µ =

L∑

j=1

P̂ (µ)
j,j+1 + g(µ) Q̂(µ)

j,j+1,j+2, (5.12)

with a continuous fundtion g(µ) such that g(1) = 0 and g(µ) > 0 for any µ[0, 1). Now one can easily show,
as in footnotes 6 and 7, that Ĥ ′

0 has |Ψ0〉 as its unique gapped ground state. Then the rest of the proof is
the same as in the case with S = 1. See again Appendix A for the use of the general theory of injective
matrix product states.
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Figure 4: The construction of the S = 1 asymmetric VBS state. (a) The original chain with L sites.
(b) The duplicated chain. We doubled a single site j into two sites (j, a) and (j, b). (c) The S = 1
asymmetric VBS state. A gray oval represents symmetrization of two S = 1

2 ’s, which gives an S = 1.

where |m〉 with m = 0,±1 denote the standard basis states of a spin with S = 1. Note that Ŝ can be
interpreted as the symmetrization operator [7, 8, 4].

We consider the duplicated chain obtained by doubling each site in the original chain, and label doubled
sites as (j, a) and (j, b) with j = 1, . . . , L. We associate each site in the duplicated chain with an S = 1

2
spin. Then we define the S = 1 asymmetric VBS state characterized by the parameter µ ∈ [0, 1] as

|Ψµ〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

|ψ(µ)
(j,b),(j+1,a)〉

)
, (4.2)

where |ψ(µ)
(j,b),(j+1,a)〉 is the asymmtric valence-bond (3.1) and Ŝj is the operator (4.1) that acts on the two

spins on sites (j, a) and (j, b). See Figure 4.
Clearly the asymmetric VBS state (4.2) coincides with the AKLT state (2.3) when µ = 1. For µ = 0, we

see from (3.1) and (4.1) that

|Ψ0〉 =
( L⊗

j=1

Ŝj

)( L⊗

j=1

|↑〉(j,b)|↓〉(j+1,a)

)
= 2−L/2

L⊗

j=1

|0〉j = 2−L/2 |Φzero〉. (4.3)

We thus see that the asymmetric VBS state |Ψµ〉 continuously interpolates between the AKLT state (2.3)
and the zero state (2.6).

From (3.2) and (3.3), one easily sees that the asymmetric VBS state |Ψµ〉 with 0 < µ < 1 is not
invariant under the time-reversal, the Z2 × Z2, or the bond-centered inversion transformation. Recall that
the AKLT state |Ψ1〉 is invariant under these three transformations. Although the asymmetric valence-bond

|ψ(µ)
(j,b),(j+1,a)〉 with µ = 0 lacks the symmetry, the zero state (4.3) as a whole is invariant under the three

transformations.

4.2 The matrix product representatioin and correlation functions

Recalling that |ψ(µ)
(j,b),(j+1,a)〉 is a sum of two terms as in (3.1), one can expand the asymmetric VBS state

(4.2) into a sum of 2L terms. Such an expansion is neatly expressed in the matrix product form

|Ψµ〉 =
S∑

m1,...,mL=−S

Tr[A(m1) · · ·A(mL)] |m1〉1 ⊗ · · ·⊗ |mL〉L, (4.4)

where we set S = 1 in the present section. It is found that the matrices in (4.4) may be chosen as

A(1) =

(
0 0

−√
µ 0

)
, A(0) =

1√
2

(
1 0
0 −µ

)
, A(−1) =

(
0

√
µ

0 0

)
. (4.5)

See, e.g., section 7.2.2 of [4] for details.
From the matrix product representation (4.4) one finds that the normalization of the asymmetric VBS

state is expressed as
〈Ψµ|Ψµ〉 = Tr[TL], (4.6)
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<latexit sha1_base64="GktkLoDWi1gRF+lT+bb2aVT38Lw=">AAACDXicbVC7SgNBFL0bo8b1tcZC0GYwCIIQdkXUMhIEQYsIeUGyhNnJJBky+2BmVghLfsDGr0hvY6GIrb2dX6OTR6HRA5d7OOdeZu7xIs6ksu1PI7WQXlxazqyYq2vrG5vWVrYqw1gQWiEhD0Xdw5JyFtCKYorTeiQo9j1Oa16/OPZrd1RIFgZlNYio6+NuwDqMYKWl0MrCCHqAQUECVzCElu4jEOADggu4hhsow7Bl5ey8PQH6S5wZyRV2zaOd9Fex1LI+mu2QxD4NFOFYyoZjR8pNsFCMcDo0m7GkESZ93KUNTQPsU+kmk2uG6EArbdQJha5AoYn6cyPBvpQD39OTPlY9Oe+Nxf+8Rqw6527CgihWNCDThzoxRypE42hQmwlKFB9ogolg+q+I9LDAROkATR2CM3/yX1I9zjun+ZNbJ1e4hCkysAf7cAgOnEFBh1yCChC4h0d4hhfjwXgyXo236WjKmO1swy8Y79/fU5dP</latexit>

ĤAKLT belongs to the trivial SPT phase
<latexit sha1_base64="GktkLoDWi1gRF+lT+bb2aVT38Lw=">AAACDXicbVC7SgNBFL0bo8b1tcZC0GYwCIIQdkXUMhIEQYsIeUGyhNnJJBky+2BmVghLfsDGr0hvY6GIrb2dX6OTR6HRA5d7OOdeZu7xIs6ksu1PI7WQXlxazqyYq2vrG5vWVrYqw1gQWiEhD0Xdw5JyFtCKYorTeiQo9j1Oa16/OPZrd1RIFgZlNYio6+NuwDqMYKWl0MrCCHqAQUECVzCElu4jEOADggu4hhsow7Bl5ey8PQH6S5wZyRV2zaOd9Fex1LI+mu2QxD4NFOFYyoZjR8pNsFCMcDo0m7GkESZ93KUNTQPsU+kmk2uG6EArbdQJha5AoYn6cyPBvpQD39OTPlY9Oe+Nxf+8Rqw6527CgihWNCDThzoxRypE42hQmwlKFB9ogolg+q+I9LDAROkATR2CM3/yX1I9zjun+ZNbJ1e4hCkysAf7cAgOnEFBh1yCChC4h0d4hhfjwXgyXo236WjKmO1swy8Y79/fU5dP</latexit>

ĤAKLT and             are connected within
<latexit sha1_base64="rUlL57+TCDYXEkOgzd801NaCt44=">AAACEXicbVDLSgMxFL1Tq9bxNT5A0E2wCIJQZkTUZaEILivYB7RDyaRpG5p5kGQKZZhfcOM39A/cuFDErTt3fo2mj4W2Hrjcwzn3ktzjRZxJZdtfRmYpu7yymlsz1zc2t7atnd2qDGNBaIWEPBR1D0vKWUAriilO65Gg2Pc4rXn90tivDaiQLAzu1TCiro+7AeswgpWWQmsfRtADDAoSuIUUWrqPQIAPSGsCGAy0yyFtWXm7YE+AFokzI/nioXl2kP0ulVvWZ7MdktingSIcS9lw7Ei5CRaKEU5TsxlLGmHSx13a0DTAPpVuMrkoRSdaaaNOKHQFCk3U3xsJ9qUc+p6e9LHqyXlvLP7nNWLVuXYTFkSxogGZPtSJOVIhGseD2kxQovhQE0wE039FpIcFJkqHaOoQnPmTF0n1vOBcFi7unHzxBqbIwREcwyk4cAVFHXQZKkDgAZ7gBV6NR+PZeDPep6MZY7azB39gfPwAsxKY2w==</latexit>

Ĥtrival
<latexit sha1_base64="NQJ01jlTpnAZG3SAs4Hn5Hf9IHU=">AAACB3icbVC7SgNBFL0bo8b1kVULQZvBIAhC2BVRy0AQbISI5gHJEmYns8mQ2Qczs0JY0tn4ITY2ForY+gt2fo1OHoUmHrhw5px7mXuPF3MmlW1/GZmF7OLScm7FXF1b38hbm1s1GSWC0CqJeCQaHpaUs5BWFVOcNmJBceBxWvf65ZFfv6NCsii8VYOYugHuhsxnBCstRVYeUngEAhg4ILiCIbT1+wYYdCEA3LYKdtEeA80TZ0oKpV3zaCf7Xa60rc9WJyJJQENFOJay6dixclMsFCOcDs1WImmMSR93aVPTEAdUuun4jiE60EoH+ZHQFSo0Vn9PpDiQchB4ujPAqidnvZH4n9dMlH/upiyME0VDMvnITzhSERqFgjpMUKL4QBNMBNO7ItLDAhOlozN1CM7syfOkdlx0Tosn106hdAET5GAP9uEQHDiDElxCBao66nt4ghd4NR6MZ+PNeJ+0ZozpzDb8gfHxAyw3lfw=</latexit>

M⌃

<latexit sha1_base64="GktkLoDWi1gRF+lT+bb2aVT38Lw=">AAACDXicbVC7SgNBFL0bo8b1tcZC0GYwCIIQdkXUMhIEQYsIeUGyhNnJJBky+2BmVghLfsDGr0hvY6GIrb2dX6OTR6HRA5d7OOdeZu7xIs6ksu1PI7WQXlxazqyYq2vrG5vWVrYqw1gQWiEhD0Xdw5JyFtCKYorTeiQo9j1Oa16/OPZrd1RIFgZlNYio6+NuwDqMYKWl0MrCCHqAQUECVzCElu4jEOADggu4hhsow7Bl5ey8PQH6S5wZyRV2zaOd9Fex1LI+mu2QxD4NFOFYyoZjR8pNsFCMcDo0m7GkESZ93KUNTQPsU+kmk2uG6EArbdQJha5AoYn6cyPBvpQD39OTPlY9Oe+Nxf+8Rqw6527CgihWNCDThzoxRypE42hQmwlKFB9ogolg+q+I9LDAROkATR2CM3/yX1I9zjun+ZNbJ1e4hCkysAf7cAgOnEFBh1yCChC4h0d4hhfjwXgyXo236WjKmO1swy8Y79/fU5dP</latexit>

ĤAKLT belongs to a nontrivial SPT phase
<latexit sha1_base64="GktkLoDWi1gRF+lT+bb2aVT38Lw=">AAACDXicbVC7SgNBFL0bo8b1tcZC0GYwCIIQdkXUMhIEQYsIeUGyhNnJJBky+2BmVghLfsDGr0hvY6GIrb2dX6OTR6HRA5d7OOdeZu7xIs6ksu1PI7WQXlxazqyYq2vrG5vWVrYqw1gQWiEhD0Xdw5JyFtCKYorTeiQo9j1Oa16/OPZrd1RIFgZlNYio6+NuwDqMYKWl0MrCCHqAQUECVzCElu4jEOADggu4hhsow7Bl5ey8PQH6S5wZyRV2zaOd9Fex1LI+mu2QxD4NFOFYyoZjR8pNsFCMcDo0m7GkESZ93KUNTQPsU+kmk2uG6EArbdQJha5AoYn6cyPBvpQD39OTPlY9Oe+Nxf+8Rqw6527CgihWNCDThzoxRypE42hQmwlKFB9ogolg+q+I9LDAROkATR2CM3/yX1I9zjun+ZNbJ1e4hCkysAf7cAgOnEFBh1yCChC4h0d4hhfjwXgyXo236WjKmO1swy8Y79/fU5dP</latexit>

ĤAKLT and             are connected within
not connected within

<latexit sha1_base64="rUlL57+TCDYXEkOgzd801NaCt44=">AAACEXicbVDLSgMxFL1Tq9bxNT5A0E2wCIJQZkTUZaEILivYB7RDyaRpG5p5kGQKZZhfcOM39A/cuFDErTt3fo2mj4W2Hrjcwzn3ktzjRZxJZdtfRmYpu7yymlsz1zc2t7atnd2qDGNBaIWEPBR1D0vKWUAriilO65Gg2Pc4rXn90tivDaiQLAzu1TCiro+7AeswgpWWQmsfRtADDAoSuIUUWrqPQIAPSGsCGAy0yyFtWXm7YE+AFokzI/nioXl2kP0ulVvWZ7MdktingSIcS9lw7Ei5CRaKEU5TsxlLGmHSx13a0DTAPpVuMrkoRSdaaaNOKHQFCk3U3xsJ9qUc+p6e9LHqyXlvLP7nNWLVuXYTFkSxogGZPtSJOVIhGseD2kxQovhQE0wE039FpIcFJkqHaOoQnPmTF0n1vOBcFi7unHzxBqbIwREcwyk4cAVFHXQZKkDgAZ7gBV6NR+PZeDPep6MZY7azB39gfPwAsxKY2w==</latexit>

Ĥtrival

<latexit sha1_base64="/Q9xujM6SBYa1lsYPR+1AEIMr0Q=">AAAB93icbVDJSgNBEK2JW4xbXG5eGoPgKcyIqDcDInoRIpgFkiH0dHqSJj09Q3ePMA75ES8eXPAk+BsevXnMn9hZDpr4oODxXhVV9byIM6Vt+9vKzM0vLC5ll3Mrq2vrG/nNraoKY0lohYQ8lHUPK8qZoBXNNKf1SFIceJzWvN750K/dUalYKG51ElE3wB3BfEawNlIXUngBAhg4ILiGfitfsIv2CGiWOBNSOPscXL7v3A/KrfxXsx2SOKBCE46Vajh2pN0US80Ip/1cM1Y0wqSHO7RhqMABVW46uruP9o3SRn4oTQmNRurviRQHSiWBZzoDrLtq2huK/3mNWPunbspEFGsqyHiRH3OkQzQMAbWZpETzxBBMJDO3ItLFEhNtosqZEJzpl2dJ9bDoHBePbpxC6QLGyMIu7MEBOHACJbiCMlRMuBoe4AmercR6tF6tt3FrxprMbMMfWB8/Mj2Usw==</latexit>

M
<latexit sha1_base64="NQJ01jlTpnAZG3SAs4Hn5Hf9IHU=">AAACB3icbVC7SgNBFL0bo8b1kVULQZvBIAhC2BVRy0AQbISI5gHJEmYns8mQ2Qczs0JY0tn4ITY2ForY+gt2fo1OHoUmHrhw5px7mXuPF3MmlW1/GZmF7OLScm7FXF1b38hbm1s1GSWC0CqJeCQaHpaUs5BWFVOcNmJBceBxWvf65ZFfv6NCsii8VYOYugHuhsxnBCstRVYeUngEAhg4ILiCIbT1+wYYdCEA3LYKdtEeA80TZ0oKpV3zaCf7Xa60rc9WJyJJQENFOJay6dixclMsFCOcDs1WImmMSR93aVPTEAdUuun4jiE60EoH+ZHQFSo0Vn9PpDiQchB4ujPAqidnvZH4n9dMlH/upiyME0VDMvnITzhSERqFgjpMUKL4QBNMBNO7ItLDAhOlozN1CM7syfOkdlx0Tosn106hdAET5GAP9uEQHDiDElxCBao66nt4ghd4NR6MZ+PNeJ+0ZozpzDb8gfHxAyw3lfw=</latexit>

M⌃

<latexit sha1_base64="vcgXqVLitI7xwrz86AopeZKOqbs=">AAAB9XicbZDLSgMxFIbP1Futt6pLN8EiuCozIlXopiiCywr2Au1QMmlmGprJDElGKUM3bn0BNy4U7dZ3cSe+jOlloa0/BD7+cw7n5PdizpS27S8rs7S8srqWXc9tbG5t7+R39+oqSiShNRLxSDY9rChngtY005w2Y0lx6HHa8PqX43rjjkrFInGrBzF1QxwI5jOCtbECeIcLYBAAN5R28gW7aE+EFsGZQaFSfhiVe4/f1U7+s92NSBJSoQnHSrUcO9ZuiqVmhNNhrp0oGmPSxwFtGRQ4pMpNJ1cP0ZFxusiPpHlCo4n7eyLFoVKD0DOdIdY9NV8bm//VWon2z92UiTjRVJDpIj/hSEdoHAHqMkmJ5gMDmEhmbkWkhyUm2gSVMyE4819ehPpJ0SkVT2+cQuUKpsrCARzCMThwBhW4hirUgICEJ3iBV+veerberNG0NWPNZvbhj6yPHxU4lAc=</latexit>n

<latexit sha1_base64="E0GjpH3+cpmQSdhmji0vvvB3UNw=">AAAB6nicbZC7SgNBFIbPxluMt3jpbAaDYBV2JaiNGBDRMhJzgWQJs5PZZMjs7DIzK8Qlj2BjoYittQ9iaWeZN3FyKTTxh4GP/z+HOed4EWdK2/a3lVpYXFpeSa9m1tY3Nrey2ztVFcaS0AoJeSjrHlaUM0ErmmlO65GkOPA4rXm9y1Feu6dSsVDc6X5E3QB3BPMZwdpY5fK508rm7Lw9FpoHZwq5i8/h9cfew7DUyn412yGJAyo04ViphmNH2k2w1IxwOsg0Y0UjTHq4QxsGBQ6ocpPxqAN0aJw28kNpntBo7P7uSHCgVD/wTGWAdVfNZiPzv6wRa//MTZiIYk0FmXzkxxzpEI32Rm0mKdG8bwATycysiHSxxESb62TMEZzZleehepx3TvKFWydXvIKJ0rAPB3AEDpxCEW6gBBUg0IFHeIYXi1tP1qv1NilNWdOeXfgj6/0HbWCRsA==</latexit>

S = 1

<latexit sha1_base64="sNtFPjRbENQRQ+vy7qz24WirOEk=">AAAB6nicbZC7SgNBFIbPxluMt3jpbAaDYBV2g6iNGBDRMhJzgWQJs5PZZMjs7DIzK8Qlj2BjoYittQ9iaWeZN3FyKTTxh4GP/z+HOed4EWdK2/a3lVpYXFpeSa9m1tY3Nrey2ztVFcaS0AoJeSjrHlaUM0ErmmlO65GkOPA4rXm9y1Feu6dSsVDc6X5E3QB3BPMZwdpY5fJ5oZXN2Xl7LDQPzhRyF5/D64+9h2Gplf1qtkMSB1RowrFSDceOtJtgqRnhdJBpxopGmPRwhzYMChxQ5SbjUQfo0Dht5IfSPKHR2P3dkeBAqX7gmcoA666azUbmf1kj1v6ZmzARxZoKMvnIjznSIRrtjdpMUqJ53wAmkplZEeliiYk218mYIzizK89DtZB3TvLHt06ueAUTpWEfDuAIHDiFItxACSpAoAOP8AwvFreerFfrbVKasqY9u/BH1vsPbuSRsQ==</latexit>

S = 2



the difference between odd and even S
the asymmetric VBS state is invariant under the three 
transformations if the arrows on every pair of 
neighboring sites cancel

<latexit sha1_base64="E0GjpH3+cpmQSdhmji0vvvB3UNw=">AAAB6nicbZC7SgNBFIbPxluMt3jpbAaDYBV2JaiNGBDRMhJzgWQJs5PZZMjs7DIzK8Qlj2BjoYittQ9iaWeZN3FyKTTxh4GP/z+HOed4EWdK2/a3lVpYXFpeSa9m1tY3Nrey2ztVFcaS0AoJeSjrHlaUM0ErmmlO65GkOPA4rXm9y1Feu6dSsVDc6X5E3QB3BPMZwdpY5fK508rm7Lw9FpoHZwq5i8/h9cfew7DUyn412yGJAyo04ViphmNH2k2w1IxwOsg0Y0UjTHq4QxsGBQ6ocpPxqAN0aJw28kNpntBo7P7uSHCgVD/wTGWAdVfNZiPzv6wRa//MTZiIYk0FmXzkxxzpEI32Rm0mKdG8bwATycysiHSxxESb62TMEZzZleehepx3TvKFWydXvIKJ0rAPB3AEDpxCEW6gBBUg0IFHeIYXi1tP1qv1NilNWdOeXfgj6/0HbWCRsA==</latexit>

S = 1

<latexit sha1_base64="sNtFPjRbENQRQ+vy7qz24WirOEk=">AAAB6nicbZC7SgNBFIbPxluMt3jpbAaDYBV2g6iNGBDRMhJzgWQJs5PZZMjs7DIzK8Qlj2BjoYittQ9iaWeZN3FyKTTxh4GP/z+HOed4EWdK2/a3lVpYXFpeSa9m1tY3Nrey2ztVFcaS0AoJeSjrHlaUM0ErmmlO65GkOPA4rXm9y1Feu6dSsVDc6X5E3QB3BPMZwdpY5fJ5oZXN2Xl7LDQPzhRyF5/D64+9h2Gplf1qtkMSB1RowrFSDceOtJtgqRnhdJBpxopGmPRwhzYMChxQ5SbjUQfo0Dht5IfSPKHR2P3dkeBAqX7gmcoA666azUbmf1kj1v6ZmzARxZoKMvnIjznSIRrtjdpMUqJ53wAmkplZEeliiYk218mYIzizK89DtZB3TvLHt06ueAUTpWEfDuAIHDiFItxACSpAoAOP8AwvFreerFfrbVKasqY9u/BH1vsPbuSRsQ==</latexit>

S = 2

<latexit sha1_base64="sypncTjC4+/tfp6z4HQwKF/2mKs=">AAAB6nicbZC7SgNBFIbPxluMt3jpbAaDYBV2VdRGDIhoGYm5QLKE2clsMmR2dpmZFeKSR7CxUMTW2gextLPMmzi5FJr4w8DH/5/DnHO8iDOlbfvbSs3NLywupZczK6tr6xvZza2KCmNJaJmEPJQ1DyvKmaBlzTSntUhSHHicVr3u5TCv3lOpWCjudC+iboDbgvmMYG2sUun8qJnN2Xl7JDQLzgRyF5+D64+dh0Gxmf1qtEISB1RowrFSdceOtJtgqRnhtJ9pxIpGmHRxm9YNChxQ5SajUfto3zgt5IfSPKHRyP3dkeBAqV7gmcoA646azobmf1k91v6ZmzARxZoKMv7IjznSIRrujVpMUqJ5zwAmkplZEelgiYk218mYIzjTK89C5TDvnOSPb51c4QrGSsMu7MEBOHAKBbiBIpSBQBse4RleLG49Wa/W27g0ZU16tuGPrPcfcGiRsg==</latexit>

S = 3

<latexit sha1_base64="2jw5G+cqElbX0ba4JL9+vT+T4J0=">AAAB6nicbZC7SgNBFIbPxluMt3jpbAaDYBV2JaiNGBDRMhJzgWQJs5PZZMjs7DIzK8Qlj2BjoYittQ9iaWeZN3FyKTTxh4GP/z+HOed4EWdK2/a3lVpYXFpeSa9m1tY3Nrey2ztVFcaS0AoJeSjrHlaUM0ErmmlO65GkOPA4rXm9y1Feu6dSsVDc6X5E3QB3BPMZwdpY5fJ5oZXN2Xl7LDQPzhRyF5/D64+9h2Gplf1qtkMSB1RowrFSDceOtJtgqRnhdJBpxopGmPRwhzYMChxQ5SbjUQfo0Dht5IfSPKHR2P3dkeBAqX7gmcoA666azUbmf1kj1v6ZmzARxZoKMvnIjznSIRrtjdpMUqJ53wAmkplZEeliiYk218mYIzizK89D9TjvnOQLt06ueAUTpWEfDuAIHDiFItxACSpAoAOP8AwvFreerFfrbVKasqY9u/BH1vsPceyRsw==</latexit>

S = 4

invariant state is possible only for even S



illustrations by Kfactory and Naruse Chisato

summary
we defined the asymmetric VBS state, which 

interpolates between the AKLT and the zero states

these observations are consistent with the theory 
of SPT phases in quantum spin chains, and provide us 
with an intuitive explanation of the difference 
between odd and even S

the asymmetric VBS state has all the three 
symmetries relevant to the SPT phases for S = 2, but 
has none of the symmetries for S = 1

if we had come up with this idea in 1992 ….


